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Theorems concerning functions subharmonic in a strip 
By Gr. H. Haedy, E.R-S., and W. W. Rogosinski 
{Received 2 October 1944) 

A series of theorems concerning fimctions subharmonio in a strip of the plane of x, y, the 
typical conclusion being that the limit of a subharmonio /(a:, y) when y oo, or an integral 
of/(aj, y) over all values of 2/, is a continuous convex fimction of 


Inteodttction 

1. A real function f = f{x,y)=^ f{x+iy) = /(z) 

is said to be svbharmonic (s.h.) in a domain D if (i)/< oo, (ii)/is upper semicontinuous 
(u.s.c.), and (iii) / satisfies the integral inequality 

f(x,y)g^j f{x+rcoad,y + rsia.d)d6 ( 1 - 1 ) 


for every z of D and all positive r = rlz) such that the circle of radiiis r round z lies 
in D; and to be superharmonic if —/ is subharmonic. A harmonic / is both sub¬ 
harmonic and superharmonic. 

There are connected accounts of the theory of s.h. functions in Littlewood ( 1945 ) 
and Rad 6 ( 1937 ). We note here a few points particularly relevant to our later 
arguments. 

( 1 ) A domain D is an open and connected set of points. A (closed) region iJ is a 
domain 2) together with its frontier. We say that/is s.h. in jB if it is s.h. in some D 
containing B. 

(2) The value — 00 of/is aEowed. 

(3) It is sufficient to suppose (lU) satisfied for each z of D and aE sufficiently 
smaE r{z). 

(4) To say that/is u.s.c. means that 

f{z)i’^M). ( 1 - 2 ) 

It follows from (1-1) that fi^)^ hm f(0- 

Hence, for s.h. functions, ( 1 - 2 ) may be replaced by the apparently stronger condition 

/(z)=l^/(Q. ■ (1-3) 

( 6 ) The simplest s.h. functions are twice diffeprentiable functions for which 
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2 G. H. Hardy and W. W. Rogosinski 

If F{z) is analytic then | F{z) |» is s.h. for > 0. If H{z) is harmonic, then [ H[z) 
is s.h. fory^ 1. 

(6) We shall make repeated use of two well-known theorems concerning s.h. 
functions, viz. 

(A) a function s.h. in a bounded B is bounded above in JR; 

(B) *a function s.h. in a bounded R assumes its upper bound in JR at a point on 
the frontier of B: 

and of an elementary theorem on term-by-term integration, viz. 

(C) if /i(a:), where t is an integral or continuous parameter, is uniformly bounded 
above, and {a, b) is finite, then 

iim f fi{x)dx£ f lim/((a;)da:.* 
t-^oo J a J ct ^“>00 

We shall be concerned here with functions f{x, y) s.h. in a strip a<x<fi or a 
half^trip a<x<^, y>y. A number of writers (for example Carleman, Carlson, 
Hardy, Ingham and P61ya) have proved theorems concerning special classes of 
such functions, notfibly the class | F(z) j®, the typical conclusion being that a limit 

4>(x) =, Iim f{x,y) 

or an integral J(a!) = J f(x, y) d/y 

is a continuous convex function of ir.t Our main object here is to prove what we can 
of this kind about s.h. functions of the most general tyi)e. Our results include some 
of those obtained by the writers referred to, but others depend ti|)on the s])ocial 
character of the functions which they consider and are false for genera! s.h. functions. 

Our principal theorem (and the only one whose proof presents any particular 
difficulty)^is 

Theoeem 1. If f{x,y) is s.h. and bounded above in the half-strip a<x<fi, y>y, 
then either 

(a) . ^(a:) = hm f{x,y) = -oo 

V-»-oo 

fora<x<fi,or 

(b) ^(cc) is continuous and convex for oc<x<fi. 

In Theorem 3 we replace the condition that /is bounded above by a more general 
condition of ‘Phragm 6 n-Lindel 6 £’ type. Some such condition is essential, as we 
show in § 5, where we give an example in which/ is s.h., and tends to a limit ^ for 
every x, but <p is neither continuous nor convex. 

Our remaining theorems are developments and applications of these two. 

^ ‘Fatou’s lemma’: for a proof see Sa]^s (1933, p. 84). It is proved in a less general form in 
Titchmapsh (1932, p. 346): ttiere / is bounded below, so that Iim becomes lim and the sign of 
inequality is reversed. 

t For references see Hardy, Ingham & Polya (1927 a, 6). 
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Proof of Theorem 1 

2 . We suppose that the conditions of Theorem 1 are satisfied: we may take y = 0 . 
Since / is bounded above, 

f{x,y)iA ( 2 - 1 ) 

for some A and all a:, y in question, and 

'^{x)^A. ( 2 - 2 ) 

We begin by proving that ^{x) is u.s.c.: this is the most delicate part of the proof. 

We have to show that 

^ Jim ^(a;) (a,<XQ<fi), (2-3) 

X-^Xn 

and we must distinguish the oases in which (a) '^{x^ is finite and ( 6 ) = — oo. 

{a) Suppose first that ^{x^ is finite .and that a.<XQ<x<x^<^\ and let 

g{x,y)=f{x,y)-M{x-x^)-riy, (2-4) 

where Jf > 0 , ^ > 0 . Then g is s.h. Given e > 0, we have 

9'(«o.2/)<T(a:o.2/)<?(^»o) + e<?(a:o) + 2 e ( 2 - 6 ) 

for y ^ F = F(e) > 0 . We denote the closed half-strip ajj, ^ a; g ajj,^ F by jB( F). 
Next, since i/ > 0 and F > 0 , . 

g{x,Y)<f{x,Y)-M{x-x^). ( 2 - 6 ) 

Since/(a;, y) is u.s.c. at {x, F), 

f{x,Y)<f{Xo,Y)+e 

for 0<a:—= S{e, F) = d{e); and so, after ( 2 - 6 ) and ( 2 - 6 ), 

g{x, Y) <f{x„ Y) + 6<-^(xo) + 2 e (2-7) 

for 0<x—XqS^- If on the other hand x—Xq>S, then, after {2" 1 ) and (2*6), 

g(x,Y)<A-M{x—XQ)<A—MS<'^(Xf,) + 2e (2-8) 

for M^Mo(e,8) = Jlfo(e). Thus 

g(a:, F)<^(a:o)-J-2e (2-9) 

for M^Mq and all x in question. 

Thirdly, by (2-1) and (2-4), 

y) y)-M{ x^-Xq) ^A-M{xj^-Xo)< ^(a^o) + 2 e 

t 

for M S '■ ■we ra.^ suppose ilfi ^ M^. Thus 

g{x,y)<^{x^) + 2e ( 2 - 10 ) 

for M S Mfe) and all finite points on the boundary of R{Y). 
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Finally, since f^A and ^>0, g^~oo, when y->co, uniformly for aJoga;^*!- 
Thus, if B{ Y, Fi) is defined by a:o < a: ^ aii, 7 ^ y g 7^, if Jf ^ ifi(e), and if 7^ is suffi¬ 
ciently large, then (2-10) is true at all points on the boundary of i2(7,7i). It then 
follows from (B) that it is true throughout B{ 7, FJ, and therefore throughout ^(7). 
That is to say _ 

f{x,y)<^{Xo) + M(x-Xo) + 'i}y + 2e { 2 - 11 ) 

for iTfl ^ a; ga:i, 2 /S 7(e), and an appropriate Jf(e). 

Since M(e) does not depend upon y, we may make ^-^0 in (2'11). Thus 

f{x,y)<'f{xQ)-^M{x-XQ) + 2e, ' ( 2 - 12 ) 

and therefore ^(a:) g ^(a:#) -I- Jl!ir(a:— oJq) + 2e. (2* 13) 

Finally, making x-^Xq, and observing tliat e is arbitrary, we obtain 

lim ^(x)^^{Xq). (2‘14) 

Similarly, considering an interval'aijg a: gai^, and using a;^—a; instead of a;-*^, 
we can prove the inequality corresponding to (2-11t) when x->-Xq — 0; and the two 
inequalities together give (2'3). 

(6) The argument is essentially the same when ^(Xf,) = — oo. We have 
!7(*o. y) </(*o. y)<-G<~lG 

for an arbitrary positive G and y ^ 7 = 7((?) > 0. Arguing substantially as under 
(a), we prove that g{x, 7) < -for ai^ g a: g a:i and If S Mq{Q), and that. 

9{xvy}<~iG 

for yS Y{G) md M'^Mi{G); and deduce that g{x,y) < —\0 throughout E{Y). It 
then follows as before that 

lim ^(a:) = - oo = '^{x^), ■ 

and the proof that ^(a:) is u.s.c. is completed. 

3. We now return to the fundamental inequality (1*1). It follows from (1-1) 
and (C) that 

_ -— _ 1 rv 

0 (a:) = lim f(x,y)^ lim ~ f{x+roos6,y+rsmid)dd 
y-i-m y-^aa J -n 

= ^J_^^/(«+rcosd,y-frsm5)d:6'= — J '^(x + rooB0)d0, (3-1) 
This inequality is trivial if ^(a;) = — oo. 

We consider a closed interval (xpX^), included in (a,/?), in which ^(x) is not 
always - oo, and write 

^(x) = '?(x)-px-q, (3-2) 
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for any real p and q. Then '>jr{x) is u.s.c., and 

■^(x+rcoB0)d$. (3-3) 

Since ^(x) is bounded above, ^(x) has a finite upper bound p, attained somewhere 
in ajj). We prove that \jr{x) attains its upper bound at one of the ends of <%, jCj), 
i.e. that = [lov ^^{x^ — ft* 

If not, there is a ^ such that 

a:i<g<a:2, 7jf{x)^^{i) = ii{xj^^xix^), f{xf)<n, Tfr{x^)</i. (3-4) 

Let us suppose, for example, that f lies in the left-hand half of so that 

f g ^{xi -t-ajg). Since ^ is u.s.c., and ir{xj) </jl, we have 

f{x)<f{^)-Z 

for aij g a: g ail -)- 5 and sufficiently small positive C and 5. 

We take x = i and r = f—3:^ in (3-3). Then 

*1 = i-r<^+r = 2i-XigXi+X2-Xi = x^, 

and g 1J' ^(i+ (i-x^) cos 0}d0. (3-5) 

Also Xig^+(^—Xi)cos&gXi+S 

if (i—x^)(l +COB which is true in an interval of 0 to the left of n. Thus the 
integrand in {3-6) never exceeds and is less than ^ in an interval to the 
left of Tt. It follows that the integral in (3-5) is less than a contradiction. The 
case in which ^ ^ i(aJi+* 2 ) “^*'7 disposed of similarly. 

Thus 'tir attains its upper bound at aij or x^.' In particular, if we choose p and q 
so that ir{x-^ = ijr{x^ = 0, then ^ g 0 in {x-j^, x^. It follows that 

~ ~ (3-6) 

i.e, that ^{x) is convex in 

Finally, it is familiar that a convex function, bounded above and not always — oo, 
is necessarily continuous ;t and this completes the proof of the theorem. 

We add a useful corollary. 

Theoeem 2 . If f satisfies the conditions of Theorem 1 , then 

/(a:.«/)^?(») + e (3-7) 

foroc<x^^x^Xi<f,yt7ixi,X2,e). 

* The argument is like that used in Hardy, Littlewood & P 61 ya (1934, p. 98 , theorems 
124 - 5 ). The setting there is rather simpler. 

t See for example Hardy, Littlfewood & Polya (1934, pp. 91 - 94 ). 
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Wlieii^(!K) = — 00 throughout this means that/->—oo uniformly in (x^, 
Suppose that x-^kx^kx^ and that ^{x^ is finite. Then, after (2‘ 12), 

f{x, y) .< '^{xq )+if (* - «o) + 

for Xf^^x-gx^, Jfi(e), r(e); and therefore 

+3e (3-8) 

for 0 ^ a; - ajo ^ <J(e). Similarly (3-8) holds for 0 g aJo - a: g ^(e), and so for | a: - a:o ] g d(e). 
Since ^{x) is continuous, this implies 

/(a:, 2 /) ^^(x) + 4e (3’9) 

for I x—Xf ^I y'^ T{e). Finally, since ^(a;) is uniformly continuous in {Xi,x^, 

^i(e) does not depend upon x^, so that (3-9), which is (3-7) with 4e for e, holds 
uniformly in (x-^, x^. 

The argument runs similarly when ^{x^ = — co. 


Generalizations and teanseormations 

4. Theorem 3. If f{x,y) is subharmonic in the half-strip a-^x-^^, y^y*f^A 
on the boundary of the half-strip, and 

f+ = Max (/, 0) = o^exp (4-1) 

uniformly in the half-strip, thenf^ A throughout the half-strip {and ^ /ms the lyroperties 
stated in Theorem 1). 

. The proof follows familiar lines. We suppose y = 0 and call the half-strip *S'. 

(1) Suppose first that 

(‘<?^) 

for y'^Y, and let 

. g =f-7](iosl^-^^I^^dy, 'ij>0. 

Then g is s.h., and gf-^—oo uniformly when y~^oo. Also 



when x = aoi x = ^,ao that p </^ A on the boundary. Hence g^:A throughout 8, 
and the conclusion follows when rj-^O. 

(2) Next, taking the actual hypothesis of the theorem, we consider the parts 
8i and S^ofS, each of breadth 6 = ^(/? - a), for which a: g ^(a -f- /?) and a: S i(a+yfl), 

* It would be enough to suppose/ s.h. in a<x<fi, y>y and continuous on the boundary. 
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and take I — 7r/(yff— a) in g. Since oo on a; = \{a,+^), it is bounded above on 
the boundary of S^; and 

g+ = Max (g, 0) = o^exp «/j = o^exp ^ j 

in Si. Hence, after (1), g is bounded above in Si, and similarly it is bounded above 
in S^. Thus g is bounded above in S, and therefore, again after (1), g'^A, and so 
f^A, throughout S. 

The h37pothesis (4-1) cannot be relaxed. If 

/ = cos ^TTX = 

then/is harmonic in the half-strip —Igicgl, g^O; 1 on the boundary; and 
throughout the half-strip. But/->-oo when — l<a:<l and y->oo. Thus 
the 0 of Theorem 3 cannot be replaced by 0. 

5. In Theorem 1 we supposed / bounded above, while in Theorem 3 we proved 
that this hypothesis is a consequence of one apparently more general. We now give 
an example which shows that some hypothesis of this kind is essential. 

It is well known that there are integral functions E{^) = E{pe^'x) for which 

E{p) > 0.. E{p) -> 00, E{pe‘^x-) -^0 (0 < | ^ | ^ tj") 
when p-^co. Thus, after Lindelof, 

is such a function.* If H{Q = then 

H{p)-^0, H(pc^z)->1 (0<|xlg7r). 

Hence, if ^ = e”** = a; = — X) y = logp, 

and f(x, y) = 9fl{H(0} = 3fl{H(e-^)}, 

then/(aj,y) is s.h. (indeed harmonic) in the strip —rrS^^n, and tends to a limit 
^{x), for every x, when y-^oo. But ^(0) = 0, ^{x) = 1 (a: + 0), so that ^{x) is neither 
continuous nor convex. 

6. As.h. function remains s.h. after a conformal transformation. We can therefore 
deduce theorems concerning domains of other types from Theorems 1 and 3. We 
give two examples. 

Theoeem 4. Suppose that f(z) = f{re^) is svbharmonic for 0<r^p, and bounded 
above on the radius 0 < 2 ^ p; and that 

\ f'^{z) = o{r-i) { 6 - 1 ) 

when r-^0, uniformly in &. Then 

is independent of 6, 

* See Lindelof ( 1905 , p. 121 ). Another example will be found in P61ya & Szego ( 1925 , 
pp. 115-116, 288). 
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We put 3 = f{z) = F{0 = F{^, ?/). 

Then F is s.h. and bounded above in — tt g ^^ tt, ^ g log ( l/p ); and (6-1) becoines 

F+{^,v) = o{ei^). 

The TTliP-a) of Theorem 3 is now and the ^(|) is ^{6), so that ^{0) is continuous 
and convex. Since it is also periodic, it is constant. 

Our second example is an analogue for s.h. functions of a well-known theorem of 
Phragm4n and Lindelof.’*' 

Theorem 5. Suppose that f(z) is subharmonic in the sector 

r ^ p > 0, that 

f+{z) = o(i^), (6-2) 

where I = nfifi — a), uniformly in 6 ; that 0 < < i!; that 

h{d) = (6-3) 

r->oo r 

and that h{cc) and h{p) are finite. Then 

£ mm = (6-4) 

for 

We denote the sector by 8. We suppose that d> 0 and that is the function 
A cos +jB sin kd for which 

H,{a) = h{a) + 8, = /»(/?) + S: 

thus Sg{d) reduces to H{d) when 5->0. If 

9si‘>'^0) =f{r,6)-r’‘Hg{0), 

then gg is s.h., —oo on the radii bounding 8 (so that it is bounded above on 

these radii), and 

^ 9^{r,6) = oir^) (6-6) 

uniformly in 8. 

If now z = e-^i, f{z) — F{Q = F{^,7f), then 8 is the transform of the half-strip 
—^ ^ S S — a, ^ logp, and (6-5) is the condition (4-1) for F. Hence 

gg{r,d)-^-CO (6-6) 

on every radius of B.f 

It follows that r-^f{r, 6)—Hg{d) < 0 

for every d oi 8 and sufficiently large r. Hence h{d) ^ Hg{d), and (6-4) follows on 
making 

* See Titchmarsh ( 1932 , p. 183). 

■f We appeal now to the case of Theorem 1 in which ^{x) = — 00 for each a?* 
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7. If / is harmonic, both / and —/ are s.h. If it is also bounded in the strip of 
Theorem 1, then "^{x) is convex and ^{x), the corresponding lower limit, is concave. 
If/(«, y) tends to a hmit <}>{x) for each *, then <p{x), being both convex and concave, 
is linear. The theorem which follows goes a little further. 

Theorem 6. Suppose that f{x, y) is harmonic in the half-strip a<x^fi, y^y; that 

uniformly in the half-strip ; and that f{a, y) andf{j3, y) tend to finite limits f>{a) and 
when 2 /->oo. Thenf{x,y)-^(f>{x) uniformly for a^x ^ andf>{x) is linear. 

It follows from Theorem 3, applied to/and —/, that ^ is continuous and convex, 
^ continuous and concave. Since ^ and the two functions are equal when i = a 
and iKJ = yff, they are equal everywhere, and each is linear. 

For the uniformity, we appeal to Theorem 2. We have/<^ + e for 2 /^ri(e), and 
similarly/>^ —efor y^r 2 (e). Also ^ ^ so that/"^^5 uniformly. 

In particular, if/is harmonic and bounded in the half-strip, and tends to limits 
when a; = a and re = /?, it tends to a (linear) limit uniformly for a g a? g yff. This theorem 
is familiar. 

Actually more is true. There is a theorem of Carleman and Hardy* which says 
that, if /is harmonic and bounded ia a<x<P^y > y, and tends to limits along any 
two lines of the half-strip, then it tends to a limit along all (and not merely along 
those between the giveh lines). It does not seem likely that this could.be proved by 
our present methods, and the analogue for s.h. functions is false. 

There are several theorems asserting that a s.h. function of some special type 
(such as a harmonic function, or the modulus of an analytic function) which is 
bounded in a strip or half-strip, and tends to a limit along a certain number of lines 
of the strip, must necessarily tend to a limit along all. The theorem of Carleman and 
Hardy is one example: another is a theorem of Hardy, Ingham & P61ya. If 
I F( 2 :) |, the modulus of an analytic function, is bounded in a strip, and tends to 
limits along two lines whose distance apart is less than half the breadth of the strip 
(a condition certainly satisfied if it tends to limits along three lines), then it tends to 
a limit along every line. The examples which follow (the first of which is taken from 
Hardy, Ingham & Polya) show the falsity of similar propositions for general s.h. 
functions. 

'd'iz — oC) 

(1) The function F{z) = 

where, in the notation of Tannery and Molk, d'{z) is d'-fz | i), and 0 < a < 1, is regular 
and bounded in any strip 1 —1; ] F{z)\ = 1 on a; = Jaandir = l + 

but I F{z) I does not tend to a limit along any other line. 

* For a proof, depending on Vitali’s theorem, see Hardy ( 19 ^ 6 ). 
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(2) The function 

f{x, y) == max | |) = max e®*”’'®®®®*') 

is s.h. and bounded in the strip | a: | ^ 2, and / = e®^"*' if | a; | g 3. Thus | /1 tends to a 
limit when I a; I g 1, but not when 1 < I a; I ^ 2. 


Integrals 

8. We now apply our results to integrals taken along a line on which x is constant. 
Theorem 7. Iff is subharmonic in the strip a < a: < /?, then 


J ~v 


is svbharmmio ina,<x<^,y>0. 

First, I < CO. 

Next, suppose r<a:-a, r<^-x. Then, by (1-1), 

l{x,y)S\ dt^ \ f{x + rcoa6,t+rsm6)d0. 

J -y J -IT 

Since / is bounded above in any closed rectangle inside the strip, we may change 
the order of integration. Hence 

1 f’T ri/ 1 ^TT 

dS\ /(a; + rcos(9,< + rsin<?)d!< = d0\ f{x->rr(ioaO,u)du 

J ~y J -U+r«la0 


1 T” ^ CV+rBtaS 1 I'rr |•-y+rnin& 

~ 5^ /(^»+r cos 6, u) du - df) f(x 4 r cos 0, u) d% 

J -v-rs/taS J—ir J-y—riAnO 

1 p (•y+relofi J rff 

~ f{x+rcoad,u)du = I{x+rooB0,y + rain0)d0, 

J-v-TBiaS "^J-ir 

. r—y+r BinO 

smce j /(aj + rco80,w)dM 

J —y—rainff 

is an odd function of 0. Hence I{x,y) satisfies (1 • 1). 

Finally, we must prove I{x, y) u.s.c. Now 

^ r f{x,t)di=m fr* + f'*"+ r)f(x,t)dt. 

S^Z,J -V 2 -).| 8 , \J -y, J -y J yj 

-Also/g^, say, in a neighbotrhood of Zq, and so 

f(x,t)dt^A\y-y^\, f{x,t)dt^A\y-yo\ 

-V J Vo 

for y near y^, so that 

- - /*”“2/o ..._ f^y 

hm f{x,t)dti0, lim f(x,t)dt^0. 

•J -y J 2/0 
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- ry __ ry, ry, _ r'y^ 

Hence lim f{x,t)dti]im.\ f(x,t)dt^\ <) eii ^ f{Xo,t)dt. 

J ~y J -!/o J -y« J -V, 

Thus I(x, y) is u.s.o. 

If/is harmonic then I is harmonic. It is also plain that, if/+ = uniformly 

in the strip, then /+ = o(e*^), also uniformly, for y > 0 . 

Combining Theorem 7 with preceding theorems, we obtain 

Theorem 8. If f{x,y) is svbharmcmic in a <*</?, and I{x,y) is bounded above, 
then 

J(a:) = lim j f{x,t)dt 

y^co J —y 

is either — oo for (x,<x<^ or a contimums convex function of x. In particular, if 

I(x) = j f{x,t)dt = Iim/(a;,y) 

J — OO y-$*co 

converges boundedly^ then it is continwus and convex, 

Thbobbm 9. Iff{x,y) is subharmonic in 

/+(a:,y) = o^exp-^|y|j, 

and I{a) and 1{P) are finite, then I{x) is continuous and convex. If alsof'^ 0 , and I{x) 
is convergent for a? = a and x^ fi, then it is convergent for and is continuous 

and convex. 

The last clause.of Theorem 9 is a theorem of Hardy, Ingham and Polya ( 19276 , 
p. 407 ). In this case, of course, I{x) must converge or diverge to 00. 

We may add that, when/is harmonic, then I{x), whenever it occurs in Theorems 
8 or 9, is linear, and its convergence is uniform. 

The conclusions of theorems such as these may usually be strengthened when 
log/(a?, y) is s.h., as for example when/is the modulus of an analytic function. Then 
e^'^fix, y) is s.h. for every h and, applying our arguments to this function and then 
choosing k appropriately, we can usually conclude that logJ(cr), or logI{x), is 
convex, 

9. If we wish to prove similar theorems about functions s.h. in a half-strip, and 
integrals infinite at one end only, then we-must impose some additional restriction 
on /, since 

= J /(*=«)*= (9-1) 

with a constant 7 , is not usually s.h. Thus if/is harmonic and regular then 
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Thbobem 10. If 

(i) f(x,y) is svJbhctrmonic in a<x<^, y>y, 

(ii) f(x,yy)^f(x,yz)fora<x<fi,y<yx^y^<y + 8, 

SO that f{Xy y) tends to a limit f{x, y) when 3/ -> y + 0; 

(iii) f(x,y) is continuous for 

then J{x,y) is subharmonic in a<x<^, y>y. If also J (a;, y) is bounded above^ then 

J (x) = Km J{x,y), 

• y-^co 

and the corresponding J{x), have the properties ofl{x) and I{x) in Theorem 8. 

We take 7 = 0, and suppose 0 <6 <^8. Then, as in the proof of Theorem 7, 


/’"ill f{x + r cos 0, i+r sin 6) dO 

1 /•»r rv 

= — J dO \ f{x + rcos0,t + rsin.6)dt 


fox a<x</3,y^e, and sufficiently small r. We may suppose r^e. Then this is 


1 riT ry+rBind 1 I /*e-frsin^?\ 

^ dd\ f{x+roos&,u)du= — \ ' ddj — )f{x + rGosd,u)du 

Je+rsinfl * -jr \ J e Je / 

• 1 f" 

= JIx+rGO‘e0,y->rrmi0)d0 — F, 
aTtJ 

h 

1 / pO Cn\ nrBin$ 

where /(*+rcos6',e+*t)d'W 

jL /*«■ ^rsin.d 

But 0ge-r<e + r<5, and therefore, by condition (ii), P g 0 and 


If" 

Jfx-\-rGo&d,y + rsaxd)dB 

for rge. Thus Je{x,y) satisfies (M) for rge. It may be proved u.s.c. as I{x,y) was 
proved u.s.o. in § 8, and therefore it is s.h. 

Now suppose that cr > 0 and that M is the rectangle 


a+a-£xg/S—or, }8^y^8. 

Then/is s.h. in £, and therefore, by (A) of § 1, bounded above in It. In particular 
f(x, 8) is boimded above, while f(x, 0), by condition (iii), is bounded below; and 
therefore, by conditidn (ii),f(x,y) is bounded. Hence Jfx,y)-^J{x,y) when e-^0, 
uniformly for a+a-^x-ifi-o- and any finite range of y\ and therefore, finally, 
J{x,y) is s.h. 

* We could relax this condition, but avoid xinnecessary complications. 
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10, We conclixde with an application of Theorem 10 to the theory of conformal 
representation, 

Theobsm 11, Suppose that w =/(2 j) =/(re^^) is an analytic function regular in 
and on the boundary of the sector s defined by O^r^p, that c is the circular 

arc ofs, and 9and 0 the images of s and c in the plane ofwf' thatf'{z) does not'vanish 
on c; and that G is convex toward the interior of S. Then l{0), the length of the image of a 
radius of s, is a continuous convex function of 6, 

If the tangent to 0 makes an angle t with the axis of x, then 

r = aj:g{izf{z)} = ^7T + BiXg{zf{z)}, 
and the analytic equivalent of the geometrical condition on C is 

%<0. (10.1) 

We take p — 1 and put 

^ = ^+i7] = —ilogz = d—i\ogr, 
zf'(z) = r/r{z) = I i/r{z) \ = | ^(g) | 

\'^{z)\ =<p{^,Vh T = 7(1,1/). 

Then ^(|, ij) is s.h. in the half-strip g ^g ^ ^ 0, and 4= 0 on ^ = 0. Also log (j> 

and T are conjugate functions of ^ and tj, so that 


Sr _ 9 t _ 1 


and 



for ^ I ^ ^2> ’Z = 0. 

Suppose j&rst that (lO’l) is replaced by the stronger condition 


( 10 - 2 ) 


9t 

W 


^ —e<0. 


(10-3) 


Since/is regular, and/' + O, on o, we may suppose that (10*3) is satisfied, and that 
^ S e, throughout a certain neighbourhood of c. Then 


071 


in a neighbourhood of c, and <p satisfies the conditions of Theorem 10. It follows that 

l{d) = I f'{re^^) ! = J(, I IV ^ Jo H 

is a continuous convex function of i.e. of 6. 


* O is a (1,1) image, since/' #: 0 on c; but S need not be, since/ is not usually ^schHcht’ in s. 
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In the general case, we apply our argument to 2“®/'(z) instead of to /'(s). If is 
the angle corresponding to t, then 


dtg _ ^ 

dd~ dd 



and our argument shows that 

is continuous and convex. The result of the theorem follows on making e tend to 0. 
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A study of the nature of the field theories of the electron 
and positron and of the meson 
By H. T. Flint, Professor of Physics in the University of London, Bedford (hlleye 

{Communicated by Sir Owen Richardson, F.R.8.—Received 21 June 1944— 
Amended 26 October 1944) 

The field theories of the electron and positron and also of the meson are developed by 
means of a close analogy with the photon. 

The analogy consists in the representation of the tracks of these particles by means of 
nuU-geodesics. The choice of notation is guided by' the attempt to arrive at a theory 
in which the lengths {hjmQc) and (e^/moC^) occur naturally without reference to the striicture 
of the particles, and in which the concept of quantization of electric charge is included. 

It is found that these objects can be attained by assuming that an additional degree of 
freedom is necessary for the description of the particles. If this is regarded as an additional 
dimension, it is found that an exact analogy can be made with the field theories familiar in 
the theory of relativity. 

An important feature is the union, in a single tensor, of energy, momentum and current 
density. A certain arbitrariness, not unlike that associated with the Poynting vector, is 
revealed, and it is drown that if this is removed by making a definite choice of the magnitude 
of the magnetic moment of the electron and positron, the spin angular momentum is tliereby 
fixed at the value ifi. 

In the development of the meson field the analogy shows that the nuclear sources of the 
field act as if contributing a current density analogous to a magnetic current density in the 
electromagnetic case. 

The use of the additional degree of freedom in the sinusoidal form indicates that the ratio 
of the constants g^ and ^2 introduced into field theories as measures of the strengths of the 
sources is determined by the mass of the particle emitted in the neutron-proton transition. 
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iNTEODtrCTION 

The purpose of this paper is to develop field theories for the positron and electron 
and for the meson by the application of a method which was first described in its 
elementary principles by Fisher & Flint (1929). 

At about this time a number of attempts to develop a field theory of the electron 
were made, and some of this early work is similar to that of Proca (1936) who 
described his work as a theory of electrons and positrons, but the theory is unsatis¬ 
factory as a theory of these particles because it applies to a particle of integraJ spin. 

The work of Yukawa (1940) and the later discovery of the meson has shown the 
significance of these earlier attempts to'establish a field theory. 

The work now to be described shows the relation between the two types of field 
theory and makes clear a limitation which still persists in them. 

The principle on which the work is based is that the use of the four co-ordinates 
of space and time in the description of an elementary particle or of the field associated 
with it is insufiicient. At least one additional degree of freedom is required and that 
is supplied by a fifth co-ordinate. The difficulty of attaching a physical significance 
to this co-ordinate is offset by the formal simplicity that results in the quantum 
equations by'the adoption of a five-dimensional geometrical background. The 
advantage of this system of description does not result merely from the simplicity 
of form. By the use of geometrical concepts familiar in the theory of relativity, 
original suggestions have resulted (Flint 1940a). 

Any theory must take account in a natural way of the fundamental lengths 
hjmffO and which are associated with a particle of mass wio- 

These quantities should be introduced without reference to the structure of the 
particle to which the mass, mg, is assigned. In the case of the electron it should not 
be necessary to regard the particle as a sphere of radius equal to he^jmgC^, where h is 
a number depending on the distribution of charge. The theory must also include the 
concept of quantization including that of quantization of electric charge. The five¬ 
dimensional approach is satisfactory in all these respects. In addition, the theory 
takes account of the correct type of invariance of the equations it introduces. The 
fifth co-ordinate has the characteristic of a cyclic co-ordinate in dynamics, not 
appearing explicitly in a large number of the expressions used. 

* AH the components of vectors and tensors occurring m the five-dimensional theory 
can be readily interpreted (Flint 19406), and they are found in another guise in other 
methods of description. Many of the essential features of the analysis are nowknown, 
and a brief account of it is all that appears to be necessary. This is given in the 
following section. 


Principles and notation 

The original purpose of the extension of the ideas of the principle of relativity to 
five dimensions was to unite the theory of gravitation with the theory of electro¬ 
magnetism. This idea is due to Kaluza (1921), who showed that it was possible in 
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this way to represent the motion of a charged particle in a gravitational and electro¬ 
magnetic field by means of a geodesic. In this continuum the line element was 
represented by 

da-^ = y^dxf^daf, ( 1 ) 

where a summation is made over values of /t and v from 1 to 6. The co-ordinate a® 
does not appear in the coefficients These have values according to the following 
equations 

Ymn ~ Smn'^yYtriS ~ Ysm ~ 

and the contravariant quantities associated with them are 

yian — ^n^ ym6 _ 7®® = l/756 + “Vm5^“> (3) 

where the affixes have the values 1-4 and the p’s denote the coefficients of relativistic 
four-dimensional geometry, while the ^’s are components of the olectromajgnotio 
potential. 

In accordance with a suggestion due to J. W. Fisher (1929), the particle is to be 
considered as describing a null geodesic, and thus one can divide throughout by 
755 in equation (1) and make use of the resulting expression for the line element. The 
relations ( 2 ) and ( 3 ) are then adopted with 755 = 1 , and the quantities y„^, etc., 
are retained to denote their former values divided by 755. The constant a will be 
described as Kaluza’s constant, and it is determined by the requirement that the 
geodesic is a null geodesic (Flint 1940a). The value obtained in this way is a = 
where e is the ‘charge associated with the particle and c is the velocity of light. 
From the, fact that the geodesic can be reduced to the form 

w-o X acceleration = force, ( 4 ) 

it is natural to interpret as the mass of the particle. It is, in fact, the rest mass 
because equation ( 4 ) appears in the relativistic form. 

By treating as a cyclic co-ordinate and adopting the relation ^p5cil!K® = nh in 

analogy with the relations dq = ridi, it follows that the electric charge is quantified 

in amounts (Flint 1940 a) 

e = JuxcIIq, ( 6 ) 

where is a fundamental length associated with afi. 

By substitution of the value of a already obtained it follows that 

Zq = A/woC. (6) 

These considerations may be described as the particle aspect of the problem. 

The modem quantum form of <^P5<Za:® = is 


^5®®—a:®p5 = hj2m, 
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from which it may be shown that the operators 

Q = exp { 27 riofijlQ) and Q* = exp (— 2711 x^/ 1 ^) 
possess the property 

^ Qf(n) ==f{n^ 1 ) Q, Q^fin) =^f(n+ 1) Q^. 

These may be interpreted as operators which alter by unity the number of particles 
of mass mq in a particular state (Flint 19406). 

In proceeding to a field theory a simplification is adopted corresponding,to one 
that is familiar in electrical problems, especially in circuit theory. 

Where oscillations occur it is convenient and often sufficient to suppose that the 
time co-ordinate occurs in the form exp {iojt), where is a fundamental constant of 
the oscillatory motion with which the problem is concerned. This constant can be 
expressed in the form o) = 2 itIT, where T is the period. The length Zq bears the same 
relation to as T to Z, and only those problems in which x^ occurs in the form 
exp ( 27 ria;®/Zo) t>e considered. From the value of Iq given by equation (6) it 
appears that will occupy a place in the field theory, and for each particle of mass 
ttIq there is an associated field theory. It wdU appear that this simple assumption with 
regard to the form in which x^ appears in any quantity depending upon it is sufficient 
for the description of the nuclear field theories so far considered. 

By analogy with the applications of Fourier’s theorem to more complicated 
functions of Z, an obvious way is indicated to extensions beyond this simple depend¬ 
ence on x^. 

It is important to remember that quantum field theories are concerned with 
spinors and matrices and that these quantities have also the characteristics of 
covariant and contravariant vectors and tensors. A particular analysis is required 
for these operators so that the correct invariance may exist in the equations em¬ 
ployed. An analysis has been discussed in its relation to quantum problems by 
Schroedinger (1932), and another suitable for the present purpose has been described 
elsewhere (Flint 19406, 1942). 

The five-dimensional ChristoiFel bracket expressions will be denoted by and 
a complete tabulation of their values for the case when gravitational field is negli¬ 
gible has been made by J. Cattermole (1942). Some of the values for the case in 
which a gravitational field exists have been worked out by Rosenfeld (1927). 

In quantum field theories the gravitational field plays no part and it is neglected 
in this discussion. 

This paper is concerned with covariant differentiation in a five-dimensional 
continuum so that the quantities replace the quantities of the theory of 

relativity. . 

In the calculus of the operators used in this theory certain four-rowed matrices, 
7^, and the associated contravariant quantities 7^, occur. There are five of these with 

= 1,..., 5 . They have as fundamental a part to play in the.theory as the 7^^ and 
occurring in the five-dimensional and four-dimensional line elements. These 
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matrices satisfy the following relations which correspond in five-dimensional analysis 
to Tetrode’s relatio2is in four dimensions: 

7 /.y»+r.r/. = 27^- C^) 

Similar relations hold for the contravariant matrices and, in addition, 

7^7y + y,7^‘= (8) 

It is possible to show by means of the concept of matrix geometry (Flint 1935) 
that these matrices satisfy the relation 

+ yp^^pv = Ay'‘ - 


where /!„ is a four-rowed matrix which has been interpreted as playing the role in 
matrix geometry corresponding to that of in Riemannian geometry. 

An operator of this character was introduced in a four-dimensional analysis by 
Schroedinger (1932). 

The values of these matrices for the ease when the gravitational field is neglected 
have been determined (Flint 1942). 

As is the case with all the five-dimensional vectors required in this theory it is 
possible to relate them to four-dimensional quantities (Flint 19406). In the present 
case we shall denote the four-dimensional quantities and add a scalar quantity 

/?, in the following way: 

7”* = ■) 


76 = /?.. 

7m = A» + #m/?.. 


( 10 ) 


Since no gravitational field exists, it is uimecessary to distinguish between 00- 
variant and contravariant components and 

The values of the quantities can be recorded concisely by means of the following 

table: 


/ -z -x + iy 

iu + v 

" \ 

1 

I 


0 

iu + v I 

1 ~iu+v 

0 

z 

x-iy 1 

\ 0 


x + iy 

-J 


Ai> /?8. A4 and yff, can be obtained by writing oc=‘l,y = z-u = v 

X’=z = u = v = 0 and so on. 

♦ 

It can be seen that 


( 11 ) 

0,y^l, 


and there are here five matrices from which can be derived ten, more from products 
of any two. These, together with the unit matrix, make up a set of sixteen leading 
to an example of the notation introduced by Eddington in the Melativity Theory 
of Protons and Electrons. 
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The value of the matrices 7“ cau be obtained from the relations (10) if required, 

but the most convenient for practical purposes are the values of 
As in the case of the tensor calculus, ordinary dififerentiation is generalized to 
covariant differentiation, so in a theory in which vector and tensor operators play 
a part a further differentiation is necessary, the operation of covariant operator 
differentiation is 


dA dA . . . . 


( 12 ) 


in which is a four-rowed matrix with the character of a covariant vector. 

In the case of a quantity such as the single-column matrix ijr the operation of 
differentiation becomes . 

dxf^ dx^ 


and for the adjoint matrix consisting of a single row of components 
where is the complex of 


dxf^ 


dx^^ 




These operations ensure that the equations employed satisfy the correct conditions 
of invariance. 

The field theory of operators is evidently likely to be complicated as has been 
shown in the application of these methods to the theory of the meson field (Flint 
1942). But it is to be noted that if a matrix A is multiplied by ^i^t'and ijr to give the 
product the result is an ordinary quantity, the matrix character being lost. 

The quantity can be written in the form It is necessary to distinguish 

between these suffixes which refer to the rows and columns of the matrix and those 
which are to be referred to vector and tensor components. From the analytical 
point of view, the significance of considering probability values in the quantum 
theory is that operator quantities are converted into ordinary quantities. 


The principle of conservation 


A quantity represented by a tensor is said to be conserved if its divergence 
vanishes. In terms of a five-dimensional continuum this means 

^ + = (13) 

The first and third terms being taken together this becomes 

= ( 14 ) 

where 7 is the determinant formed by the coefficients 7^, and it is placed equal to 
unity corresponding to the procedure adopted in the theory of relativity of taking 
?=!• 
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■Tlie equation ( 14 ) indicates that there are five similar equations corresponding 
to the five values of jjt,. 

Thus, if represents the tensor of momentum, energy and current, the equation 

( 13 ) is the expression of the conservation of these three quantities. The components 
are all of the same dimensions, so that in relating them to momentum, energy 
and current it is assumed that factors of the appropriate dimensions are applied. 
Let the case /i = m be considered. Then equation ( 14 ) becomes 

= ( 16 ) 


provided that B^^ does not contain the factor afi. If this is not the case the term 
27 TimocB^jh must be added to the left-hand side. Expanding the second term 


The five-dimensional tensor B'^'’ is related to a four-dimensional tensor which 
will be denoted by J.”*”, to vectors denoted by Ji ” and and to a scalar 
(Ehnt 19406). The relations required now are 


Jjln = J^nb = i?®” = .4- Ot.^^A'^, 

At = A^ = 

and by means of these one obtains from equation ( 15 ) 

g^mn 


a®" 


= aH, 


\(X.H,”^{A'^+A:‘<) 
A "■ 


( 16 ) 


A. 

Thus, if ~ ' be identified as the current vector a relation is obtained which 

corresponds to a familiar equation of Maxwell’s theory placed in the relativistic 
form. The relations (Flint 19406) to which reference has just been made give 
jB\ = and = so that a justification is provided for relating the com¬ 
ponents of 72*^5 with the currect vector. 

Proceeding similarly with the case = 5 , beginning preferably with the mixed 
form of the equation, viz. 

37? n 


then 


dx'^ 

^B\ , „ , 
-^~^aH„,,A\ = 0 , 


In the same way 
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and since, in the absence of a gravitational field, 

= = and 

is antisymmetric in n and r, it follows that 

(17) 

SO that the current vector is conserved. The simplest case occurs when is a 
symmetric tensor. In this case equation (15) becomes 


dR^^ 

dx^ 


5 > 


(18) 


and equation (17) 


dR\ 

dx^ 


= 0. 



The field theoey of the electeoh and positeoh 

The idea of uniting energy, momentum and current density into a single tensor 
is due to Klein (1927), and the content of this theory of the electron and positron is 
similar to that-of other writers on the subject, especially to that of Pauli (1940). The 
notation to be used here has the advantages already referred to, so that a brief outline 
of the theory is worth while especially as it brings out an arbitrariness in the choice 
of the tensor which has an important bearing on the question of electron spin and 
shows the difference between this theory and that of the meson. 

The tensor in this case is 




(19) 


where 


n =AJL. 

" 2md3f 


The matrices are readily related to the yi* if it is remembered that the first order 
quantum equation (Flint 19406) 

y/«|^ = 0 (20) 

is expressible in the form e^Ujg'^+u^'ilr+mQce^'^ = 0, (21) 


where k is summed over 1 to 3, and % == Evidently 

C/ 


e* = iy V = H = = 

To these = i is added so that the matrices, e, are Dirac matrices. is not 
symmetric and, if s-^== it follows that 

pyfi. _ 'p/iv = ^ A + si^es) ir). (22) 
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This follows with the help of equation ( 20 ) and its complex conjugate. Since the 
expression ( 22 ) is antisymmetric in*p and v, 

= (23) 

OOo 

From (19) and ( 22 ) the symmetric part of is 

Si^ = H-r— H- ili), (24) 

1677 ^ 03 ;^^ 


From ( 22 ) and (24) it follows that 




Thus the conservation expressed by equation (17) is equivalent to 


dS^ 


0 a;"* 


^ = 0 . 


(26a) 


The second term on the right of (25) is antisymmetric in m and r so that it makes 
no contribution to equation (26a). Thus (26o) can be replaced by 




0 a;”* 


- = 0 , 


(266) 


where ,>}, 

The current vector is defined to be eJS^JnifjC^, and it is evident that a term of the form 

where ?t is a numerical factor, may be added to jR”*^ without disturbing the 
principle of conservation expressed by (26o) or (266). This indicates an arbitrariness 
in the choice of the tensor E/"' which is somewhat si m ilar to that associated with the 
Po 3 mting vector. 

It appears from the requirements of experiment and also from theoretical con¬ 
siderations based on Dirac’s equation, that for the field theory of the positron and 
electron the value of n is zero. In this case the second term on the right of the above 
expression for E ”*5 denotes a current arising from magnetization and polarization, 
and integration throughout space indicates that the usual values of the magnetic 
and electric moments are to be associated with the electron and positron. 


, Bepbbseis'tatiok oe moment oe momentum 

In forming the expression for the density of angular momentum associated with 
the field, equation (24) is used and written in the form 


8/^ = B/^+ 


dF/^f> 


(27) 


dzP 
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The angular momentu m tensor is 

jf/o-A _ jjaj> _ afTJA/t _ ( _ jPi'M), ( 28 ) 

The tensor Fi^p is antisymmetric in v and p so that ( 28 ) may be written in the form 


Consider the component 


JhC 

Sm ^ 


he 


4:7r^ ^ 


(29) 

(30) 


The angular momentum is derived from this expression by multiplying by 1/ic. 
The first two terms give the orbital angular momentum and the third the spin 
angular momentum. This is represented by the operator his‘^'^l 4 : 7 T and is the 
expression for electron and positron spin. 

It thus appears from this mode of presentation and from Klein’s union pf the 
energy tensor and current vector that the choice of the factor n based on the demands 
of experiment, which indicate a particular value for the magnetic moment of the 
electron, leads by the adoption of the general expression for the moment of momen¬ 
tum tensor to the accepted half-spin value for the electron. 


The theory oe the mesok field 

The next step in the analogy between the relativity theory of four dimensions 
and that of five leads to the introduction of a new field which corresponds to the 
electromagnetic theory. The analogy suggests that the new field will stand in 
relation to the gravitational-electromagnetic theory in the same way as Maxwell’s 
theory stands to the gravitation field in general relativity. The suggestion is that 
the new field theory wiU stand apart from the wider relativistic scheme of five 
dimensions and will require some new concept to bring about a union. This may be 
brought about by an application of Weyl’s principle of gauging, and suggestions 
for this have already been made (Flint 1935, 1938, 19406). 

The principle underlying the adoption of equations for the meson field is that to 
a particle describing a null geodesic there is an associated field. In this idea the case 
of*the photon and Maxwell’s equations are guides. 

A strildng example of the use of this analogy is to be found in Fermi’s theory of 
/?-ray disintegration. He based his work on the analogy between the emission of 
photons in spectroscopic processes and the emission of electrons and positrons in radio¬ 
active processes. The work of Yukawa and the discovery of the meson make it clear 
that the analogy should be in the emission of mesons in the processes of radioactivity. 

It therefore appears that the field equations to be adopted for the theory of the 
meson field are (Flint 19406) 


gjT/a; 

~d^ 


= 0 


(31) 
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Equation (31) is a simplified form of the equation 

' = 0, (33) 

which represents the vanishing of the divergence of {Tf^) when this tensor is anti¬ 
symmetric. 

Thus the case considered corresponds to that of the electromagnetic equations 
in the absence of charges, and no terms referring to the sources of the meson field 
are included in the equation. 

It is also assumed that (T^) is of the form 


T 

dx!' dx'’’ 

The vector (/^) has four components (/„j), the fifth being zero. Thus 


(34) 


’ ^5m = if^fm = -Tm5, (36) 

sinceis assumed to contain in the factor exp {(kx^), where k == 2mnQcjh and OTq 
denotes the rest mass of the meson. It now appears that equation (32) coincides 
with (34) when one of the suffixes has the value 6 . 

It is convenient to introduce a vector (?7„,) = x(/„j). The four-dimensional 
quantities which correspond to (T-^, 2 %) are denoted by (. 4 "“', in the 

usual way (Flint 19406 ) as follows; 


Evidently = (|J 7 ) 

It is also convenient to introduce the quantity 17o, according to the relation 


= (38) 

(39) 

Many writers on this subject describe the quantities ( 4 l 2 s> -^ 12 ) s-s a vector 

{Qi, (? 2 , Gg) and introduce another vector (F„), wheije 

= (40) 

Thus writing = (41) 

it follows that a — jp 

•“no ~ -‘^n- 

These substitutions, together with the relations (36), enable one to pass from 
equations (31) and (32) to those depending on and (U^). 

Since the effect of gravitation on quantum phenomena is negligible it is not 
necessary to. make a distinction between contra-variance and co-variance in the 
case of four-dimensional quantities such as A^.^ and 11"”^ U^. 
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The equations (31), (32) have been discussed elsewhere (Flint 19406 ) so that it is 
not necessary to go into detail again of their transformation to equations in the four¬ 
dimensional quantities. The operator j wiU be denoted 

by for the sake of brevity. It is convenient to write 

= —iDq. 

It has been shown (Flint 19406 ) that in the case — equation (31) may be 
expressed in the form 

= (42) 

When m — 4: this becomes 

DoF-[DxG]-/cU = 0, , (43) 

and when m = 4 D .F —/cJJq = 0 . (44) • 

Equations (43) and (44) have been adopted by several writers as the basis of the 
meson field theory. 

The present notation adds naturally a fifth equation for the case = 5. This can 


be written in the form 

where summation over m and n is from 1 to 4. The second group of equations (32) 
can be transformed in the same way. 

In the case (A, / 4 , p) = (I, m, 5) it follows that 

(46) 

This equation gives rise to kG = [D x U] (47) 

% 

and /cF = X>oU-D?7o- (^8) 

In the case when (X,jii,v) = no sut&x being equal to 6 , equation (32) in 

conjunction with (46) gives 

DiA^^+D^A^+D^Ai^+icc{H^„ UJ = 0. (49) 

In the case when no sufl&x equals 4, this becomes 

D.G+iaH.U = 0, (60) 

and when one suffix equals 4, 

J?oG + [DxF]-ia[ExU] + iaHC7o = 0. (61) 


This formulation of the equations shows that in the four-dimensional representation 
the meson field is based upon a vector U and scalar Uq. 
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It can be shown that {U^ satisfies the following second order equation (Flint 
19406): 

where O is written for the operator which corresponds to the Laplacian in this 
continuum 

n being summed over the values 1-4. 


The field tensor of energy, momentum and current density 

A feature of this method of description is the union of the current density with 
the energy tensor. This tensor is formed in exact analogy with the energy tensor of 
the electromagnetic field. First form the tensor (P/'”) as follows: 

JpllV ^ /Jp^ftOL^V _|_ fJpjlCtfJp^P ^ (64) 

From this the energy tensor {Ri^) is obtained 

iJ/a-= P/»'_|y/»'P, (66) 

where P-y^Pfl’'. 

T*f“^ denotes the complex conjugate of T/“* except in the cases whore one of the 
affixes is 4. In this case, one writes, for the contravariant position of this affix, 

ym4 — 

and for the covariant position = — iT^. 

■0 

Then T*‘mA j[g defined to be and is — where T*'^ is the complex 
conjugate of P”*® and is the complex conjugate of P„,o. This notation is con¬ 
venient on account of the imaginary character of a;* (= i*®). An example of the 
notation has already occurred in equations (38) and (40). 

It is found that 

JJmn, ^ + U*ml/n + + 217«17,). ( 66 ) 

Thus -h U*’‘U„ + Uo*Uo), (67) 

where i and A are summed over 1 , 2 , 3 . 

In the case when there is neither gravitational nor electromagnetic field, t.liip 
expression with the help of the field equations reduces to 

-'2** = |(j^curHJ*.curlU-|-U*.U-hidivF* divF-t-F*.pV (68) 
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This is the familiar expression from which the energy density of the meson field is 
derived by multiplication by the factor {Khcj^TiY. The vector current density is 
derived from (iJ^s) which has the value 

= (59) 

by multiplication by the factor {eKhcftn): These two factors are in the ratio 
as was the case with the corresponding expressions obtained from of fequa- 
tion (19). 


The meson field in the presence of generating sources 

Equations have been proposed for this case by a number of writers on the subject 
of nuclear field theories.. One of the earliest suggestions made in attempting a field 
theory of charges (Fisher & Flint 1929 ) was that the appropriate field equations 
were of the form 


dFi^ 

dx" 




3G^’' 

dog' 


= Ki‘. 


(60) 


((?/“’) can be regarded as the dual of a tensor related to (F/"'). The vector 

densities (J^) and {&) represented the charges responsible for the field. It was 
proposed to apply equations (60) in a five-dimensional continuum and to consider 
the problem as analogous to the case of the generation of an electromagnetic field 
by electrons or other charges, (Ki^) correspon^ng to a magnetic current density. 

This analogy can be carried out more simply than appears from this suggestion 
to give a theory of the nuclear field. The source of the field is assumed to be an entity, 
which has been described as a nucleon, capable of existing in two states, the neutron 
and proton states, and from which a density corresponding to {K/') is derived. The 
vector (J/^) is placed equal-to zero in this case. 

The total energy and current will be obtained from the sum of the energy of the 
sources and of the field. This will be derived from an energy tensor consisting of 
a term analogous to expression (19) and of a term analogous to (65). The sum of 
these will be assumed to be conserved. 

This is a result analogous to the electromagnetic case in which the energy consists 
of the energy of the charges and also of the field, the total being conserved in a closed 
system. 

The characteristic feature of the new field theory is that the field tensor is no 
longer expressible in the form of the curl of a vector. The equations adopted in 
accordance with these assumptions are: 


dog' 


= 0 


(61) 


and 


dx^ dx^ ^ 




(62) 


where (F^) is the field tensor and (Px/a,) occurs because the left-hand side of equation 
(62) no longer vanishes automatically. 



28 


H. T. Flint 


The tensor (T^„) will be written in the form 

V =T +B 

where (2^,) is in the form of a curl. Then write, 

dx^ dx^ k\^x^^ dx^]^ 


( 63 ) 


(64) 


although {Tpj,, and C^) are not necessarily identical with the quantities represented 
by these symbols before. 

It will be assumed that (!Z),„) and (U^) depend on a:® through an exponential factor 
exp(i/ca:®), and that {S^„) contains the factor exp(iZa:®). These constants k and I 
have values 2nmQclh and ^n/iQcjJi respectively. This is equivalent to associating the 
two sets of terms with masses and //.o, and equation (63) results from a super¬ 
position of two fields. 

The tensor (>$),„) is assumed to be antisymmetric, and in the case when one suffix 
has the value 6 

( 66 ) 


is written in conformity with the procedure already used. It follows from equation 
(62) that 


3/Sf™ 3/S. 


w 


P — /»' I _ 

~ 3a^ 




( 66 ) 


and on account of the antisymmetry of (/S^„) 

3*^ dxi‘ 3a? dxi' 


(67) 


In the case in which (A,/{, v,p) = (1,2,3,4) this equation becomes 



( 68 ) 


where - Pa 34 , ^' = -^ 341 . ^ C^ = -Pi 23 - 

Thus the quantity represented by is conserved. This vector can be regarded 
as the dual of and this fact and equation (68) are a help in the choice of a 
suitable expression for (P^^y) in harmony with this theory. 

Equation (68) now reduces, as in the previous case, to the form 

D^V^'^+kU^ = IW^^, (69) 

Thus the additional term (IW^) appears without the use of a quantity such as that 
represented by (J^) in equation^ (60). 

In deriving this equation it must be remembered that a = for the mass 

Wq and for /^q, so that cck and od have the same value 27 re//ic. 
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The tensor can be represented in the usual way by four-dimensional 
quantities. Thus 

ymn — F ^5 — , ] 

ymn _ = I (70) 

gmn _ — jgm — j 

Hence (T™" = + C7®. = -i(U”^+ W”^), C^l) 

Neglecting gravitation equation (69) becomes 

D^C^, + kU^ = -IW^. (72) 

For the case (A,/6, v) = (Z,m, 5) equation (66) becomes 

= iFmn^ 

The question now arises as to the expression for A suggestion comes from the 
fact that its place in equation (62) causes it to resemble a current density and equa¬ 
tions (67) or (68) give a condition which it must satisfy. This is a reminder of the 
expression occurring in the theory of the electron in equation (22), viz. 

1 7) 

Z/'*' = 2 ^ {f^(ePsi^^ -f si^eP) f}., * (74) 


The expression within the brackets is antisymmetrical in p and v and thus 


is automatically satisfied. 


dXP^ 

daf 


= 0 


(76) 


The notation for the description of elementary particles 

An elementary particle is described by a single-column matrix ]lr with four 
components (^^). 

A particular energy value is associated with three other values giving four values 
characteristic of four states. Two of these have positive energy values and two 
negative values. The members of each pair differ, one being associated with spin in 
one direction and one with spin in the opposite direction. There are thus four spin- 
energy states associated with energy values and or typically (H^), Thus 

a particular state is represented by and for each there are four^ com¬ 

ponents. This may be written for simplicity in the form (ii^). A linear vector operator 
0 is required which will transform the state represented by into another repre¬ 
sented by (^Jj). 

The transference from s to $' can be tacitly understood, 0 being an operator 
peculiar to this transition, i.e. there is an operator 0 for the change from 1 to 3, 
another from 2 to 4, and so on. Thus the upper affix can be omitted and 

0(tn) = irn), 

^mn^n ~ , 


I.e. 
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Such, an operator changes the order (^i, ^a» 1^3> ®-S- 

0 O ld' 

0 0 0 1 
-10 0 0 
0-1 0 0 . 


0 = 


then {fm) = 



Reference to Dirac’s equation shows that this particular change is from one of 
positive energy to one of negative energy without change in spin direction. 

In the case of the nucleon, which exists in the two states of neutron and proton, 
consideration must be given to the representation of the transition between these 
states. This can be described independently of the transition just considered. A func¬ 
tion Wx exists to describe the neutron and this satisfies Dirac’s equation. It then has 
four components and four spin-energy states. The function for the proton has 

similar properties. The nucleon is thus represented by , the neutron state by 


the proton state 




A transformation 


/ 0 \ . 

\ 0 / ^ 


is described as a 


transition, firom a neutron state to a proton state and vice versa. Such changes can 
be brought about by matrix operators of two rows and two columns. Thus 

has the following property: 

so that it is an operator which changes the neutron into the proton state. 

Similarly, if “ (o J)’ 




The operators Tjj = and Tp = applied to the nucleon W = act 

as follows: * 

. 

an<i thus serve to pick out the two states respectively. 

These operators do not alter the spin-energy state, so that if a proton becomes a 
neutron it carries its spin into the new state. This is a type of transition contemplated 
in nuclear processes in the work of Heisenberg and can be conveniently described 
as a Heisenberg transition. 

If an operator, 0, such as that already considered acts simultaneously, e.g. in 
the case ’ 
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there is a change of spin energy in the proton state and a change to the neutron 
state. In this transition the particle does not retain its original spin state. This type 
of change may.be described as a Majorana transition, since it is one contemplated 
in the work of this writer. 

It must be remembered that there is no operation between r and 0, they act 
independently on different elements of the quantity When a proton is generated 
the equivalent negative charge must appear in order to preserve the conservation^ 
of charge. 

Suppose this to take place in the generation of a particle. The operator which 
describes this is denoted by Q with which is associated the complex operator Q*. 
It will be supposed that Q causes a diminution by one in the number of certain 
particles associated with a rest mass /Aq, while Q* causes an increase by one. 

Thus if a function f{n) depends on the number of such particles the operator Q 
changes it to f(n^— 1) and to f{n+1 ). 

The use of the co-ordinate as mentioned in the early part of this paper suggests 
the form of Q, for if is now treated as an operator it is known by analogy with the 
case of the harmonic oscillator (Dirac 1935 ) that 

Q = exp (ilx^) and = exp (— ilx^) 

have the properties required. If one writes I = %7T/jLQcjh the operators denote the 
disappearance and the appearance respectively of a charged particle of mass 
Thus of equation (81) must be replaced by 

In this way the co-ordinate x^ appears. In the case of (/ 4 , v) = ( 1 ,4) 
so that () is the dual of (Y^qr)- therefore assumed that 

(77) 

and similarly for the other affixes. 

The constant g appears as a measure of the strength of the sources, and its inclusion 
is justified because the conservation required by equation (67) leaves a constant 
factor arbitrary. 

In the summation the terms in which p = 1 and 4 vanish and thus 

== QrypW}+^Ug{Wny^s^ + s^^^) Qr^^^}, 

where r is summed over 2 and 3. From equation (73) 

5^3 = M^+(rV+«5V) QTNPn 


(78) 
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The appearance of 85 * is due to the transformation to four-dimensional quantities 
(Flint 19406 ) for 

_ s^^ + 0t4>n^”‘ 

and 55 ^ = —A- 

From equation (73) it is seen that 

Fa = - |i^lPt(y3sM+gi4y3) + s® V) Q^np^'- (79) 

All these expressions simplify in the case when there is no gravitational field, when 
one can write 

= = (80) 
Equation (69) can now be written in the form 

D,,0^^+KU^^igm^J„,Qr^pW, (81) 

and the second group of equations gives 

a»« = (82) 

K 

The multiplier gl is proportional to a constant g^ introduced by writers on this 
subject, and g is proportional to another constant denoted by g^. Thus two in¬ 
dependent constants have been introduced into the theory. The presentation given 
here suggests that a relation exists between these constants which is deter mi ned by 
the mass of the particle which is,,associated with the operator Q. Thus 

fl'i/S'a = i! = ^n/i^clh, (83) 

and the value of this ratio which is required by the comparison of experiment and 
this theory will indicate the value of the mass /to associated with the particle appear¬ 
ing in the transition. In some calculations made by Bhabha ( 1938 ) it appears that 
the mass is that of the meson. 

It appears that if experiment suggests other values for the ratio the resultant 
indication will be that particles of other masses are associated with the transition. 

Tee bbteegy tensor 

The energy tensor for this field is derived in the usual way from the field tensor: 
First form: Pi^ = 

and then the energy tensor is 

Bj"’= Pi^’^^pp. 

It follows that’ 

where Z'^ = 17’™ 4 - F*™. 

Thus —Ba = ^{A*^+B*^^) {Aj^+Bj^ + (A.*o,.-|- B*or) (Ao^-f Bj,) 

+ (C7^ + W%) {U^ + W,) + { U ,*,+ Fo*) ( U, + Fo). 


(84) 

( 86 ) 

( 86 ) 


( 87 ) 
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This energy density is made up of three parts: ( 1 ) consisting of terms derived from 
the tensor [T^^) alone; (2) terms arising from products of [T^y) and and (3) 
terms derived from {S^y) alone. The group ( 2 ) represents interaction between the 
field {T^y) and the field 

In analogy with the electromagnetic case one adds the energy density of the 
particles which give rise to the fiel^, i.e. the expression obtained from equation 
(19), in which ^ is replaced by W for the nucleon, is added to the expression (85) 
and the sum of these is conserved. 

In the expression derived from (19) it must be remembered that the masses of 
the proton and neutron are different and that the neutron has no charge so that it 
is not affected by the terms in 

It is convenient, in order to take account of these points, to express the energy 
density (— R^^) given by (19) by the application of Dirac’s equation ( 21 ) in the form 

k is summed over 1 , 2, 3. Writing 

-A_L 

27Tidx^^ 27Tidx^^ 

then -Jt*^^mocW%W-e<f)kW^e>‘W+^iWp^W+p„*WW). ( 88 ) 

To obtain the total energy density this expression must be added to the energy 
density of the field obtained from equation (87). To take account of the neutron 
and proton states one must write ( 88 ) in the forln 

~i2^ = !FtmicViv^ 

+ e(f>kW^€^rpW+ (89) 

where and denote the rest masses of the neutron and proton respectively. 

The current vector for the sources is, as in the case of the electron, given by 
eW^e^pW, the operator Tp occurring because the contribution to the current is 
from the proton only. 

The total current density is the sum of this expression and that derived from 
equation (85) corresponding to R^^ of equation (59). 

Some writers on this subject have adopted the expression — {Khcl27r)^R^ as the 
energy density, which is equivalent to multiplying the expression (87) by 
where tuq is the mass of the meson. Comparison wdth the equations used, e.g. 
Bhabha ( 1938 ), shows that the foUowirig relations exist between the constants 
and and those introduced here: 

g^ = ^HJicl2TTfKlg, g^ = {hcl27T)^Kg. 
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The terms of particular interest are those which result from the interaction of the 
nticleon and the meson. These are 

{Khcl27r)^{lA%BM+A*arBor+ +complex conjugate 

= Q'^pn^ + X 

+ complex conjugate. (90) 

In the application made to particular problems these terms are regarded as 
representing a perturbation, and the method employed is a familiar one in quantum 
mechanics. 

The current density is obtained as in the case of expression (59) for the pure 
meson field applying the factor (e/cAc/27r) to R\. The expression in this case is 

= (91) 

To this must be added the expression for the current from the particles which is 
obtained from expression (19). This gives ani additional current density 

^ ( 92 ) 
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The transverse flexure of perforated isotropic plates 

By S. Holqate 

* 

{Communicated by G. R, Ooldsbrough^ F.B.S.—Received 4 September 1944 ) 


A general theoretical solution is obtained for the problem of a large thin isotropic plate bent or 
twisted by couples at infinity, and containing a hole of fairly general shape. Certain known 
results for circular and elliptical boundaries are included in this general solution as special 
cases. Numerical values of the stress couple round the edge of a square hole with rounded 
corners are given when the plate is bent by all-round couples, or twisted or bent cylindncally 
about the diagonals or sides of the square. Besults are also given for a triangular hole with 
rounded comers in a plate subject to the action of similar distributions of stress couple at 
infinity. 

Inteodttction 


1. The problem of the stress distributioiis that arise when, a perforated isotropic 
plate is bent by transverse couples has already received some theoretical attention 
in certain special cases. Bickley (192(4) has investigated the stress resultants in a 
moderately thick plate containing a circular hole when the plate is bent anti- 
olasticaUy or cylindrically. Goodier (1936) has given a theoretical solution of the 
problem in five fundamental cases when the plate is thin and contains a circular or 
elliptical hole. Both writers employed real variables to ohtam their results. Various 
two-dimensional elastic problems have been, solved with the help of complex vari¬ 
ables by Muschelisvili (1933) and other writers, and more recently by Stevenson 
(1943) and Green (1942). Complex variable methods have also been used by Green 
for some generalized plane stress problems in aeolotropic materials. 

The present paper gives a solution of three fundamental problems connected with 
the transverse flexure of a large thin isotropic plate containing a hole of fairly 
general shape. The complex variable method which is employed throughout is 
flimilar to that used by Green (1943) for the stretching of such a plate, and its use 
greatly simplifies the analysis and gives Goodier’s results as special cases with much 
less labour. The work also prepares the way for an extension of aeolotropic plates 
to which the subsequent paper is devoted. 

In many respects there is a close similarity between the problem of a bent plate 
and the problem of a stretched plate, but there are some analytical differences. The 
equations for bending involve Poisson’s ratio which does not appear in the problem 
of a stretched plate, and so the analysis is heavier in the case of bending. 

The method consists of fi ntiiug a conformal transformation of the type 


2 = m (1-1) 

which, for the special problems of this paper, it is convenient to write m the dif¬ 
ferential form 


^ = Je^ = 


(1-2) 


where z (= a;-i-iy)is the plane of the plate, and ^ (= ^ -f ) is real on the edge of the 
hole. The constants dp are in general complex, and <f> is the angle between the 

tangent to the curve 1/ = constant and the a;-axis. 

[ 35 3 
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For a circular hole n = 0, tto = — ia, and the radius is a. 

For an elliptical hole with the major axis parallel to the a;-axis 
K — the semi-axes are c cosh a and c stnh a. 

A more general type of curve with continuous curvature is obtained by writing 
Oq = —inae^^, provided that b is less than a. The factor affects only 

the orientation of the curve. 

When n — 2 , a = 2 b the curve is a close approximation to an equilateral triangle 
with rounded corners. 

Wheii% = 3, a = 36 the bomidary is a square with rounded comers which has its 
diagonals parallel to the axes if yff = 0, and its sides parallel to the axes if ^ = Jtt. 

The maiTi practical value of the solutions of the problems lies in the determination 
of the concentration of tangential stress couple on the periphery of the hole. The 
factor of stress concentration has been evaluated for square and triangular boun¬ 
daries when the plate is subject to the action of bending or torsional couples about 
the axes of coordinates. 

The GBiSteBAL method oe soltttioit 

2. The middle surface of the plate is taken as the xy plane, and the plate is bent 
by the action of couples at its edges only. As the plate is infinite this means that the 
stress resrdtant perpendicular to the plate is everywhere zero, and the two faces of 
the plate are free from traction (Love 1927). 

The displacement of the middle surface, w, must satisfy the biharmonic equation 

V\w = 0 , ( 2 - 1 ) 

and a solution of this equation is obtained by writing 

w^f{z)+^{z), (2-2) 

where z^x — iy and only the real part of the expression (2'2) is required. The func¬ 
tions f'{z) and g{z) must be regular outside the boundary, and when they occur in 
a compensating stress system they must tend to zero at infinity. 

Stress couples and shearing forces are defined in the usual way and may be 
obtained from well-known equations (see Love). From equation (2-2) it is found that 
the couples and shearing forces are given by the real parts of the equations 


a^ = -D{{l-a)\S\z)+zg"{z)-\ + 2{l + <r)g'{z)}, (2-3) 

= ■D{{l-<r){n^)+mz)-\-Kl+(r)g'{z)), (2-4) 

j?! = - ila = i(l - cr) D{/"(z) -f- ^"{z)], (2-5) 

= -4J)g\z), Aa = -UDg^z), (2-6) 


where & is the ordinary Poisson’s ratio, Z) is a constant known as the flexural rigidity 
of the plate, and dashes denote differentiations with respect to z. 
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The stress couples in any direction may be obtained by combining the above 
equations in the usual way, and it is easily verified that 

G^/D == -2(l+a)f(z)^(l^a){r(z)+F^^^ (2-7) 

G^ID = -2{l+a')g\z)^{l-^a){r\z) + F{0g'^^^^^ ( 2 * 8 ) 

H^ID = -H^ID ^ /{l-cr){r(^) + P(0/(^)}J?^'(^)/F(?), (2-9) 


where a bar placed over a function denotes the complex conjugate of the function. 

In order to satisfy the physical conditions the boundary must be free from normal 
couple and shearing force, and allowance must be made also for the effect of the 
torsional couple Love ( 1927 ) has pointed out that this distribution of couple is 
statically equivalent to a distribution of shearing ioTce^’-dHJds in a direction 
perpendicular to the plane of the plate, s being measured along the boundary; and 
so the complete boundary conditions are 

= N^^dH^lds^O. ( 2 . 10 ) 

Goodier ( 1936 ), however, has shown that the second condition may be expressed 
in the form 

+ = constant, ( 2 * 11 ) 

where ^4^ is a harmonic function such that ~ di/rjds. It is easily established from 
equation ( 2 - 6 ) that, when the solution is of the form ( 2 * 2 ), 

ir^^UDg\z), ( 2 - 12 ) 

and so, from equations (2*9) and (2*12), 

= ^Ug\z)^i{l^a){nz)^Mm (2*13) 

To satisfy these modified boundary conditions it is convenient to introduce two 
functions of the complex variable F(^) and W{Q which are such that the real part 
of F(^) is equal to — and the imaginary part of W{^) is equal to the variable 
part of (£r^ + ^)/D on the edge of the hole. From equations ( 2 * 8 ) and (2*13) it is 
seen that F(^) and TF(^) may also be expressed in the forms 

F(C) = 2{l+0)g\z)-{l-<x){nz)+mg\^))F%)ir (2-14) 

TO = 4^'(z) + (l-a){r(z).+J(0/(z)}J’'(a/F(a (2-15) 

as ^ is real on the boundary. The discussion is confined to cases in "whioh F(^) has 
no zeros outside the boundary. F(^), however, may have zeros at points in the plate 
and so F(^) and If(^) will have poles at these zeros, but F(Q 4 - 1 F(Q can have no 
poles since 

F (0 + l^(D = 2(3+(r)fir», (2-16) 

and is therefore regular outside the boundary. 
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After some reduction it is found that the stress couples and shearing forces at 
any point in the plate are given by the Tsal parts of the following expressions, in 
which dashes denote differentiations with respect to 

{Z+a)F'{l)G^lD = F(O{2F(a-(l+or)F(0} 

-(1+0-) + (2-17) 

(3+o-)F(C)G',/Ii = -F(0{2F(0 + (l+<r)F(r)) 

-(l+cr)lF(C){F(0-F{0}-Kl-<^){-y(0--f^(D}{nO+W^'(a^^ (2-18) 

(Z+cr)F{QHglD = -iF(0{2F(0-(l+o-) TF(0} 

-4i(l-(r){J'(0-J'(?)}{F'(0 + F'(a}, (2-19) 

(3+cr) JN^ID = - 2{F'(0 + W'iO), (2-20) 

(3+or) JN^jD = U{V'{Z) + W'iO). (2-21) 

On the boundary of the hole 

{Z+(r)G^ID = {l-(r)V{0-2{l+<r)W{0. (2-22) 

Equations (2-17)-(2-21) represent a formal solution of any problem when F{^) is 
known and V{^) and TF(^) are also known. When the plate is subject to the action 
of certain couples at infinity, it is possible to choose F(^) and W (^) so as to cancel the 
transmitted stresses along the boundary, which then becomes free from all stress 
except the tangential couple G^. The sum of the two stress distributions thus 
satisfies all the physical conditions for the perforated plate. 

ALL-ROXIND BKNDIN0 

3. When the plate is bent by couples G at infinity, the displacement of the middle 
surface in the absence of the hole is given by 

w = -(?»*2/2D(l+o-), (3-1) 

from which it is easily seen that 

= ifg = ir, = = 0. (3-2) 

To cancel the stress couples on the boundary it is therefore required to super¬ 
impose a system such that G^ = -G on the edge of the hole, and, recalling the 
restrictions that have been imposed on F(^) and W{Q, it is seen that all the con¬ 
ditions are satisfied by writing 

mOF'iOnOIG = a„e«E'(0+6,,e^<F(C), (3-3) 

DWiOF'iOF’im = -o,e»'fF(a + f)„e^<F(0, (3-4) 

The complete stress distribution in the perforated plate is now obtained directly 
from equations (2-17)-(2-21) together with (3-2). 
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Adding in the couple transmitted from infinity, the complete tangential stress 
couple on the edge of the hole is given by the real part of the expression 

O,. 2 


11 = 

Gr 3 + 0 “ 


jl-o- + 2(l+(r)^^ . 


(3-5) 


In all the bending, problems thaji are discussed the additional displacement due 
to the hole is found to contain a logarithmic term which is infinite at infinity. Such 
a term, however, is quite admissible in spite of its behaviour at infinity because the 
additional deflexion is insignificant in comparison with the undisturbed deflexion. 
Goodier has justified the inclusion of a logarithmic term in the case of the circular 
hole, and its presence in the case of a more general type of boundary admits of a 

similar justification. 

• \ 

4, The special form of equation (3*5) for a circular or elliptical boundary is 
obtained immediately by using equations (1-2) and (1-3). 

For a circular hole 
and for an elliptical hole 


G S+cr 


G^ = 2G, 

(4-1) 

(H-£r)sinh2a 1 
^ cosh 2a — cos 2|j ’ 

(4-2) 


both of which agree with Goodier’s results. 

When the transformation is of the type (1-5) the tangential stress couple takes 
the form 


G 




(l+cr)(a2-6^) \ 

a*+6^—2a6cos(?i+1)^1’ 


(4-3) 


whatever the value of fl 

Wken n = 2,a = 2b, that is for the triangular hole, this reduces to 


2 f 3(1+0-) 1 
G 3+crr 5-4cos3gr 


(4-4) 


while the corresponding result for the square hole is 


g; 2 
G ~ 3 + tr 



5-3cos4fj- 


(4-6) 


The last two expressions have been evaluated numerically, using for Poisson’s 
ratio <T — 0-25, a common value for steel. The results are shown in table 1, and plotted 
in figures 1 and 2. 

Table 1. Values op G ^ on the edge op the hole 
( a) Square hole 


r 

. 0 

5 

10 

20 

30 

40 

45 


2*77 

2*64 

2*37 

1*92 

1*70 

1-62 

1*615 




(6) Triangular hole 




r 

0 

10 

20 

30 

40 

50 

60 

G^/G 

3*54 

2*73 

2 

1*09 

1*56 

1*50 

1*49 



40 


S. Holgate 



Figote 1. Stress concentration round the edge of a square hole in a 
plate bent by all-round couples. (Abscissa: Ordinate: 0(10.) 



i^iGTOKB 2. Stress concentration romd the edge of a triangular hole in a 
plate bent by all-round couples. (Abscissa: Ordinate: (?{/(/.) 


Cylhstdeical bending about the a:-AXis 

6. Wten the plate is bent into the form of a cylinder whose generators are parallel 
to the ®-asis, the displacement of the middle surface, in the absence of the hole, is 


w = -Qy^jW, ( 5 - 1 ) 

which can Be maintained by the following stress couples: 

Qx = (tO, Gz = G, Hx = H^ = Nx = f = 0, (5-2) 

2G(IG = 1+cr—{I—a) Gos 2^, ( 5 . 3 ) 

2GJG = l+cr+{l-(r)cos2^, ( 5 . 4 ) 

= (1 - O') sin 256 . ( 6 . 6 ) 
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It is therefore required to introduce a farther stress distribution such that on 
the edge of the hole < 


H^ = -iO{l-cr}sia2^, 

and to accomplish this F(^) and W{0 are defined by the equations 

i aoe<^r{0+F'mr{0-a,e-^q 

G F'iOF'iO 


(S-7) 


J a.e^^riO + F'mriO-aoe-^)Y 
^ U F'iOF'iO I’ 


2DW{0 

G 


= -{l+<r)|! 


J?”(D-P”(C) / 

ape<g f'(C) - J’'(g)_[.F’'(g) -gpe-^q 
r{QF'{^) 


+ (i 


-.)f 


(6-9) 


The complete stress distribution is now obtained from equations (2*17)~(2*21) 
together with equations ( 5 * 3 )-( 5 * 5 ), and all the conditions are satisfied if 7 ^< 2 . 
When > 3 , however, the terms in in F(^) and W(^) produce in/"(25) terms which 
do not tend to zero at infinity, and so some modification is necessary. The difficulty, 
which is similar to the one encountered by Green ( 1943 ) in the problem of a stretched 
plate, arises because the term of highest degree in f"(z) is of 0(z^^^) and so is in¬ 
admissible if n^2. The coefficient of this term vanishes identically when n = 2, 
however, and the difficulty is overcome for all values of n > 3 if the ratio of the 
coefficients of in V{Q and TF(^) is {?i(l +<r)-f 1 — <r}/(27i*-1 -f(r). The extra terms 
which it is found necessary to add to V{Q and IF(^) to achieve this are given by 


mo 

OP 


I ^0 ) 


_ao^\ 

- ImO F'iOi 


,Mo, 


„ , KeW (S.e<£ »„e-« A 

-(i+<T) 0 ( noFAo )’ ' 


where 


4P(1 —<r—2n) = (?i— 2 ) (1 —<t), 
1 -or 


(5-12) 


<3 = 1 + 


3+cr‘ jMSpUp’ 


and the total couple about the aj-axis is now (?(1 + 2PQ). 


(5-13) 
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Then th^ tangential couple on the boundary is the real part of 

O 3 + cr \ r (Q j 

when M. < 2, and when » > 3 it is necessary to add the real part of 

4(1 +0-) PQ 2P(1 -0-2) l±5o\ /k.i 

3+0- 3+0- \F{0 F'iO 11 % «o 1-0- /’ 

corresponding to a couple (?(1 + 2PQ). 

6. Equation (5-14) gives Goodier’s results for a circular or elliptical boundary at 
once in the forms 

= (H-o')|l + ' " -cos2|| (6-1) 

for the circle, and 


, f, l-(r+(l+<r)e-2“ l-e2“cos2g ^ 
3 + (r ■ cosh2a—cos2|l 


(6-2) 


for the ellipse. 

When the boundary is of the type (1*5) the tangential stress coddle for all values 
of » ^ 2 is given by the formula 

{w^a® — (m,—2 ) m^b^} {a® + 6* — 2a6 cos {n+l)^{(Z+<r)0J{l+a’)Q — 2} 

= (1+cr) (a2—62) — (n—2) m^b^} + 2mna^ {wo* + (w—2) mh*} cos 2(g—y5) 

— 4mwa®6(2w— l+cr)co8[(w— l)^+2y5], (6*3) 

# 

where G is the total couple about the ®-axis, and 

(3+cr)m = 1-cr. (6'4) 


Eor a triangular hole with one altitude parallel to the a:-axis, equation (6-3) leads 
to the expression 


I 3(l+(r) + 4(l-cr)(2cos2g-oosg)l . . 

G- 3 T^r+-5—4^811-) 

for the couple bn the boundary, while equations (6‘6) and (6-7) give the corresponding 
results for two different orientations of the square hole. 

When the diagonals of the square are parallel to the axes, it is found that 


2(1+0-) 1 + 0 - (8(1+or) (7+ 2cr) +27(1-0-) (3+cr) cos 2g1 

G (3+0-) ^2(3+o-)(7 + 2o-)\ 6-3cos4f J 

and when the sides of the square are parallel to the axes 


( 6 < 6 ) 


Gg _ 2 (1+cr) ^ _2(1+0-) (2(1+cr) (13+ 5o-) +27(1-or) (3+0-)sin2^1 

G (3+0-) ^(3+o-)(13 + 5<r)\ 6-3cos4g 1'^ ^ 

The numerical values of these expressions are considered in § 8 after the corre¬ 
sponding equations for cylindrical bending about the y-axis have been deduced. 
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Cylutdbioal bending abotit the ^/-axis 

7. When the plate is bent into the form of a cylinder whose generators are parallel 
to the jr-axis, the displacement and couples in the absence of the hole are given by 


(7-1) 


G 


2 DTF (0 

G 


= -(H-(r) 




)■ 

)■ 


(7-2) 


(7-3) 


w = -Gx^l2D, Gi=G, G^ = (tG, 
and when » < 2, it is necessary to write 

^ F'iOFU) 1 

_n i aoe^^F%) + F'{0[F\0-a,e -^q 

^>\ r(C)F%) 

a,e^(F’{0-F'mF'{0-a,e-^ 

F'iOF'p I 

'a,e^ iF'{Q-F'{Q[F'{0-aoe-^q 

F'iQF'iO 

Extra terms wiU again be required when «. > 3, and these are given by 
OP ' ''H a, ^ ( + '' “"'I «. + 5.. )(F(0 J?'®) 

-g^ --<'-')(-sr+^)(F( 5 ’"^ “') 

where P, Q have the same values as before, and the total couple about the y-axis is 
now G{1 + 2PQ). 

Equations (2-17)-(2-21) m conjunction with (7-1) determine the modified stress 
distribution. On the edge of the hole, the stress couple is obtained from 

Gg l+a-j^ 

(?"3+(rr F%) )’ 

when % < 2, with extra terms arismg from the real part of 


(7-6) 


4PQ(l+or) 2P(1—cr®)|aoe^? 


-+ 


: + - 


3+0- ■ 3+<r \F'{0 F’iO 

when % > 3, and the total couple is G{1 + 2PQ). 
8. The result for the ellipse is 


(7-7) 

j I ^0 1 cr J 


G 


= (l+or)|l + 


1 — cr — (1 + O') 6“^^* 1 — cos 2^ 


3 “ho* 


cosh 2a —cos 2gj 


( 8 * 1 ) 


which agrees with the expression obtamed by Goodier. 
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When the hole is of the type (1'5) and 2 the couple 0^ along the boundary is 
given by 

— (w — 2) {a® + 6* — 2a6 cos (» +1) ^ {(3+o") 1 + cr) G* — 2} 

= (l+<r) (a* — 6 ®){ 7 iV — (n.— 2)m^6^} —— 2 )m 6 ^}cos 2 (§— 

+ 4m7M%{2,n — 1+cr) cos [(« — 1) ^ + 2^], (8'2) 




r 


Table 2. Valtjes oe (rj on the edge of the hole 
(fit) Square hole—plate bent about a diagonal, 1 = 0 


0 

10 20 

30 40 

50 

60 70 

80 90 

2-57 

2*07 1*49 

1*19 1*05 

0*978 

0-936 0-910 

0-894 0-887 


(6) Square hole—opiate bent about the line ^ = 45® 


-45 

o 

CQ 

1 

o 

1 

-20 -10 0 

5 

7i 10 20 

30 40 46 

0*566 

0*668 0*592 

0*689 1*03 1*73 

1*93 

1-95 1-93 1-71 

1-64 1-46 1-46 


(c) Triangular hole—one altitude parallel to ^ = 0 



bending about bending about 


bending about bending about 


g=o 

£ = 90° 


£ = 0 

^==90® 

r 

G^IG 

O^IG 

r 

G^IG 


0 

3*37 

1*06 

110 

0*814 

2*60 

10 

2*38 

1*04 

112 

— 

2*75 

20 

1*48 

1*02 

115 

— 

2*91 

30 

1*09 

1*03 

120 

1*63 

2*79 

40 

0*906 

1*04 

125 

1*93 


60 

0*806 

1*07 

130 

1*93 

1*49 

60 

0*737 

M2 

140 

1*68 

0*822 

70 

0*684 

1*20 

150 

1*49 

0*627 

80 

0*637 

1*31 

160 

1*38 

0-568 

90 

0*596 

1*52 

170 

1*33 

0*549 

100 

0*594 

1*90 

180 

1*31 

0*545 



FiotTEB 3. Stress concentration round the edge of a square hole in a plate bent into the form 
of a cylinder whose generators are parallel to one of the diagonals of the square. (Abscissa: £°. 
Ordinate: GgjG.) => v b 
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Figure 4. Stress concentration round the edge of a square hole in a plate bent into the 
form of a cylinder whose generators are parallel to two sides of the square. (Abscissa: 
Ordinate: G^/0.) 



Figure 5. Stress concentration round the edge of a triangular hole in a plate bent into the 
form of a cylinder: (a) generators of cylinder parallel to AJ5, (b) generators of cylinder per¬ 
pendicular to AB, (Abscissa: Ordinate: GgjG.) 


which reduces in the special case of the triangular hole to 

l+crfo 3(l+cr)-4(l-cr)(2cos2g-cosg) 

G 5-4cos3^ 

the results for the circle and the square being given in § 6. 

The numerical values of the various expressions for square and triangular boun¬ 
daries are tabulated in tables 2 (a), (6) and (c) and plotted in figures 3, 4 and 5, 
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The twisted plate 

9. When the unperforated plate is acted upon by torsional couples the dis¬ 
placement of the middle surface is 


w = HxylD{\~a), (9.I) 

and the stress-distribution is given by 

H^ = -H2 = H, Oi = 0^=^ —ijr sz 0, ^g.2) 

= —ffsia 2<p, 0^ = H sin 2^, Hg = E cos2^. ( 9 - 3 ) 

In order to satisfy the boundary conditions for a number of transformations it is 
necessary to write 

iH F'{^)F'{^) ■■■” 

^ + a„e--q 

iH ^'(C)^'(O' ~ ’ 

from which the complete stress distribution may be found as before. 

When n^3, the necessary extra terms to avoid the introduction of infinite stress 
couples at infinity are 


mo 


. ®0 


“So'‘7lF(tr"^U)r 


^^(0 _ 2 p(^o^ _ /®0^ . ®o ) 

iff I a ,. a .. I I W { y \ M 5 


iti i ao So ire) ^'(0 /’ . 

^{ll^PQ) twisting couple 

On the boundary of the hole, the stress-couple is the real part of 

4i(l+(r)aoe^f 
E~ i3+<T)F'{0’ 


is now 


when % - 0 or 2, and l^ie extra portion when w > 3 is the real part of the 
iijl +<r)P la„e^S \ 


expression 


3+0- • I ao oo n^'(o^re)"T 
corresponding to a couple if(l + 2PQ). 

wh^^r^r+rr ^ produce many-valued displacements 

when n-l , that is m the case of the ellipse, and so some modification is required for 
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this particular boundary. It is found necessaTy to write, as additional terms to 
(9-4) and (9-5), _ 

DViO _ F'iO-F'iO -OoC-^«]^ 

iH -""1 F%)F\o r 


(9-10) 


DW{0_ J ^F' 
iH 


{0+F'i0'[F'{0-a,e-^S] 


where 


_ F'iQF'iO - 

.^{(3+(r) e®“ + (1 —or) e“^“} = 4, 


(9-11) • 
(9-12) 


and a has the value assigned in § 1. 

It will he noticed that this involves adding an imaginary constant to W{Q and 
therefore a real constant to the value oiH^ + ijr on the boundary. This is immediately 
seen to be physically admissible + on the boundary in general involves an 
indeterminate real constant. 

The extra stress couple on the'boundary is given by the ffeal part of 


6r£ _ 4iK{l + cr) 

H~ (3+o-)J'(0 ■ 


(9-13) 


The additional displacement for a twisted plate does not contain a logarithmic 
term whatever the shape of the perforation. 

10. The stress couple round a circular hole is 


G<| = -4£r(l +(r) (3+ 0 -)-! sin 2^, (10-1) 

and the corresponding result when the boundary is elliptical is obtained from 


[3+<r+(l—(r)e~*“][cosh2a— cos2§](tj = — 4ff(l + (r)sinh2asm2^, (10-2) 

both results agreeing with those given by Goodier. 

When the boundary is of the type (1-5), and » > 2, the tangential stress couple is 
given by 


{n^®(3 + cr)^ — (ti — 2) (1 — cr)2 + 6®—2o6 cos (» +1) O^jH 

= — 4(l + (r)na^{[(3+cr)7ia®—(»—2)(1—(r)62]gin2(^_y!y) 

— 2ab{2n — 1+tr) sin [{% — 1) (10-3) 


which reduces in the special case of the triangular hole to 

(?£ 8(1+cr) (sin sin 2^) 

(3+O’) (5-4 cos 3^) * 

For a square with its diagonals parallel to the axes, it is found that 

Gj 108(1+tr) sin 2^ 

5 “ “ (13 + 5(r) (5-3cos4^)’ 

and when the sides of the square are parallel to the axes, th? result is 

Gj 27(H-cr)cos2§ 

■^ = “(7 + 2(r)(5-3cos4g)' 


(10-4) 


(10-5) 


(10-6 
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The numerical values of the stress concentration are given in tables 3 (a), (b) and 
(c) and plotted in figures 6, 7 and 8. 

Table 3. Values of QfH on the edge oe the hole 
* (a) Square hole—plate twisted about a diagonal 



0 

5 

10 

15 20 

25 

30 

35 

40 

45 


0 

0*754 

1*20 

1*35 1*36 

1*31 

1*26 

1*22 

1*19 

1*18 


( 6 ) Square hole—opiate twisted about axes parallel to the sides of the 

square 





0 

10 20 

30 

40 

45 





G^tH 

2*25 

1*67 0*770 0*346 0*0999 0 




(c) Triangular hole—opiate twisted about one altitude of the triangle 


r 

0 

5 

10 

12 

13 

15 

20 

30 

40 


0 

M 8 

1*72 

1*78 

1*79 

1*78 

1*67 

1*37 

M 6 

r 

50 

60 

70 

80 

90 

100 

110 

115 

120 


0-996 

0*888 

0*809 

0*734 

0*615 

0*309 - 

•0*693 - 

-1*69 

- 2*66 

r 

123 

125 

130 

140 

160 

160 

170 

180 



-2-90 

--2*87 

-2*41 

-1*36 - 

-0*768 - 

-0*414 - 

0*186 

0 



In conclusion, the author wishes to express his thanks to Dr A. E. Green for 
suggesting the problem and for his subsequent interest and advice. 
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The transverse flexure of perforated aeolotropic plates 

By S. Holgatb 

{Cow/municaied by 0. R. Qoldsbrough, F.R.S.—Received 4 September 1944) 

The problem of a thin aeolotropic plate containing a circular hole, and bent or twisted by the 
action of couples at infinity, is solved in a general manner, and the solution is used to find 
the concentration of stress couple aiormd the edge of a circular hole in a spruce plate in a 
number of fimdamental oases. The work is then exitended to apply to elliptical holes in 
aeolotropic plates, and a theoretical solution is obtained for tlio problem of a plate bent into 
the form of a cylinder whose generators axe parallel to the major axis of the hole. Numerical 
results are given for the distribution of stress couple along the edge of an elliiitical hole in a 
spruce plate bent in this manner. 

“ iNTEODtTCTION 

1 . In the previous paper the problem of a bent plate containing a hole of fairly 
general shape has been considered when the material of the plate is isotropic. The 
method used is now extended to apply to aeolotropic plates containing circular or 
eUipticaJ holes, and solutions are obtained in a number of fundamental cases. Some 
of these solutions are unwieldy, but they are all obtained in finite form. 

No previous attempt appears to have been made to solve this group of problems 
either theoretically or experimentally. Green, however ( 1942 , 1943 ), has dealt with 
the problem of a perforated aeolotropic plate under the action of various forces in 
its own plane, and the method used in this paper is based upon tlie one used by 
Green. The two problems are analytically similar in that each involves finding an 
appropriate solution of a fourth order differential equation, though the equations 
for bending involve the elastic constants in a rather more complicated manner. In 
the plane problem the solution of the equation is x, Airy’s stress function, from which 
the displacements are derived by differentiation. It is possible, therefore, in these 
problems, for the equation to have many-valued solutions providing that the 
corresponding displacements are single-valued, and for a number of problems Green 
used, many-valued stress functions. The differential equation for a bent plate, 
however, has to be satisfied by the transverse displacement itself, and so only single¬ 
valued solutions are admissible, a fact which makes the solution of certain bending 
problems a little more obscure. 

As before, the complex variable is employed throughout, but each boundary is 
dealt with separately, plane polar co-ordinates being used for the circular hole and 
the transformation 

z = coos{^+icx,) ( 1 - 1 ) 

for the elhptical hole. 

The general theory is first developed for an aeolotropic material of any nature, 
but in the subsequent work it is assumed that the material has two perpendicular 
directions of symmetry. Solutions are then obtained in the case of the circular hole 
when the plate is bent oylindrically about axes parallel to these directions or twisted 

[ 60 ] 
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by torsional couples about similar axes. In the case of the elliptical hole one example 
only is given. The principal axes of the ellipse are taken to be parallel to the directions 
of symmetry of the material, and couples are applied in order to bend the plate into 
the form of a cylinder about the major axis of the ellipse. 

Some numerical work is carried out for a specimen of spruce wood which is highly 
aeolotropic, and it is found that the tangential stress couple along the boundary is 
considerably modified by the aeolotropy of the material, although the maximum 
value of the stress-concentration factor is in no case as great as the corresponding 
maximum in the plane tension problem. 

The GENERAIi DISPLACEMENT EQUATION 

2 . If axes of x and y are taken in the middle surface of the plate, and the stress 
couples © 1 , etc., defined in the usual way, it is known that 



2h^i 

[ dho 

dhv 


d'^w 1 

1 

(2-1) 




dx dy\ 


o, = - 

2A2| 

f dhju 

d^w 

+ 2c2e 

d'^w ] 


(2-2) 

- 1-1 


+ <=22^ 

dxdyj 

' 9 


-H,- 


dhjD 



d^w ] 

(2-3) 




^ dxdyj' 


where 2 A is the thickness of the plate, and the c’s are the elastic constants defined 
in the usual way. 

Using equations ( 2 *l)-( 2 ' 3 ) and the equations of equihbrium, the general equation 
for the transverse displacement is obtained in the form 



d*w , , d*w ^ dho , d*w , dho _p^ 

dx^ ^ dx^ dy ' ^^dx^ dy^ dx dy^ ^ dy^ D' 

(2-4) 

where 


(2-5) 



( 2 - 6 ) 


and p is the normal load per unit area on the xy plane. 

This equation for the displacement has already been given by Huber ( 1938 ). 


Solution of the general equation 

3 . When the normal load is everywhere zero it is possible to obtain physically 
admissible solutions of equation (2*4) provided that the roots of 

CllP* + + 2(^12 + 2C66) P® + ‘^26P + C 22 = 0 (^' 1) 

are all complex. 

Equation (2-4) may then be -written in the form . 

02 \ / 02 02 02 


02 


1 - 2 ) 
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where and 4 are all real and 7}i > Jlf, Also 

Vi+Vs + hh = 2(<5i2+2cog)/Cu, %^2 = 

li + l^ = ^lehix) h.Vi'^hVi ~ 
and equation ( 3 ' 2 ) has a general solution 

«'=/[»+ (Ai+ iMi) 2 ]+ g[^ + (A 2 +i/ia) 2 ], 

where z = x + iy, z — x — iy, 

^ 1-1 -h 


Ax = 




(3-3) 

{3-4) 

(3-6) 

(3-6) 

(3-7) 


with similar expressions for Aj, /t^, and/[ 2 +(A^ + ijH) 2 ], g[z + (Aj + ift^) z] are regular 
functions inside the plate of the order of logarithmic terms at the most. 

It is sometimes convenient to express the relations of ( 3 - 7 ) in the forms 

-il±M±d h 


Vi 


- 

A,- 


(l-Ax)H/^’ ,x-l~ A^- M 

Equations (2-1), etc., now lead directly to the following relations in which dashes 
denote differentiations with respect to the argument of the function: 

§ = (^^(1 - Ai-*/ti)2- (1 + Ai + t/ii)2- [1 - (Ai +v/i)*]j/"[2+ (Ai+i/«i)2] 

{ IX / 

^ (1 - Aa - i/i2)2 - (1 + Aa + iju^)^ 

.1. 2i [1 _ (Aa+V< 2 )'“]| g"[z + (Aa + i/<a) 2 ], (3*9) 

'D “ {^1 (1 - Ax - (1 + Ax + iy»x)® - [1 - (A^ + i/ti)® 3 j/l 2 +(Aj + i/i^) z] 


H-{^M~Aa- 


'11 


“^(l + Aa + ijMa)®* 
‘^11 


“^*^*-^~^'''®'^^^2)®3|?"[2+(A2+i,a2)^, (3-10) 

+ { 2 i^« [1 - (Aa +W3 + ^® ( 1 +A 2 +W 

J^”C^+(A2 + i/( 2 ) 23 , (3.11) 

NJD = ^Vl\i{Vi-V,)(Vx-m) + UVx-m)nk{Vx + V,)-2kVx^^ 

X 4(1 - Ai - (1+Ai+i/ti)/"'[z+(A jl+ ijiij) z] 

+ iVi^iiVz - Vx) (?2 - i^i) + UVz - ¥1)^ [hiVx + Vz) - 2hVz]} 

X 4(1 - Aj - 4 / 42 )® (1+Aa+ 4 / 42 ) gt"'[z+(Ag+ i/i^) z], 


(3-12) 



53 


The transverse flexure of perforated aeolotropic plates 


—^ 2 ) (^1 — i^i) + ~ i^i)* [^ 1 (^ 1 +’/a) ~ 

X (1 -Ai-a/ii) (l+Ai+V4i)V"'[2' + (Ai + i/«i)2] 

- - ?/i) (^2 - i^i) + K?2 - ¥1)^ MVi + Vz) - ^hvJi} 

X (1 — A 2 (1 + A2+i/{2)^9^*[2;+(A2+i/i2)^]- 


When the normal load is everywhere zero, one of the equations of equilibrium 
referred to in § 2 is 

dx'^ dy~ ’ 


(3-14) 


and therefore there exists a function ^ such that = — dTjrjdy and = dt/rjdx. 
One of the boundary conditions is now easily seen to reduce, as in the isotropic case, 
to H+r/r = constant. From equations ( 3 - 12 ) and (3-13) it is found that 

fjD = {245/1 - Zi( 5 /i+5/2) - 2 i( 5 /i - 5/2) ( 5 /i - iZ|)i} 

X - (Ai+(5/x- iZ ?)*/"[2 + (Ai+i^i) 2 ] 

+ {^hVi-kiVi + Vz)-^i{Vz-Vi) iVz- 

X - (Aa+i/ia)"] {V2-¥l)h”[^+(K+ij^2) 2 ], (3-16) 

and the stress couples and resultants in any direction may be obtained from these 
fundamental equations by using the well-known formulae. 

4. The relations of § 3 are valid whatever the nature of the aeolotropy of the plate, 
but the subsequent analysis is simplified by taking both and to be zero, which 
means that the material has two perpendicular directions of symmetry parallel to 
the axes of co-ordinates. From equation (3-4) it is seen that this restriction leads to 


two possible forms of equation ( 3 * 2 ). The possibilities are 

{a) h^h^O, (4-1) 

and ^2 both real and positive. From equation (3*8) it is found that 

/ti = /«2 = 0, (4-2) 

and the solution is * w =f{z + A^s) -i- g{z + \^z), (4*3) 

where A^, Ag are real. 

(6) Zi = -Z2 = J, 97i = 9/2 = e, (4*4) 

where e > 

From equations (3*8) A^ = A 2 = A, = ^fC 2 = (4*5) 

and the general solution is 

(4*6) 


w =f[z+{X+i/i) z] -h g[z -f (A - i/i) z ]. 
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In either case the equation may he written in the form 


/02 02\/a2 , an 

\dx^ 02 / 2 / (a®* g^a) - 0 - 


(4-7) 


where Sj, may be complex, and the solution is expressible in the form (4-3), where 
Ai, Aj are either real or complex conjugate quantities. 

The analysis is reproduced in terms of e^, and Aj, A 2 and the relations may there¬ 
fore be taken to apply to case (a) immediately. The corresponding equations for 
case (6) are obtainable directly in each instance by writing 


Aj = A-t-iA> A2 = A— 

e-i — e-^P- Hie — ll^f, €^ = 6—11^+il(e — |Z2)i. 


(4-8) 

(4-9) 


The peoblem oe the oibcttlae hole 

5. It will be assumed that the centre of the circular hole is the origin of the 
Cartesian co-ordinates and that the axis of a: is the direction 6 = 0 . The circular 
boundary is then given by [»| = a. 

With the conditions stated iu §4 the various stress couples and shearing forces 
are given by the equations 

§ = {®^2(i_;^^)2_(i+A,)2j/'Xa+Ai5)-H{|?(l--A2)2--(l-fA2)2}/(» + 

( 6 - 1 ) 

^ = |fe,(l - Ai)2-®-^(H-Ai)2}/"(2-f-Aiz) -H - A2)2-g (1 -h A^)^} g^iz+A.-z), 

( 6 - 2 ) 

§ = "§ = 2ig{(l-A,)2/"(2 + Ai5) + (l -A2)2(/"(3-f A^i)}, (6-3) 

' irlD = -ii{e^-e,){{l-A,mz + X,z)-(l-X,)^g"{z + \,^, (5-4) 

■ ^ = (e^®-Aie-*«)|^{e^-Aie-^®)-(l-Ai)eiCO80-i(l-f-Ai)e2sin<9|/"(»-f-Ai2) 

-1- (e««- X^e-^) - Aae-^") - (1 - A^) cos 6 

-i(l-l-A2)eisin0|/(2-)-Aa3), (5-6) 

^ = (e^»-^Ale-»)(-^(e^9^-Ale-«)-Kl+Al)eaOOS0 

-1- i( 1 — Aj) 6^ sin /"(g -f Ais) 

-1- - 1 - A 2 e-^) (- ^ (e« -1- A 2 e-^») •+■ (1 -t- A 2 ) cos 6 

. I <^11 

+2(l-A2)e2sin0]p"(g-l-A2z), (5-6) 
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= i (e« - Aj e-^) I - — + Aj e-^^) + (1+Aj) eg cos 0 

+i(l—Ai) sin 0|/"(z+Ajz) 

+ i(e^®+Aj e~^) | — ^ {e ‘<^+Aj e"^®) + ( 1 + Aj) fii cos 6 
I ^11 

+i(l-A2)e2sm(5'|gr"(z+A2z), (5-7) 

N,ID = -Uei-e^){(l-Al){e^-X^e-^)r{z+X^z) 

-(l-AI) (ei»-A 2 e-«‘’)/'(z+A 22 )}, (5-8)- 

NgID = ii(ei-e2){(l-Af) (e«+Aie-^«)/-(z+Aiz) 

- (1 - Ai) (e^».+ A 2 C-^^) gr"'(z+A 22 )}, {5-9) 

= -{4Aig-(e2-l)(l + Ai)2}r(z+A,z) 
-{4A2|j-(ei-l)(l+A2)*j/(z+A2S). (5-10) 

As in the isotropic case the torsional couple may be regarded as statically equi¬ 
valent to a distribution of shearing force and the boundary conditions are 

= O 5 Hj,+7/r = constant. (5* 11) 

In order to satisfy these conditions it is convenient to introduce two functions of 
the complex variable z, V[z) and W{z), such that the real part of V{z) = — and 
the imaginary part of W{z) = the variable part of on the boundary. In 

general, the presence of an imaginary constant in W{z) is to be avoided as it will 
lead to many-valued displacements, but in certain cases it is necessary to insert an 
imaginary constant in order to make single-valued the displacements that arise 
from the remainder of the two functions. Both functions are required to be finite 
at infinity and, in addition, 7 ( 2 ;)-f 17(2;) must tend to zero at infinity, and must 
contain no terms of 0 ( 1 / 2 ;). If 7 ( 2 ;) + 17(z) contains a term of 0 ( 1 / 2 ;), it is found from 
equations (5-20)-(5-22) below that/"(-u) andgr"(^;) coiltain terms of 0(l/w) and 0(1 Jv) 
respectively, and these would lead to inadmissible terms ( 2 ;-l-Aii)log( 2 ;-i-Ai 2 ) and 
( 2 ; + A 22 )log( 2 ; +Ag^) in the additional displacement. Prom equations (5-5) and 
(5-7) it is readily seen that 7 ( 2 ;) and 17(2;) may be expressed in the forms 

2aW{z) = + 

+ (-5,z + Ci^')(z-A 2 ^')flr"^z + A 2 ^'), (5-12) 

2aWiz) = (B,z + C,j'j (z-Ai^)r(z + Ai^') 

+ , ( 5 - 13 ) 



56 S. Holgate 




{ 5 - 14 ) 

z{F(z) + TF(z)} = C 2 ( 2 -A,^)/"(z + Ai^') + C'i( 3 -A 2 ^')/ 


( 6 - 16 ) 

where jB^, etc., are constants depending only on the nature of the material and 

defined by 

= 263^2/^11"" ^l(^ '^2) ““ ^ '^2)? 


( 5 - 16 ) 

= 2C12/^11 ^2( ^ ^1) ■“ ^■^1)» 


( 6 - 17 ) 

Gi = 2^2^12/^11 ^ 2 (^ ‘^2) ^1(1 "^^2)5 


( 6 - 18 ) 

C 2 = 2A3lCi 2/^11"^“%(^ "“-^l) 


( 5 - 19 ) 


In order to find the stress couples at any point ip the plate, two new variables 
u and V are defined by the substitutions 


2 z = + (1 - 2z = <1 + (1 - 4:k^a^lv^)i}, (6-20) 

and using equations (6'14) and (6-15) it is found, after a certain amount of reduction, 
that ' 

8Ai(Ai-A2)Z(l-4Aia2/«2)4/"(tt) = Ai5i{l + {l-4Aia>*)i}{F(«) + Tf(tt)} 

+ C'^(l_(l_4AiaV«®)*}{F(«)- ir(«)}, ( 6 - 21 ) 


8A2(Ai - X,) K {1 - 4 ^a^lv^)i g''(v) = - A^^afl + (1 - {F('«) + ir(v)} 

- {l-iX^a^m{V{v) - IfH, ( 6 - 22 ) 

where 


K = (4- + ^i) + ^ 2 ) / 

\cj ^(1-Ai)(l-A,) Wi/ 


(1 + Ai) (1 + A 2 ) 


( 1 -Ai)»( 1 -A 2 )» 


5(3(1 • 


■AxA 2 )H(Ai-A 2 )=‘}, 

(6-23) 


and is completely real whichever of the cases outlined in § 4 is applicable. 

The tangential stress couple on the edge of the hole may be obtained from the 
formula 


(e^« - Aie-^») [e^ - Ag e-^) KGgID 

= - P{ei« + Aie-^«) (e^« + A^e-") F(z) - 2Q(e^i» - AiAae-^i®) W{z) 

+ 2P{(Aie«+e-«»)(A2e"'9 + e-ie) V{z) + {X^X^e^-e-^'^^)W{z)}, (5-24) 

where 



'cijX® 2(1 —A 1 A 2 )® /Cial (I'+Ai) (l + Aj) . > \9! 1 n 

(l-A,)Ml-A2rU''(l-A,)Ml-A2f^^^ A,A2)+(A,- 

-Kn 



(6-26) 

0=1 

(Ai-Aj)® /Ci2\ (1 +Ai)( 1 + A2)(1—AjAa)® 

IcJ (l-Ai)2(l-A2)nciJ (1 -Ai)3(1-A2)» ’ 

(6-26) 

i2 = 

(Ai —A 2 )® (^12 , (f+ ^l) (f+ '^ 2)1 

(5-27) 

{l4^i)'(l-A2)ncn (1-Ai)(l-A2)r 
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6 . Any particular problem may be solved theoretically if it is possible to choose 
V{z) and W{%) so that they take prescribed values on the edge of the hole, and also 
satisfy the necessary conditions at infinity. The values of f"{u) and g"{v) are then 
determined from equations (5*21) and (5-22), and the complete stress distribution 
is given by equations (5*l)-~(5-10) inclusive, when u and v have the values 

u = z-fAxi, v = z-\-X^z. (6-1) 

In the particular problem of a perforated plate bent by couples at infinity, V{z) 
and W{z) must be chosen in order to cancel on the boundary the stress couples 
transmitted from infinity, and it is to problems of this type that the remainder of 
the paper is devoted. 

7. Some numerical work is carried out to evaluate the factor of stress concentra¬ 
tion round the edge of a hole in a wooden plank made of the highly aeolotropic 
material, spruce, using for the elastic constants values obtained by various authors 
and quoted in a number of recent papers (see Green 1942 ). These constants are 
reproduced in table 1 , where the grain is taken to be parallel to the y-axis. 

^ Table 1. Values of the elastic constants for a specimen of spruce 

On C22 Ogg $ I X [I 

0*0663 0-0367 1-72 0-0870 5-14 1-96 0-405 0-191 

These values have been calculated from the values of etc., previously used. 

Pure bending about the co-axis 

8 . In the absence of the hole the stress couples required to bend the plate into the 
form of a cylinder whose generators are parallel to the co-axis are 

= = = = ( 8 - 1 ) 
corresponding to an initial deflexion of 

w = ^Gy^l2Dk^, ( 8 - 2 ) 

and it is easily verified that the stress couples in polar co-ordinates are 
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V{z) and W{z) must therefore be chosen so that, on the edge of the circular hole 

G 


= -!■ 


Cu*4 


+ 




COS W, 


0 




sin 20, 




and it is readily seen that all the conditions are satisfied by writing 


2DV{z) , . c. 


G 

2DW{z) 

Q 


= 1 + 




_/i__£L 2 \f 

, Cia 1. Cia \a^ 

cxxh r 


D{V{u)-W{u)) = D{V{v)-W{v)) = G{1 +Cnl<'mh)> 
m«H W(u )). - e(i 


(8-6) 

(8-7) 


( 8 - 8 ) 

(8-9) 

( 8 - 10 ) 

( 8 - 11 ) 

( 8 - 12 ) 


From equations (6-21) and (5-22) it is found after a little reduction that 

iA^{Xj_-A^)K{l-4:\a^lu^)iDr(u) = GA^{l-{l-4:X^a^lu^)i}, (8-13) 

4:X^(Xi-X^)K{l-iXia^lv^)iDg''{v) =-OAs,{l-{l-4X^a^lv^)% (8-14) 

where A^ are constants defined by 


A,: 


1 + Ao 


A^ — 





I** 2(1-A2)| 


\hv 

> T+A 2 ' 



2(1-Ai)| 


\Cin 

' 1-f Ai ' 



+ 


(l+Aa)^ 

'1 - a 7 ’ 

(l+A^)*^ 
i-A, ■ 


(8-16) 

(8-16) 


The extra stress couples and shearing forces due to the hole may now be obtained 
directly from equations (6-l)-(6-10) when 


nz + XS = 1)/4Ai(Ai-A2)ZD, 

g''{z + X^z) = -GA^{Y^^-l)jiX^{Xj^-X^)KD, 
where Fj = {1 - 4Aia2/(z + Aiz)®}*, = {1 - ^X^a^Kz + Agi)®}*, 

with the added restriction that 

-^;7-<argri<j7r, -^7r<argF2< Jtt. 


(8-17) 

(8-18) 

(8-19) 

( 8 - 20 ) 


It is found that logarithmio terms with imaginary coefficients arise in both 
/(z +Ajz) and g^(z+Agz) when A^, Aj are complex conjugates, and these terms would 
appear to lead to many-valued displacements. The total displacement, however, is 
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/(3 +Ajz) + g(z+Agi), and it may be verified that the coefficient of the logarithmic 
term in the sum of the two functions is always real, and so the displacement is 
single-valued. The presence of such a logarithmic term in the additional displace¬ 
ment admits of a justification siisailar to that for an isotropic material. 

The tangential stress couple round the edge of the circular hole is of particular 
interest and takes a form which lends itself readily to calculation when the coeffi¬ 
cients have been evaluated. The formulae for Gg henceforward are all reproduced 
in terms of A, p and e, as, for a number of materials, including spruce, the quantities 
Ai, Aa are complex conjugates X—ip. 

Writing in all cases ^+p^ = d, the total tangential stress couple along the boundary 
is given by 

KGg 4(1 —d)PlCOs4g+2Q;^cos2g-|-i^l 
Q ” l + 4A*-|-d®—4A{l-(-d)cos204-2dcos40’ 

where 


P = 

^ l-F2A-|-d 


Icii/ (H-d)2-4A^CiJ 


(1-i) {X-d)--2p^ 

' (l-2A-(-(i)2 ’ 


( 8 - 22 ) 


( 2 , = _ - 1 j |( 1 - 2 A+d) -1 - 1 - 3 d -f- 2 Ad j e, ( 8 - 23 ) 

-[(1 + 2 Ad) ( 4 A 2 - 3 - 6 d-H d*) + 4 A (3 - d)]) 


l-2A-hd‘- 
8(1-d) 


(8-26) 


Equation (8-21) reduces to the well-known formula for an isotropic material 
when A, p tend to zero. 

The numerical values of the expression are considered at the end of § 9. 


PtUIE bending about the 2/-AXIS 

9. The displacement of the unperforated plate bent into the form of a cylinder 
whose generators are parallel to the y-axis is 

w = -Ox^l2D, (9-1) 

and this displacement is maintained by the distribution of stress couple 


G^ = 0, H^ = H^ = N, = N^ = f = 0. 


(9-2) 
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The analysis is parallel with that of § 8 and the tangential stress couple round the 
circular boundary is given by 


KGg 4:{l-d)P'^(ios‘^ + 2Q[cos2d + B[ 

Q ~ l + 4A2+d2_4A(l-|-d)cos2<? + 2(icos4(9’ 


(9-3) 


where , 

pt _ X+d /cigV 

^ l- 2 A+d\cii/ 


+ 2 e 


A( 1 -h d) — 2 d 
(l-2A+d)2 \cii, 




2 A+d )2 


gi = _ e2| j(l _ 2 A + d) ^ - e(l - 3d + 2Ad)j, 

+ (l- ' A+ 'd j [(^-^A-d)(3 + 6d-d»-4A^) + 4A(3-d)]} 


{( 1 -d) (A + d) + 2/{2}, 
(9-4) 
{9-5) 


(l-2A+d)M 


(9-6) 


and iT is given by equation (8-26). 

The concentration of stress couple in a spruce plate when the generators of the 
cylinder are parallel or perpendicular to the grain is tabulated in table 2 and plotted 
in figure 1 , the isotropic results being included for comparison. 


ALIi-ROUND BlfiNDING 

10 . The deformation due to any distribution of bending couple may be obtained 
by combining the results of the previous two sections, and the problem of a plate 
bent by couples G acting everywhere radially is a particular case. Before the hole 
is cut the displacement is given by the equation 

and the stress couples are 

G^^G^ = G,= Ge = G, H^ = H^ = = ^ = 0. (10-2) 

Round the edge of the circular hole the tangential stress couple takes the com¬ 
paratively simple form 

KGg _ 8(1 —d) A cos 40-1-8AR cos 2d + 2c 

G ~U cos40-4A(1 -Hd)cos20 +1 + 4A2-i-d^’ 


(10-3) 



The transverse flexure of perforated aeolotropic plates 61 

Table 2. Ooncenteation of stress cottele round a circulab hole 

BENT INTO THE FORM OF A CYLINDER ABOUT THE LINE 6 — 0 


6^ 

Spruce—^grain 

Isotropic 

Spruce—^grain 

parallel to ^ = 0 « 

material 

perpendicular to ^ = 0 

0 

1-44 

1*83 

3*04 

10 

1*42 

1*79 

2*78 

20 

1*36 

1*69 

2*00 

30 

1*24 

1*54 

1*19 

40 

1*08 

1*35 

0*684 

50 

0*907 

1*15 

0*406 

60 

0*883 

0*962 

0*252 

70 

1*50 

0*808 

0*169 

80 

3*01 

0*708 

0*127 

90 

3*90 

0*673 

0*114 



Figxtbb 1 . Stress concentration round the edge of a circular hole in a plate bent into the form 
of a cylinder about the line ^ = 0. (a) Spruce—^grain perpendicular to ^ = 0. {b) Isotropic 
material, (c) Spruce—^grain parallel to ^ = 0. (Abscissa: Ordinate: GqIQ.) 


where 

2A2-d(l + <i)/Ci 2 \ U(l-d)e 

(l-2A+d)Mcii'''7 (l-2A+d)2’ 





2(l-3cJ-2Ad)] 

(l-2A+i)2 ) 


+ £ile®, 


(10-4) 

( 10 - 6 ) 


0 = (l+4A-i)y -(l-2A+i)> 

' 16A* + 8A2(l-4d+d2) + {l-d)8(3-d) 
® (l-2A+d)2 


( 10 - 6 ) 
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Table 3. Concbn-teation oe stress-couple round the edge oe a circular hole 
IN a spruce plate bent by all-round couples. Grain perpendicular 
TO ^ = 0 

8° 0 10 20 30 40 50 60 70 80 90 

OgjG 5-22 4-21 2-37 1-40 1-20 1-26 1-34 1-41 1-46 1-47 

For an isotropic material Qq = 2Q everywhere on the boundary. 


5-3 

5 




spruce 


/ 


isotropic 


lO*’ 


20 ° 


30° 


40 ° 


50° 60° 


70° 


80 ° 


90 ° 


Figure 2. Stress concentration round the edge of a circular hole in a plate bent by all-round 
couples. Grain parallel to 0= Jtt. (Abscissa: Ordinate: GqIG,) 


* The twisteh plate 

11 . It will be assumed that the displacement of the plate in the absence of the 
hole is 

w = Hcy^xyl2Dc^, (1 i-i) 

and it is easily verified that this displacement is maintained by torsional couples H 
acting at infinity in planes perpendicular to the directions of symmetry of tine 
material, and so 

= = = (?2 =-^1 =-^2 = ^ = 0- (11’2) 

It is easily seen that the functions V(z) and Wiz) must be chosen in order to 
produce on the boundary 

Or = Hsm2d, =-J?cos26', (il'3) 

and as they must also be finite at infinity, they will clearly involve terms in ia^jz^. 
This means that terms of order (z -f AiZ)-!“ will occur in/''(z -f Aiz) and hence that the 
additional displacement will contain terms in ilog(z + Aiz) and iloglz-hA^z) both 
of which are many-valued,*and so are only physically admissible if their coefficients 
are equal and opposite. The simplest way of ensuring that the two coefficients are 
equal and opposite is to add an imaginary constant to 7(z) and W{z), which means 
adding a real constant to the value of H^+f on the boundary. The value. ofH^-^f 
on the boundary, however, is in general indeterminate to the extent of a real constant 
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and so the modification of V(z) and W(z) in this manner is quite admissible. All the 
necessary conditions are found to be satisfied by defining a real constant M such that 


(Ai + Aa) (1 - A 1 A 2 ) Jf-i = (1 - Ai)2 (1 - A2)2 cia/cii+3 - Af - A| - A| Af, (11-4) 
and writing V{z) and W{z) in the forms 

DV{z)=2iHM-iHa^lz^ (11-5) 

DW{z) = -2iHM-iHa^lz\ (11-6) 

D{V{u) + W{u)} = --(1 -4Aia2/w2)i}{l + (l- 4A^a^lu^)i}-^, (11-7) 
D{V{v)^ - (1 -4A2a>2)i}^l + (ll-g) 

D{V{u) - W{u)} = D{V{v) - pr( 2 ;)} = UHM. (11-9) 

Using equations (6-21) and (5*22) it is found, after some reduction, that 

f'iz + X^z) = -iH(7r^-l)l2X^{X^-\)L, (11-10) 

g^z + X^z) = +iH{Y^^-l)l2X^{Xi-X^)L, ( 11 - 11 ) 

where L is a real constant given by the equation 

(l-Ai)2(l-A2)i‘iif = (Ai+A2)(l-AiA2). (11-12) 


The extra stress couples may now be obtained directly from equations (5-1)-(5-10), 
but the main interest again lies in the tangential stress couple on the boundary and 
it takes the simple form 

{(3 - d) (1 + d) - 4A2+(1 - 2A+d)2 Cia/Cu} Gg/H 

_ 8A(1—d^)sin40 —4(1 —d).Bsm 2d 

~ 2d cos 4d - 4A(r+ d) cos 2d+1 + 4A2+da’ 

where .S = (1+d)®+4A®+(l —2A+d)^Ci2/Cu, (11-14) 

which reduces to the well-laiown form for an isotropic material when A and /i 
tend to zero. 

The numerical values of this expression are shown in table 4, the corresponding 
results for an isotropic material being included for comparison. 

The problem op the elliptical hole 

12. When the hole is elliptical, it is convenient to express the stress couples and 
shearing forces in terms of new co-ordinates f and rj by means of the trantformation 

z = F{Q = FH+iij) = ccos(^+ia), (12-1) 

^ ( 12 - 2 ) 

where and are complex constants and ^ is the angle between the tangent to the 
curve Tj = constant and the cc-axis. The transformation represents a series of ellipses, 
the boundary being given by the special case = 0, when the semi-axes of the hole 
are c cosh a, csinha. ^ is therefore real and equal to' ^ on the boundary, a bar over 
any function denoting the complex conjugate of the function. 
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Table 4. Valtos oe OgjH ok the edge oif the circular hole 


(a) Spruce—grain parallel to 6= 


o 

O 

10 

20 

30 40 60 

60 

70 80 

• 90 

GglH 0 

0*791 

1*86 

2-29 2-12 1-72 

1*27 

0*831 0*410 

0 




(b) Isotropic material 





0" 

0 

10 20 30 

40 

45 




0 

0-526 0-989 1-33 

1*51 

1*54 




FiaxTBE! 3. Stress concentration round the edge of a circular hole in a plate twisted about 
the hne 0 = 0. Grain parallel to 0 = (Abscissa: 0®. Ordinate: QojH.) 


The stress couples in the new co-ordinates are obtained from the formulae 

- G-y COS® <j>-\-Gy sin® ^ - i?! sin 2^5, (12* 3) 

G^ = Gy sin® + cos® sin 2^, (12'4) 

Hf = —H. = <?a)sin2^ + Hi0os2fii. (12-6) 

Gy, Gy, Hy Rnd f axe given by equations (6-l)-(6-4) when z = z = and 
a certain amount of reduction leads to the forms 

2F(D F(D Q^ID = {ByF%)-OyF'p}{F\0-XyFa)}r[F{0 + Xym)] 

V HBir{0-OyFy)}{F%)-XyF'i^)}g''[F(0 + XyF{m. (12-6) 

2F%)F'{l)G,lD = + + + 

-{£i2^'(a + (7ii?''(0}{i?''(C) + AaF(^)}ffWC) + A2J^^^^ (12-7) 

= {(ea -1) (1+Ai)® - ^JtyCyyjCy^rm) + Ai 

+{(ei-l)(l+A2)®-4A2Ci2/cu}.<TO + Ajf(^)], (12-8) 

2F'{OF'{l){H„ + t)ID 

= i{ByF'{0-OyF'{p{F'{0 +K^’pr[F{0+XyF{^)] 
+i{ByF'{0~CyF'(0}{F'{0 + XyF'{Q}g>’[F{Q + XyF{^)], (12-9) 
where the constants By , etc., are defined in equations (6-16)-(5-19). 
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The bomidary conditions are, as in the isotropic case, 

(?, = 0, H^ + tjr = constant, (12-10) 

and in order to satisfy them functions V(Q and W (^) are defined so that the real part 
of F(^) = — and the imaginary part of£>W (^) = the variable part ofB^ + ^on 

the boundary. From equations (12-7) £ind (12-9) it is seen that they may be written 

2F'(0F'(0 7(0 = {^2-F'(S) + <72F(C)}{F'(0+Ail'(^)}/''[J'(^) + Aif(C).] 

+{-BiFXC) + C'iF(S)}-{F'(0 + A2F(0}sr''re)+A,J’(a], (12-11) 

2F'(0I’'(0 W(C) = {O2r(0--S,F'(0}{r(O+A^F(0}f'm0+^im] , 

+{o,F(o-B^F'(o}{F'(o+A2F(o}f'm)+^no}, .( 12 - 12 ) 

7(0+W(0 = qi{l+AiF(0/F'(0}/''TO + AiF(C)] 

+ C,{1 + A,F'(0/F'(0} ff'mo + ^2^01 (12-13) 

7(0-w(o = B2(^i+r(o/F'(o}r[F(o+^ino] 

+ B,(A,+F'(0/F(0}g''[F(0+A,F(0]. ■ (12-14) 

The analysis is restricted by the fact that, although F'(0 has no zeros, F(0 has 
zeros but no poles within the plate. F(^) and F’(Q will therefore have poles at these 
zeros but F(^)-t- TF(^)must be free from poles as may be seen from equation (12-13). 
Very complicated analysis would be involved if an attempt were made to find the 
distribution of stress couple at any point of the plate, and the results would be of 
little practical value when obtained. Attention is therefore confined to the tan¬ 
gential stress couple on the boundary for which it is only necessary to evaluate 

r{F(0 + A,F(0} and fl{F(0 + A,F(0}. 

From equations (12-13) and (12-14) these two functions are obtained in the 
following forms; 

4(A^-A,)F{F'(0 + A,F'(0}r{F(0 + A,F(0} 

= 5i{F(0 + W(0} F'iO - C'i{F(0 - W(0}F{0> (12-15) 

4(Ai-Aa) ^{J’'(C) + A2F(C)}^"{F(a A2F(0} 

= -52{1^(0 + F^(^)} J’'(D + <?2{F(C)- W(0}F'(0, (12-16) 

where K has the value given in equation (5-23). 

If the functions F(^) and 1F(Q are chosen m order to cancel on the boundary the 
values of and H^ + rjr produced by the stress distribution at infinity the extra 
tangential stress couple on the edge of the ellipse is obtained by writing ^ ^ in. 

equation (12-6) and using the values of/"[F(^)-l-AiF(^)] and ?''[-P’j(^)-t-A 2 J’(^).] 
obtained from equations (12-15) and (12-16). 


Vol. 185 . A. 


■5 
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PtJBB BENDING ABOUT THE MAJOE AXIS 

13. The conditions in the absence of the hole are exactly as given in § 8, the required 
displacement and stress distribution being 

w = -Gy^l2Dki, (13-1) 

0-1 = Qz = 0, = N^ = N^ —i/r = 0. {13-2) 


Hence from equations (12-3), (12-4) and (12-6) 



(13-3) 

(13-4) 

(13-6) 


and F(^) and W{^) must be defined m order to cancel the values of G, and H^ + ip‘ 
on the boundary i; = 0. All the necessary conditions are found to be satisfied by 
writing 


Q 

2DWiO 


DF'iO {1^(0 + WiOW = (1 + Ci2/Cn*4) + (1 - cJcM «oC«, (13-8) 

DFiO {F(0 - WiOW = (1+aoe« + (1 - cJcM (13-9) 

Using equations (12-6), (12-16) and (12-16) and adding in the portion transmitted 
from infinity it is found after some very heavy reduction that the stress couple on 
the periphery of the hole is given by equation (13-10), 


4:Si^) KG^IG = 2{2(1 - d) + 2d{l - d) P^e~^ + P^e^ + P^e.-^ + 2P^} cos 4| 

+ 2{Qj^e^ +Q^e-*«++ Q^e-^ + SQ^} cos 2i 
+Bj_e*^+B2e-*^ + 2B3e^+2Eie-^ + 4R^, (13-10) 

where sech a is the eccentricity of the ellipse, Pi, Qi and Bi are given by equations 
(8-22), (8-23) and (8-24), and 


= (1 -f d®+4A®) (cosh 2a—cos 21)^+d(cosh 4a cos 4| ~ 4 cosh 2a cos 2^ + 3) 

■f 2A(H-d) (cosh 2a cos 4^ —cosh 4a cos 2^ — 3 cos 2^+3 cosh 2a), (13-11) 


1-A ^^(1 + d) + 4d {Ci^\ e{2M‘ - A(1 -d) +1 - 3d} 

(l+2A-hd)\cJ (l-fd)2-4A2 \ciij (l-2A+d)2 


(13-12) 
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<22= ||«i(l + 2A+d)^+e(2A+3d-d2)|, (13-13) 

<23 = {l - (^)"} {[8A2 + 2A(3 + d) + l-d^]^ + e[8A2+2A(3+d) + (_5 - 3ti) (1 -d)] j, 

(13-14) 

<2*= Q3 + 2(l-d)(l + 2A+d){(ci2/4e)"-l}{e+Ci2/cii}, (13-15) 

Qs^Qi'^Qi^ 0-^^)Pi — Q^t (13*16) 

p^ = — 8 J 5 = — 8(1 — d) (i^ +iiig) — ^ 3 —^ 4 , (13*17) 

-®2 “ = P^^Pz^'^Qi Q%i (13*18) 

^4 = “305-723, 8i25 = -8P5-303-304. (13*19) 


The coefficients may be evaluated separately, but the above formulae enable any 
one of them to be calculated when the preceding ones are known, and are therefore 
in the most convenient form for both reference and calculation. The expression 
reduces to the known result for an isotropic material when A and [i tend to zero, and 
also to the expression alteady obtained for the circular hole when a tends to infinity. 

14. Calculations have been carried out to find the numerical values of the stress 
concentration in a specimen of spruce containing an elliptical hole whose axes are 
in the ratio 2 :3. The results are tabulated in table 5, and plotted in figure 4, the 
isotropic results being included for comparison. 

Comparison with table 2 shows that there is a close resemblance between the 
stress concentrations in^the two cases of the ellipse and the circle, the difference 
being greatest at the ends of the major axis of the ellipse. The concentration at 
these two points increases without limit when the ellipse is very slender, but at other 
points of the boundary the factor of concentration tends to the finite constant value 

as the minor axis tends to zero. Equation (14*1) reduces to the expression 
(1 + u)2/(3 + cr) in the isotropic case. 

An interesting feature of the numerical results for both the circle and the ellipse 
is that the factor of concentration depends more on the direction of the grain than 
on the direction of bending. For example, in the circular case when the plate is bent 
about the line ^ = 0 , the concentration is a minimum for an isotropic material at 
the point 6 = Itt. For an aeolotropic material, however, this becomes a maximum 
value when the grain is parallel to 0 = 0 , and is in fact greater than the highest value 
obtained when the grain is perpendicular to 0 = 0 , a result which would not be 
anticipated from a cursory examination of the conditions. It must be borne in mind, 
however, that the displacement is only maintained if there is an additional couple 


5-3 
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Table 5, Values of Q^jG on the boundaby. Plate bent about | = 0, 

THE DIRECTION OF THE MAJOR AXIS. RaTIO OF AXES OF ELLIPSE— 2.3 


r 

spruce—grain 
parallel to 
major axis 

isotropic 

material 

spruce—^gram 
parallel to 
minor axis 

0 

1*63 

2-21 

4-04 

10 

1*57 

2-11 

3*28 

20 

1-38 

1-84 

1-73 

30 

MO 

1-62 

0-863 

40 

0-784 

1-23 

0-478 

50 

0-633 

0-991 

0-294 

60 

0-982 

0-816 

0-198 

70 

1-96 

0-698 

0*145 

80 

3-06 

0-631 

0-119 

90 

3*53 

0-609 

0-111 



Figure 4. Stress concentration round the edge of an elliptical hole in a plate bent into the 
form of a cylinder about the major axis, (a) Spruce—-.grain parallel to the minor axis. (6) Iso¬ 
tropic material. (c) Spruce—grain parallel to the major axis. (Abscissa: Ordinate; 

/ i 

about the j/-axis, and the magnitude of this couple depends on the nature 
of the material. In the case of spruce it is 0'56(? when the grain is parallel to (? = 0 
and 0*0210 when the grain is parallel to ^ and this large variation in the 
magnitude of the complementary couple necessary to ensure that the plate is bent 
into the form of a cylinder will produce a correspondingly large variation in the value 
of the stress-concentration factor. In general, the factor of concentration for a bent 
plate is lower than the corresponding value for a similar plate under tension, with 
the exception that the factor never becomes negative in the case of pure bending, 
whereas a portion of the boundary in a stretched plate is always under compression. 
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Finally, the writer^s thanks are due to Dr A. E. Green for his continued interest 
and his valuable assistance. 
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The conditions of equilibrium of‘non-stoichiometric’ 
chemical compounds 

By J. S. Anderson’, University of Melbourne 
{Communicated by Sir Henry Tizard, For,Sec,R, 8 ,—Received 27 September 1944) 

The oonditions are discussed under which a crystalline binary compound may exist over a 
relatively wide, but finite, range of chemical composition—e.g. the existence of pyrrhotite, 
nominally FeS, up to a composition approximately FeSj.a- On the hypothesis that the lattice 
defects (interstitial atoms or vacant sites), introduced by departure from stoichiometric 
composition, interact with one another when in adjacent lattice positions, the problem 
reduces to a form similar to that of Fowler’s treatment of regular localized monolayers. It 
follows that below a certain temperature, determined by the energy of interaction of lattice 
defects, the phase is stable only when the concentration of defects is less than some limiting 
value. If this is exceeded, the phase breaks up into a two-phase system. Hence the range of 
existence of any compound is limited on either side by the compositions at which, for example, 
the concentration of vacant cation sites and of interstitial atoms reach limiting values. The 
dependence of these limits on the partial pressure of the volatile component and the degree 
of lattice disorder in the stoichiometric phase is worked out. The conditions emerge under 
which (a) the stoichiometric compound may be metastable (e.g. FeS) and (6) the phase is 
incapable of existence. 

Experimental pressure-composition isotherms for the systems Pt-PtS-PtS2, MS-MS2 
(M = Fe, Co or Ni), and TJOs-tTgOg are compared with the model. The general form of the 
equilibrium diagrams is satisfactorily reproduced, and the limitations of the model are shown. 
The formation of anomalous solid solutions between compounds of different formula type 
(e.g. YFg and CaFg) is finally discussed and shown to faU within the scope of the theory. 


A new conception of the nature of solid compounds was introduced by Schottky & 
Wagner (1930) in a paper oii 'the theory of ordered mixed phases’, in which they 
showed that the composition of any crystalline compound (of atomic lattice type) 
.must be dependent, if oiily in small degree, on the partial pressures of the com¬ 
ponents in equilibrium with the crystalhhe phase. Their discussion was explicitly 
limited to small departures from the ideal composition; such systems as sodium 
chloride in equilibrium with sodium vapour, or metallic oxides undergoing incipient 
decomposition at high temperatures (e.g. the familiar behaviour of zinc oxide), 
would faU within the scope of their treatment. There are, however, systems of 
interest to the chemist in which the departure from stoichiometric composition is 
not smaU. In this paper an attempt is made to formulate a crude semi-quantitative 
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theory for the most general case, by extending certain considerations that were 
found by Lacher (1937) reproduce very satisfactorily the behavioui of one 
classical non-stoichiometrio system—^the combination of hydrogen with palladium. 
No pretensions are made for the physical completeness of the theory; the purpose of 
the paper is rather to show that from the acknowledged properties of real crystals 
there may be derived, without constraint, an interpretation of the chemical facts, 
and that the resultiog model of a binary phase appears good enough to Justify 
detailed comparison with the experimental data. 

The principal experimental facts that must be reproduced by any theory of non- 
stoichiometric compounds may be summed up briefly as follows. 

(а) With a number of weU-defined, crystalline compounds—notably the oxides, 
sulphides, selenides, etc., of the transition metals—the composition may vary 
widely without change of crystal structure. In the light of our present knowledge 
this cannot lightly be classified as due to solid solubility. Thus, ferrous sulphide 
(see (c) below) is commonly said to form a wide range of solid solutions with pyrite, 
FeSj', although the lattice t3rpes of the two compounds are completely different. 
Hagg & Sucksdorff (1933) have shown that the variability of composition does not 
arise from the building in of Sj groups in place of S atoms, nor from the incorpora¬ 
tion of excess sulphur on lattice sites proper to iron, but from the stability of the 
pyrrhotite lattice when a considerable proportion (up to about 20 %) of the iron 
lattice sites is vacant. Numerous similar instances could be cited. 

(б) In studies of the isothermal or isobaric degradation of many compounds (of. 
the long series of papers by W. Bfltz and his co-wOrkers on the ‘ systematic doctrine 
of afiinity’, 1908 - 42 ) the {p, X)^ or (T, X)^ curves have not infrequently been found 
to display a bivariant character over a range of compositions, the eqxtilibrium 
pressure at any temperature, or the equilibrium temperature at any pressure, being 
dependent upon the composition of the solid phase. Such behaviour necessarily 
implies that the gas phase is then in equilibrium with a single solid phase of variable 
composition. 

(c) In several well-established instances—e.g. PeS (Hagg & Sucksdorff 1933), 
PeO (Poote & Jette 1933), NiO (Klemm & Hass 1934)—^the crystalline phase of 
stoichiometric composition is actually unstable, breaking up, in the instances cited, 
into the free metal and a non-stoichiometric oxide or sulphide of limiting com¬ 
position. 


Case I. Biis-aby oompotjnds with small depabturb bbom ideal ratio 

It is convenient to enumerate briefly the equilibrium conditions found originally 
by Schottky & Wagner (1930), and very cleairly treated by Powler & Guggenheim 
(^ 939 > PP- 540 - 53 ). Por simplicity, consider a binary compound JJB, in the lattice of 
which, at all temperatures above the absolute zero, there will exist a certain degree 
of disorder. It was suggested by Schottky that, in general, deviations from stoichio¬ 
metric composition are likely .to occur in such a manner that they affect, practically. 
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the disposition of either the A atoms or the B atoms alone. This statement is really 
valid only for those lattices (e.g. the fluorite and zincblende types) in which Frenkel 
defects are favoured. It will, however, without incurring any loss of generality, be 
assumed throughout the paper that a stoichiometric excess of A is accommodated 
in the form of interstitialJ. atoms, and that, with excess of B, the B atoms all occupy 
normal lattice positions, with a surplus of 'holes’ on A sites; the B lattice is taken as 
perfectly ordered. 

.Let N;q be the number of atoms of each kind, distributed over N (= N^) 
lattice sites of each kind: 

N\ = number of vacant A sites, 

= number of interstitial A atoms, distributed over 2ctN interlattice positions, 

= energy expended to create a lattice hole by transferring an A atom from 
an interior site to the surface, 

= energy expended to shift an A atom from the surface to an interlattice 
position, 

— == energy of each additional A atom (above the stoichiometric number), 

present on an interlattice position, relative to the energy of an isolated A 
atom at rest, 

= activity of atomic A in equilibrium with the crystal phase, 

qj{T) = contribution of an added A atom to the partition function for the normal 
vibrational modes of the crystal. 

Then the equilibrium concentrations of lattice defects can readily be shown to be: 


= 2ocNsX^qAT)exTpE^^lkT, 

(lA) 

exp - {E^^ + Et^ + E^^)lkT. 

(2A) 


In terms of the addition or removal of B atoms, the incorporation of excess B can 
occur through condensation of a £ atom on to a normal lattice site, accompanied by 
the creation of an additional A hole, or the removal of an interstitial A atom to the 
A site created. Then each excess B atom on its lattice site has an energy — above 
that of an isolated B atom, and thus, in place of (1 A), (2 A) 

+ + . (IB) 

== NsXsqsiT) exp JE^jkT. (2B) 

Brom (1) and (2), = N^o = 2aN%exp-(E’^ + Eli)lkT, (3) 

so that NqINs = S, the degree of disorder in the lattice of the stoichiometric com¬ 
pound is given by 

S = V(2a) exp - (E^ + &j)l2kT. 


(4) 
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The deviation from stoichiometric composition is Njg-N^i, and 
Ns-N^ = N\-Nti 

= .J^!^exp-{E^ + Eti + £!’jdlkT-NjiXsqii{T)^^P 

Hence the activity of B in equilibrium with the stoichiometric compound is 
Xb = ^^exp-(^i + ^i + 2^^)/2fcT = ^^j^exp- 
From ( 3 ), ( 5 ) and (6), writing Ns-NJNb = n. 


Ab(%) 


= \l^j +2s-{-Tr 


(5) 


( 6 ) 


( 7 ) 


since, for most of the important cases, equilibrium is established between a crystalline 
phase and a diatomic gas (oxygen, or sulphur vapour at high temperatures) in 
experimental investigations. 


Case II. Geoss deviation e'bom stoichiometeic composition 

The relations (l)-(7) are, through the approximations made in their derivation, 
valid only as long as NtijN^ are very, small. No account is taken of any kind 

of interaction between the points of defect. The effect of such interactions would 
become increasingly significant as, with increasing stoichiometric defect, the con¬ 
centration of defects increased, and must, in fact, be very important. The mutual 
attraction of atoms in interstitial positions or of cation holes can bo regarded, 
qualitatively, as the driving force behind the segregation of a now phase when the 
concentration of defects exceeds some critical value. Even where the concentration 
of defects is small (e.g. zinc oxide with an interstitial excess of zinc) it has boon 
suggested (Miller 1941) that the interstitial atoms form clusters, rather than re¬ 
maining in random distribution. 

Proper allowance for mutual interaction of defects should lead to a relation 
between the activity of the components A, B and the concentration of lattice 
defects, which would reproduce satisfactorily the observed {p,X)^ and {T,X)p 
relations of typical systems, leading to the explicit prediction of the occurrence of 
a two-phase univariant region in equilibrium diagrams and describing quanti¬ 
tatively the variation with temperature of the miscibility of two non-stoiohiomotiic 
phases. 

In this paper the consequences of the simplest approximation are considered: that 
the energy of interaction between defects can be represented as the sum of the 
contributions of those pairs of defects that occur as nearest neighbours in a com¬ 
pletely random distribution. This reduces the problem to a form analogous to that 
developed by Fowler (1936) for equilibrium in locaHzed monolayers; it is essentially 
the same as Lacher’s treatment (1937) of the palladium-hydrogen system, which 
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presents many features of analogy to the more general problem here discussed. 
Although the assumptions are too simple and the approximation undoubtedly too 
crude, it will be shown that the model does lead to the conclusion that a crystalline 
phase is stable over a range of composition only, and indicates the factors upon which 
that stable range depends. In the second part, comparison is made with such experi¬ 
mental data as are available for several systems, and in so far as explicit values can 
be assigned to the quantities involved, it wdU be seen that the agreement is as fair 
as the assumptions would warrant. 

^11 taken to be the number of pairs of nearest neighbour cation holes 

and interstitial A atoms respectively, and 2 E-^^lz, 2 Ejjlz' to be the energies of 
interaction per pair, where z = number of cation sites adjacent to each A site, 
and z' = number of vacant interlattice positions adjacent to each interstitial 
A atom. Then (cf. Fowler & Guggenheim 1939, p. 340 ) 

a.nd 


and the contributions of the energies of interaction to the partition function of the 
crystal become, respectively, 




^ NaEii 
and 


NskT' 


As a further simplifying assumption the vibrational partition function of an 
interstitial A atom, and of the atoms adjacent to a vacant lattice site or to an 
interstitial atom, is taken to be identical with those of the atoms in a perfectly 
ordered lattice. Although numerically incorrect, this assumption cannot invalidate 
any general conclusions. This point has been discussed, though in a different con¬ 
nexion, by Mott & Gurney (1940, pp. 29 - 33 ). 

For comparison with experiment it is convenient to regard the number of A 
atoms as fixed, and the number of B (i.e. non-metal) atoms as variable, with aU the 
B atoms occupying proper lattice positions. Then a crystal with vacant A sites 
and interstitial A atoms can be regarded as derived fi:om the stoichiometric 
crystal by the addition of atoms of B from the gas phase, a corresponding 

number of electrons being withdrawn from the fuU band of the crystal to convert 
the B atoms to anions. Using the symbols of the previous section, K{T) r{T, A^, Nj) 
may be written for the grand partition function of the crystal, wherein E{T) repre¬ 
sents the partition function for the ideal stoichiometric crystal. Then for the 
partition function for the defects write 




Xexp r + /, 


The eqtiilibrimn conditions may, according to the standard procedure, be derived 
from ( 9 ) by partial differentiation of the largest term of log/’(I', A^, with 
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respect to and Writing fraction oi A sites vacant, it is 

found that 




(10) 

Similarly, 

^ = ^si^) fT^i^xp (JS^ + Bti + + 29 ^En)lhT. 

(11) 


In (10) and (11), Ajj represents the absolute activity of B atoms in the gas phase, 
in equilibrium with the solid. For the case that the solid is in equilibrium with 
diatomic B^ molecules, write 




in which D = energy of dissociation of the molecule in its lowest state into two 
free B atoms, A = moment of inertia of the B^ molecule, = mass of the B atom, 
and pjg — nuclear spin weight of the B atom (= 1 for 0^® and S®*, the most im¬ 
portant cases for comparison with experimental data). Combining (12) with (10) 
and (11), and substituting the appropriate values for the fundamental constants, 
the partial pressure of B^ vapour in equilibrium with a crystal containing a fraction 
d\ 6^ of cation holes and of interstitial A atoms respectively can be found. 

As was shown by Fowler (1936), the form of equations (10) and (11) is such that, 
provided Fhh> Ejx<0 (i.e. if the defect sites exercise attractive forces upon each 
other, as was suggested, from quahtative considerations, in an earlier paragraph), 
a two-phase system must be formed under appropriate conditions of temperature 
and pressure. There is, for a crystal containing significant concentrations of only 
one t3^e of defect, a critical temperature 2]^, defined by 2J. = T'g = 

such that for T>Tf. there is, over the entire range of d, only one value of 0 corre¬ 
sponding to each value of A; for T < 2J,, A over a certain range is satisfied by tliree 
values of d. 

Thus, in place of (10) 

^ (13) 

may be written, in which, for T < the condition A(^) “ A(^) is satisfied by three 
values of d. The value ^ | corresponds to a metastable state of the system (of. 

figure 1, which represents the graph of (13) for T = 0-8J].); the other two roots 
62, related by the condition 61 +satisfy the rule of equal areas, and corre¬ 
spond to stable states of the system. 

The physical significance of this result is clear. Suppose that the metal A (of 
variable valency) and the non-metal B unite to form two compounds AB and AB^. 
A start is made with the stoichiometric phase AB in contact with the gaseous com¬ 
ponent B or jB 2 . As the pressure of JS in equilibrium with the crystal is raised, B 
atoms are built on to the crystal lattice, and an increasing concentration of vacant 
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A sites (and of A ions of increased valency) is thereby formed. Above a temperature 
2^5 defined as above by the energy of interaction of cation holes, the compound AB 
and the compound of higher order AB^ mth the same B lattice would be completely 
miscible. At temperatures below 2J. when the concentration of vacant A sites exceeds 
the 'saturation’ value 6 ^, the lattice breaks up into two phases, with the limiting 
defect concentrations and 6 ^ respectively. (The presupposition that this occurs 



Figubb 1 . Graph of equation (13) for T = 0-8Tc. 


without change M the B lattice will be discussed shortly.) Hence, for total com¬ 
positions intermediate between those corresponding to 6 -^ and 6 ^^ a two-phase 
system exists in equilibrium with a constant pressure of B. It is this pressure in the 
univariant region, the ‘dissociation pressure of the compoimd AB^\ which has 
ordinarily been measured in studies of chemical equilibria. lYom (10) and (12) it 
is seen that 


dlogePii) 

dilIT) 


= — — 2. &TFr-R “ E). 


(14) 


D is known for the principal diatomic elements; where adequate data are.available 
it should be possible to infer the magnitude of Hence the energy of 

addition of a S atom to the AB lattice, should be capable of determination. 

Exactly similar considerations apply to the withdrawal of B atoms from the 
stoichiometric compound. When the concentration of interstitial A atoms exceeds 
a limiting value, formation of a new phase with the higher, complementary value of 
6 must occur, and a two-phase system is again formed. The equilibrium of platinum 
monosulphide, PtS, with sulphur vapour at high temperatures, considered in some 
little detail in the second part of the paper, provides a concrete instance of the inter¬ 
mediate occurrence of non-stoichiometric phases through both acquisition of 
sulphur (ultimately forming PtSg) and degradation (to Pt). 
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Consider also the isobaric degradation of a compound AB.^^ under a pressure j). 
At relatively low temperatures, the pressure p is far in excess of that pressure p{\) 
which corresponds to the existence of two solid phases, so that the crystalline phase 
of nominal formula is the only solid phase. With rise of temperature, the 
composition of the solid phase changes gradually as B atoms evaporate from the 
lattice. A temperature T{\) is ultimately reached for which p{\) equals the experi¬ 
mental pressure, p\ the concentration 6 ^ of interstitial A atoms in the lattice is then 
the saturation concentration at this temperature r(|). Hence, abstraction of any 
more B atoms from the crystal must result in the production of a second solid phase, 
complementary to the first. At the temperature T{\) the two solid phases can coexist. 
H the temperature be raised further, the composition of the solid phase changes, from 
approximately to approximately that of the compound of lower order (e.g. AB), 

In general, where gross departure from stoichiometric composition is observed, it 
may be assumed that one or other type of lattice defect so far preponderates that 
the other type is unimportant. Only in the neighbourhood of the stoichiometric 
composition can interstitial A atoms and vacant A sites be present in comparable 
concentrations. Denoting by S (as in equation (4)) the concentration of defects in 
the stoichiometric crystal, the following substitution may be made in (10) and (11): 




1 S 
qB{T)i-s 


exp — {E\ — 2 $E^i^)lkT 




Hence 




= exp - + 2 dE^^ + 2SEa)lhT. 


(16) 

(16) 


Por the case ^->0, this reduces to equation (4), but it must be borne in mind that 
for the very compounds that display variability of composition, and for the tem¬ 
peratures involved in the experimental studies of equihbria, 8 is unlikely to be 
vanishingly small. 

For comparison with (7) write 


A(d) 6 ^ 1-d ,, , ) 

(17) 

or, if ^ ~lexp 2d^E^lkT. 

(17) is valid for compositions on the non-metal-rich side of the ideal; for crystals 
with stoichiometric excess of metal. 


A 1-8 . I 

A(d) ~ 

J(0) = s 


(18) 



Equilibrium conditions of non-stoichiometric chemical compounds 77 


. It follows from the foregoing considerations that the range of composition 
accessible to any crystalline phase is determined by {a) the degree of disorder in the . 
stoichiometric crystal (itself a function of the cohesion of the crystal lattice), and 
(6) the energies of interaction between lattice defects. On either side of the ideal 
composition is a bivariant range. The limiting concentration of interstitial atoms or 
of vacant sites which may be present without the crystal breakmg up into a two- 
phase system increases rapidly with rising temperature; hence if this factor alone 
be considered, the range of existence of a crystal phase should be progressively 
wider at higher temperatures. The actual range of composition, at any temperature, 
however, involves also the degree of disorder S (cf. (4), (5) and (17)), which deter¬ 
mines the concentrations of interstitial atoms and of vacant sites that may be present 
simultaneously. If 5 is very small, the range of composition is fixed, essentially, 
by the ratios pressure of for equilibrium in the two-phase 

region is then a correspondingly large multiple of p, the pressure in equilibrium with 
the solid phase. 

If $ is not very small, two-interesting cases can arise. First, it is possible for S, the 
concentration of (e.g.) interstitial atoms in the stoichiometric phase to be greater 
than the maximum limiting concentration of those defects at any particidar tem¬ 
perature (see figure 2). The ideal composition AB then Jails within the two-phase 
region^ and the ideal compound is metastable or non-existent. As was pointed out 
in the introductory section, this is exactly what is observed for a number of metallic 
oxides and sulphides. The number of well-established instances of the non-existence 
of the ideal compound is rather small, but it is perhaps not without significance that 
they are aU compounds of rather liigh-melting metals (between interstitial atoms of 
which the cohesive forces might well be high), and that the compositions lie, in every 
case, on the non-metal-rich side of ideality. 

The secqnd possibility (cf. figure 3) is that the maximum permitted concentration 
of interstitial atoms is less than w;ould coexist with the Inaximum concentration of 
vacant sites permitted by the value of E^Q^jkT. The crystal is then incapable of 
existence. The limiting condition is readily established and bears a simple, and 
indeed an obvious, physical interpretation. The boundaries of existence of the 
phase coincide when 

^ = ^exp(l--25)iJHH/*2' = j|^exp-(l-25)I!ii/A:r. (19) 


From (19) and (17), 

exp (^hh += exp - + E‘^j)lkT. 

The limit,ing condition is thus that the expenditure of energy for the creation of a 
complementary pair of defects shall be at least as great as the energy of interaction 
of the defects. If 


— { E ^ + E '’ j ^ < (£^hh+ 


( 20 ) 


the phase must be unstable, as it would tend to unmix spontaneously into its com¬ 
ponents, or into one component and a compound of greater lattice energy. 
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The operation of these several factors may be illustrated by considering a hypo¬ 
thetical case. Suppose the existence of a compound AB such that Ejx = 9600 cal., 
= 6400 cal., corresponding to the critical temperatures 2400 and 1600“ K 
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Figube 2. Illustrating non-existence of stoichiometric phase AB. Conditions for curve 
shown: = hQT; Tc=^4:T; d = 0*0025; stoichiometric defect =: — 



FiGtrsB 3. Elusteating non-existence of phase AB -when intrinsic disorder too great. 
Conditions = l-^r; T'^=4:T; 8= 0-004. 

respectively, and calculate the (p, X)^ curves, and the range of composition of the 
AB phase, for three assumed values of S, and at four temperatures. The limits of 
composition of the AB phase are listed in table 1 for these conditions; figures 4 and 6 
show the variation in composition with change in relative pressure of B, A((9)/I, 
for d = 0-0001 and 0-001 respectively at 700“ K, and figure 6 shows the course of the 
pressure-composition isotherm for 1200“ K, taking X = 20 mm. Rrom table 1 will 

be seen the non-existence of the phase A5 if ^ is too great, i.e. for the case sum¬ 
marized in (20). 
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Fioube 4. Variation of composition of phase AB, with partial pressure of B. Case A of 
table 1; ^ = 0*0001 at 700® K. Hatched lines indicate boundaries of existence of the phase 
at each temperature. 



Figure 5. Variation of composition of phase AB with partial pressure of B, Case B of table 1 ; 
^ = 0*001 at 700° K. Hatched lines indicate boundaries of existence of phase at each tem¬ 
perature. 
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Table 1. Limits oe oombosition of crystal phase 

^^ X±n CONDITIOKS SPEOIPIED 


temp. 

700 

800 

1000 

1200 


(A) 

= 25,800 cal. 
limits of composition 



lower 

upper 

0*0001 

-0*001 

+ 0*012 

0*0003 

-0*0025 

+ 0*021 

0*0016 

-0*009 

+ 0*056 

0*0046 

-0*019 

+ 0*113 


(B) 

^i + i/i = 18,900 cal. 

+B^ > ^ {Ewa + Ej^ 

- - ^ ■ ,■■_■ - 

limits of composition 


S lower upper 

0-001 0-000 -f 0-012 

0-0024 0-000 + 0-021 
0-008 -0-002 -f 0-066 

0-0176 -0-006 +0-110 


(C) 

JSl + J5iis= 14,800 cal. 
E\+&^<-{JE^+E^) 

limits of composition 


S lower upp^r 

0-006 * + 0-028 + 0-010 

0-0097 * + 0-064 +0-017 

0-026 * + 0-063 +0-043 

0-046 * + 0-146 + 0-087 


* i.e. the eompoimd is non-existent. 


It has been assumed in the foregoing discussion that, when formation of the 
second solid phase takes place, no change occurs in the £-atom lattice. Such an 
assumption is, for most actual cases, obviously incorrect, but the general con¬ 
clusions are not necessarily in+alidated thereby. Consider the case of two compoimds 
A£ and 4B„, displaying a measure of mutual solubility in the manufiT- discussed. 
Commencing with the stoichiometric AB phase, B atoms are built on to the lattice 
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until at P (figure 7) the complementary defect-rich phase Q, based on the AB lattice, 
appears. In general, however, Q will be metastable with respect to a crystal of 
composition J?, the limiting phase derived from AB^ by abstraction of B atoms. 
Similarly, the phase 8 , complementary to iJ, is metastable with respect to the 
^S-type phase P. The defect-rich phases formed at the onset of the two-phase 
system would therefore each undergo subsequent transformation into a more stable 
crystal lattice; hence the compositions P and R would mark the observable boun¬ 
daries of the two-phase region. The immediate limits of composition of the AB and 
AB^ phases, however, remain those calcxilated from the properties of each phase 
alone; it should be possible to build up the AB-AB^^ phase diagram out of two 
independently calculated halves. It is noteworthy that there is clear experimental 
evidence, especially from the work of Huttig and his school, that in reactions in¬ 
volving the transformations of solids, the product of reaction is formed initially in 
the crystal lattice of the parent substance, changing from this metastable state into 
its own stable structure as a subsequent secondary process. 



composition 
Figube 7 


In concluding this section, it is worth considering the energy quantities introduced, 
in relation to the actual occurrence of marked deviations from stoichiometric com¬ 
position amongst- chemical compounds. The energies E% which determine the 
intrinsic thermal disorder S, have been fully discussed by Jost (1933), and by Mott 
& Littleton (1938), who have shown that both are very much smaller than the lattice 
energy per ion pair, by an amount depending upon the polarization of the ions 
surrounding each defect. It has been concluded that for NaCl-type crystals, in 
which the occurrence of interstitial ions is relatively improbable on steric grounds, 

* In such a case—e.g. Mott’s model of an alkali halide crystal with F-centres—^with¬ 
drawal of B afcoms from the lattice will leave the stoichiometric excess of A on proper A lattice 
points, with a preponderance of holes in the B lattice. Only two types of defect—^vacant A 
sites and vacant B sites respectively—are important over the whole range of composition, and 
no change in our reasoning is introduced. 


Vol. 185. A. 
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the creation of Schottky-type defects involves about 1 eV per pair of holes created. 
This would give for + at the ordinary temperature about 

but the actual concentration of defects d may be two or three powers of ten greater 
than this, as two factors have been expKcitly neglected. These are (a) the effect of 
defects upon the vibrational frequencies of the neighbouring lattice points, and (6) 
the variation of E'^j^ with the volume of the crystal. This latter factor must be 
particularly important where gross deviation from stoichiometric composition 
occurs. It is significant that most of the compounds known to display marked 
variability of composition are the sulphides, selenides, etc., of transition metals 
and metals of the jB-suhgroups—i.e. compounds in which both anion and cation are 
relatively highly polarizable, and in which the binding forces partake of a consider¬ 
able measure of homopolar character. Hence the energies E^ are likely to be 
very much smaller than in crystals built up from inert-gas-like ions (e.g. NaCl). 
The degree of intrinsic lattice disorder must be correspondingly greater than in the 
latter: one may cite the concentration of interstitial silver ions in silver bromide 
—8-3 X 10-^ at 20°—extrapolated by Koch & Wagner (1937) from their measure¬ 
ments at higher temperatures. 

The energy E^^ gained when a supernumerary B atom condenses on to the lattice, 
may be either positive or negative; into it there enter factors similar to those con¬ 
sidered by Gurney & Mott (1938) for the creation of jP-centres in alkali halides. 
Qualitatively, the sign of E^ is indicated by the existence or non-existence of higher 
compounds. Thus, we may consider the following cycle of operations. 

(i) Remove an ion from its lattice site to the gas phase. Work expended 

=+Wj^. 

(ii) Ionize the -4+ ion to its next higher valence state, and transfer tlic 
electron to a R atom in the dilute gas phase. Work expended — + 

(iii) Condense the 4.++ and 5“” ions on to appropriate lattice points on the surface 

of the crystal. Work expended = — where owing to the higher 

ionic charge now borne by the A atom, and is the work of removal of a B 
atom from the lattice. 

For the total energy change in the process, 

Without considering in detail the relation of B^., to the lattice energy of the 
crystal {cf. preceding paragraph), it is evident that E^ depends upon the difference 
between the nett expenditure of energy in the ionization process and the nett gain 
in cohesive energy of the crystal. If be too great, the higher compound {AB^ in 
the case considered) cannot e^st, lior (cf. equation (10)) will the compound AB 
display marked variability of composition under accessible conditions of investiga¬ 
tion; variability of composition must necessarily run parallel to the display of a 
multiplicity of valence states and is most markedly displayed by compounds derived 
from the intermediate valence states of multivalent metals. 

The free energy of a solid is a function of the volume, and in the present discussion 
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it has been tacitly assumed that the degradation or building up of the crystal lattice 
containing a fixed number Nj^ofA atoms proceeds at constant volume. This assump¬ 
tion is not true; the volume is actually a function not only of the temperature but 
also of the stoichiometric excess of B. Hence (cf. Mott & Gurney 1940) the energies 
of production and of interaction of defects must themselves vary both with tem¬ 
perature and composition. It has been assumed that, in the maintenance of electro¬ 
static balance within the crystal, positions of electron defect or excess have not 
been localized in the lattice; electrons have been withdrawn from the full band of 
the crystal (leaving.positive holes, where B has been in excess), or placed in the 
conduction band (where B has been deficient). The mean cationic charge,'and 
therefore the lattice energy, however, varies directly with the composition, and the 
changes in the cohesion of the lattice are shown by very appreciable alterations of 
lattice parameter. Thus Hagg & Sucksdorflf (1933) found that the volume of the unit 
cell of ferrous sulphide shrank from 59*8 to 57-3 as the sulphur content rose from 
approximately 50 to 55 atoms %. The effect is therefore of considerable magnitude, 
and must be taken into account in any precise treatment of the problem. 


COMPAEISON WITH EXPEBIMENT 

The experimental material, available in the literature, for comparison with the 
theoretical model is rather sparse. Except for studies of metal hydrides, no published 
investigations have been made with the express purpose of investigating folly the 
(p, T,X) relations of systems with non-stoichiometric phases; the interest of 
chemists has been directed, rather, towards deriving thermochemical data from the 
univariant equilibria in the two-phase regions. Moreover, in the relevant portions 
of the {p,X)^ or {T, X)^ figures, the composition of the solid phase is very susceptible 
to small changes in the independent variable. Where, as in the procedure usually 
employed, the composition of the solid is inferred from the quantity of the volatile 
component progressively removed during degradation experiments (cf. Biltz & 
Juza 1930, and the examples from the Hanover school discussed below), reliance is 
placed upon diffusion processes in the solid phase (which may well be very slow in 
such compounds as the sulphides of the bivalent metals) to establish true equilibrium 
between gaseous component and a solid phase of known gross composition, rather 
than between vapour and a solid phase of quite unknown composition, possibly 
relatively few atomic layers thick, on the surface of the solid particles. The peculiar 
form of the isotherms suggests that some of the careful investigations by Biltz and 
his co-workers may be affected by such false equilibria. 

Most of the systems for which sufficient data are available have been examined 
from the standpoint of our model; results for a few of them are quoted here. One 
can proceed by the following semi-empirical method, utilizing the measure equili¬ 
brium pressures, By inspection of the {p,X)^ isotherms, the critical tem¬ 
peratures Tf,, jTg, which measure the interaction between vacant sites and interstitial 
atoms, can be estimated. Then, calculating the ratio p{d)lp{l) from equations (10) 

. 6-2 
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and ( 11 ), the pressure-composition diagram can be calculated. In the neighbourhood 
of the stoichiometric compound, the intrinsic degree of disorder is of importance; 
this can be estimated for one particular temperature by fitting one point of the 
isotherm to ah experimental value or, ideally, could be derived without assumptions 
from the ratio of the two-phase pressures bounding the phase (equations ( 17 ), ( 18 ) 
and ( 16 )). The essential point is that these three estimated quantities should sufiice 
to reproduce the (p, T, X) equilibria of the non-stoichiometric phase over its entire 
range of existence. Having regard to the experimental uncertainties, this test of the 
model is not very rigorous, but the assumptions made at the outset preclude any 
possibility of calculating the whole equihbria from fii'st principles. 

The system Pt-PtS-PtSj. 

This system may be discussed in some detail, as illustrating the application 
of the model. The experimental material consists of tensimetric measurements by 
Biltz & Juza (1930) at 616 , 651 and 691 ° C in the range PtS-PtSg, and at 1060 , 1110 
and 1186 ° C in the range Pt-PtS; PtSj, PtS and metallic platinum were the only 
solid phases found. In the PtS-PtSa region, equilibria were attained only sluggishly, 
and the recorded pressures show a good deal of random variation; the data do not 
sufi&ce to show whether, or to what extent, the PtS2 phase is variable in composition. 
It is evident, however, that the PtS phase exists over a range of compositions, 
covering both sides of the ideal formula, but particularly wide on the sulphur-rich 
side. The platinum phase, at high temperatures, also takes up a considerable pro¬ 
portion of sulphur (i.e. of PtS) in solid solution. Although there is no evidence how 
extra sulphur is accommodated in the PtS lattice, the most plausible mechanism 
for the transition of the unique PtS (cooperite) structure (Bannister 1932) into the 
Cdla-t3q)e layer lattice of PtSj (Thomassen 1929) is by the omission of platinum 
atoms from alternate layers of the structure. The PtS phase may well, therefore, 
contain as defects, vacant platinum sites and interstitial platinum atoms. 

The equilibrium pressures used by Biltz & Juza for thermochemical calculations 
do not accord well with their recorded data. Accordingly, for the partial pressures of 
S2 molecules in the two-phase regions, values are taken agreeing better with their 
published figures, namely, 

PtS-l-PtSa 616 °C p(^) 42 mm. Pt + PtS 1060 °C p'(|) 36 mm. 

® 51 ° 110 mm. 1110° 95 mm. 

691 ° 323 mm. 1186 ° 313 mm. 

The form of the 691 ° isotherm shows it to be close to the critical isotherm for the 
PtSg-PtS region, and 960 °K is taken as T^. The ratio of the pressures p{\) and p'{V) 
bounding the PtS phase should (from equations ( 17 ) and ( 18 )) relate the intrinsic 
lattice disorder B directly to and T', which govern the breadth of the composition 
range. The few temperatures investigated, and the scattering of the data, make the 
necessary, extrapolation ofp(-^) andp'(J) rather uncertain. The measured pressures 
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in the neighbourhood of the ideal composition PtS are compatible, however, only 
with a degree of intrinsic lattice disorder considerably greater than that so cal¬ 
culated, using the best values for IJ. and T'. This is not surprising, and does not 
necessarily invalidate the model, as the approximations made at the outset lead, as 
has already been mentioned (cf. Mott & Gurney 1940), to too small apparent con¬ 
centrations of thermal defects. The data are best fitted by taking = 1700 "^ K and 
{^A + Elj) for PtS about 12,300 cal. (combination of'the values of 2]., and^(i)/p'(|) 
gives = about 20,000 cal.); T^. for interstitial sulphur in the platinum 

phase = 1600 °. These values lead to the equilibrium diagram shown in figure 8, 
from which the PtSg phase is omitted on account of the paucity of data. 



Sulphides of the iron-nickel triad 

Iron, cobalt and nickel each form sulphides of the types MS, MSg. FeSg, CoSg and 
NiS2 have the cubic pyrite structure; FeS, CoS and NiS (above 396 °, the transition 
temperature of the trigonal millerite) have the hexagonal nickel arsenide structure. 
The equilibria in these systems have been investigated by Juza & Biltz (1932, 
FeS-FeS2), Htilsmann & Biltz (1935, C0S-C0S2) and Voigt, Meisel & Biltz (1936, 
NiS-NiSg) respectively. The monosulphides display the most gross departure from 
stoichiometry, both FeS and CoS of ideal formula being apparently non-existent. 
The equilibria in the neighbourhood of the pyritic phase have been insufficiently 
studied, but both NiS2 and CoSg take up a considerable excess of sulphur (up to 
^183.5 and C0S2.8 at least); this is probably achieved by incorporation of Sg molecules 
on the lattice positions normally occupied by S|“ groups, with metal lattice sites left 
vacant. Similar data for FeS2 are incomplete, but the observations of Smith (1942) 
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on the variability in properties of pyrite can be interpreted on a siniilai basis, and 
suggest that a relatively high degree of intrinsic lattice disorder obtains in stoichio¬ 
metric FeSg. This is in accord mth the apparently small ratio for the pyritic 

phases, but in each case the data in this range of composition are both scanty and 
suggestive of hysteresis effects. . 

The data for nickel sulphide are rather well reproduced on the assumption that 

= 990° K (figure 9). The cobalt and iron sulphides, however, show the limitations 
imposed by the approximations of the model, in that while the non-existence of 
the stoichiometric phase can be accounted for, the equilibrium pressure of sulphur 
rises too steeply, and to too high a value in the two-phase region. It is as if the 
increase in sulphur activity, and in the internal energy of the lattice, were at first 
offset by some unconsidered factor. It may be relevant that the work of Hagg & 
Sueksdorff showed that in FeS the increase in sulphur content is accompanied by a 
large shrinkage of the crystal lattice, principally along the c axis of the hexagonal 
cell; this anisotropy might point to a change in bond character, or a non-random 
distribution of defect sites. If, purely empirically, the zero of the O-p curves is 
adjusted to the toe of the observed X-p curves, the form of the cobalt-sulphide 
isotherms is well reproduced for the value == 1000° K, though the agreement has 
little significance. 

The system UO3-U3O3 

This system, investigated by Biltz & Muller (1927), provided one of the first 
clearly established instances of the variability in composition of a chemically well- 
defined binary compound. The isotherms at 500, 580 and 610° C show very clearly 
the transition from very incomplete to total miscibility of the two compounds, the 
580° isotherm having a form closely corresponding to that expected at the critictal 
temperature. However, as was discussed for the case of PtS, the degree of lattice 
disorder in UgOg agreeing best with measurements in the neighbourhood of the ideal 
composition is greater than that calculated from the ratio of the two-phase pressures 
bounding the phase. The composition varies so steeply with oxygen pressure close 
to this composition that some of the experimental points may be regarded as 
uncertain. The data of Biltz & Muller suggest that UO3 of ideal composition does not 
exist, and as in the case of the grossly non-stoichiometric FeS and CoS phases, the 
model is not adequate to reproduce quantitatively the corresponding portion of the 
equilibrium diagram (cf. figure 10). 


Anomalous mixed crystals 

There is another phenomenon which can be considered within the scope of this 
discussion, namely, the formation of anomalous mixed crystals between cona- 
pounds of different formula types. The extent to which this can occur was perhaps 
first clearly shown when Vogt (1914) showed that the mineral yttrofluorite is a 
solid solution of yttrium fluoride YF3 in calcium fluoride CaFg, The essential 
mechanism of such solid solubility, contrary to the Mitscherlich law of isomorphism, 
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was perceived by V. M, Goldschmidt, who saw in it a process of great geochemical 
significancej governing the distribution of the rarer elements in the earth’s crust 
(Goldschmidt 1926, 1937)- The condition for replacement of one atomic species by 
another within a crystal lattice is essentially metrical; if the ionic radii of the 
elements are sufficiently alike, one atom may be replaced by another of different 
valency (e.g. Y®"*" replacing Ca^"^ in the example cited) provided that electrostatic 
balance may be achieved by creation of a second anomaly—a vacant lattice point, 
an interstitial atom, or a second, compensating replacement. 

Recently, Zintl & Udgird (1939) and Zintl & Cruatto (1939) have investigated 
in detail the mechanism of the phenomenon in lattices of the fluorite type, and have 
conclusively shown that crystallization of such compounds as LaFg, YFg, ThF^ in 
the CaFg lattice occurs in such a way that the cation lattice is fully occupied, the 
excess of anions being accommodated interstitially. Similarly, in solid solutions of 
LagOg (= LaOi.5) in the fluorite lattice of CeOg, the cation sites are again fully 
occupied, but a proportion of the anion positions is vacant. The process of anomalous 
mixed crystal formation therefore creates lattice defects in just the same manner as 
does the valency change of one component of a ‘pure’ compound, in equilibrium 
with varying partial pressures of the volatile component. The limiting composition 
of the mixed crystals, and the dependence of miscibility upon temperature, should 
therefore be governed by the considerations developed in this paper. 

Moreover, if one can regard the energy of interaction between defects as arising 
from strain energy in the lattice, two factors can be distinguished that contribute 
to it: the distortion of the lattice in the neighbourhood of the defect, and the dimen¬ 
sional change in the lattice arising from the change in size and charge of the ion under¬ 
going a change of valency. If the electron (or positive hole) introduced into the 
lattice in creating the defect is trapped and localized, a second source of lattice 
distortion results. The point of interest is that, in anomalous mixed crystals, these 
two contributions to the strain energy could, within limits, be varied independently. 
A systematic study along these lines should yield interesting results. 
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The helium content of atmospheric air* 

By E. GLliCKATTF AND F. A. Paneth 
Chemistry Department^ University of Durham 

{Communicated by 8. Chapman^ F.R.8.—Received 2 November 1944) 

Figures are given for the helium content of air both on the earth’s surface and at heights up 
to 25 km. ITo variations exceeding the limits of the analytical error (±0*2 %) have been 
found in air samples from all over the surface of the globe, and no significant changes have 
been observed in air up to 20 km. height; however, a small and varying surplus of helitun 
averaging about 3 % above the normal helium content was present in samples from 20 to 
25 km. height. It follows from these results that at least up to 25 km. height, gravitational 
separation of the constituents has no appreciable effect on the composition of atmospheric air. 

1. iNTRODIJCTrON 

In 1939, in a discussion at a joint meeting of the Chemical Society, the Physical 
Society and the Royal Meteorological Society, brief reference was made to new 
methods for the ozone and helium analysis of atmospheric air; a few results only 
were given, while it was stated that details would be published elsewhere (Paneth 
19395 see also Paneth & Gliickauf 1935)* As far as the determination of ozone is 
concerned, this promise has been fulfilled in the meantime (Edgar & Paneth 194^ j 
Gliickauf, Heal, Martin & Paneth 1944). 

The present paper, and the following one, give the complete information on the 
helium analyses. The main object of these analyses was to find out whether there is 
a gravitational separation of the gases of the atmosphere at heights from which air 
samples can be obtained; as a preliminary step, however, it was necessary to deter¬ 
mine whether the heKum content of the air at ground level is constant. 

In spite of the fact that since the early days of modern chemistry innumerable 
analyses of atmospheric air have been carried out, not much is known about the 

* ‘Helium Researches, XVI.’ For previous papers of the series see ‘Helium Researches, 
XV’ {Proc. Roy. Soc. A, 165, 238, 1938 ). 
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constancy of its composition. It is safe to say, however, that while older analyses 
seemed to indicate appreciable variations with locality, and time, the results became 
the more constant the better the method and the greater the experience of the 
experimenter. A survey (Paneth 1937) of the investigations which appear to be the 
most reliable supports the conclusion that the oxygen, nitrogen and argon content 
of atmospheric air in open places all over the world is always the same, within the 
limits of accuracy of the methods employed. An occasional oxygen deficiency in 
antarctic air which was recently claimed (Lockhart & Court 1942) cannot yet be 
regarded as well established, since no check analyses with normal air were carried out. 

It would be rash to conclude from the constancy of some atmospheric gases that 
the helium content of air must also be the same all over the globe; for from some 
parts of the earth’s crust, e.g. the petroleum fields of U.S.A., helium escapes in 
vastly larger quantities than from others, e.g. snow-covered regions or the sea, and 
the amounts thus added to the atmosphere are by no means negligible.* In order to 
have a reliable basis for the comparison with stratosphere air it was thought necessary 
to analyse, with the highest accuracy obtainable, the helium content of surface air 
collected at very diBFerent localities. The present paper, therefore, consists of two 
parts: a world survey of the helium content of air at ground level, and helium 
analyses of stratospheric air. 


2. The helium content oe sueeace aie 

In our endeavour to obtain air samples from places scattered all over the globe 
we were decisively helped by the support of Sir George Simpson, then Director of 
the Meteorological Oflftce of the Air Ministry, London, who wrote to all the Directors 
of the Meteorological Services in the British Empire requesting them to forward 
samples of air. In addition to this Professor S. Chapman kindly enlisted the help of 
many American colleagues and institutions, and a large number of air samples were 
also obtained from private persons. (See acknowledgments at the end of this paper.) 

Since for the collecting of air samples we had to rely mostly on the services of 
people without experience in handling gases and whom we could not instruct other¬ 
wise than hy correspondence, it was essential to recommend to them as simple a 
method as possible, ensuring at the same time that the sample received actually 
represented air fi:om the locality in question. The instructions usually given (sucking 
air into a dry bottle; see Haldane & Graham 1935) not only too complicated for 
untrained helpers but even dangerous, as part of the air inside the bottle may not 
have been replaced. We sent out the following directions for the collection of air 
samples, whenever possible accompanied by glass bottles with rubber stoppers: 

A well-cleaned glass bottle of about 4 oz. content (especially suited for despatch 
are ''medicine flats”) is filled with pure water. On the spot where the sample of air 
is to be collected, the water is poured out and the flask immediately tightly closed 

^ * For figures about the passage of helium through the atmospher.e into the void see for 
instance JefEreys ( 1929 ) and Russell ( 1935 ). 
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with a clean, well-fitting, cork or rubber stopper. As soon as possible afterwards the 
stopper is covered with sealing wax to protect it against unauthorized opening. It is 
desired that on the label of the bottle, or on an attached separate sheet, the following 
items are noted down (only indication of locality and time is absolutely necessary): 
locality and time of sampling; direction and strength of wind; clouds; temperature; 
barometric pressure; any indications as to gas wells, |3il fields, etc., in the neigh¬ 
bourhood.’ 

In recommending the 'wet method’ we had to renounce any attempt at deter¬ 
mining the carbon dioxide content; and as we had no control of the cleanliness of the 
flasks used, we had to be prepared to encounter an oxygen deficit serious enough to 
falsify the percentage of helium in the gas mixture. Nitrogen, however, even in a 
wet and dirty bottle, is no more chemically absorbed than helium; we therefore based 
our analyses on the hehum/nitrogen plus argon ratio, as described in detail in the 
following paper. 

The results of the analyses are given in table 1. Both apparatus and method which 
have been developed from moderate beginnings (Gliickauf 1944) were steadily 
improved; the results in table 1 have therefore been divided into two groups of 
different accuracy. Every sample was analysed two or three times, and as a 
rule a sample of London air was analysed immediately after every analysis, so as 
to check any systematic variations in the apparatus or method. .Such variations 
might have been caused, for instance, by changes of temperature of the room, or of 
the liquid nitrogen (the latter due to the admixture of oxygen or to changes in baro¬ 
metric pressure), or by small and unnoticed leakages in the high-vacuum apparatus. 

While the first analyses of this survey seemed to indicate that small variations 
occur, it was found during the progress of the investigation that with increasing 
accuracy of the analytical method the differences between the helium contents of 
air from different localities tended to become smaller; a repetition of the previous 
analyses with more refined methods did not confirm the variations shown at first. 
(Compare the historical remarks in the introduction.) The average of two or three 
analyses never showed a deviation from the London average larger than the standard 
error of the individual analyses. It thus became quite apparent that within an 
accuracy of at least ± 0*2 % no changes occur in the helium content of atmospheric 
air over almost the whole surface of the earth (see map, figure 1). It was for this 
reason that we decided to discontinue the survey and to concentrate our attention 
on the upper air. Many of the surface air samples in our collection have, therefore, 
never been analysed, but they and their records are kept, in case this, or similar, 
work should be taken up again. 

3. The helutm cootent of sthatosphebe air 

The air samples from the stratosphere over England were obtained by Mr L. H. G. 
Dines, Superintendent Upper Air Section, Kew Observatory. The method of 
sampling has been described in detail (Dines 1936). 
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The American stratosphere samples were collected by the same method through 
the kind collaboration of the late W. R. Gregg and Mr C. C. Clark, Chiefs of the 
Weather Bureau of the United States. The exhausted sampling vessels and fixtures 
were prepared by us and despatched to Washington. The ascents took place from 
Omaha, Nebraska, after which the vessels were sent back to London. 


place 


Table 1 

geographical position 
latitude longitude 


helium variations 


accuracy accuracy 
0«5 % 0-2 % 


Northern hemisphere 


Europe 


Gastein, Austria 

47° N 

13° E 

( + 0-3)* 

— 

Konigsberg, Germany 

53° N 

20° E 

(-0-3) 

— 

Killean, Scotland (east wind) 

55° N 

5° W 

-0*1 

— 

Killean, Scotland (west wind) 

55° N 

5° W 

+ 0*1 

— 

Stockholm, Sweden 

59° N 

18° E 

+ 0*2 

— 

Vuotso, Finland 

68 ° N 

Asia 

27° E 

-0'4 


Poona, India 

18° N 

74° E 

— 

+ 0*1 

Hongkong, China 

22° N 

114° E 

0-0 

— 

Agra, India 

27° N 

78° E 

+ 0*3 

— 

Caspian Sea 

43° N 

50° E 

( + 0-6) 

— 

Vladivostock, Russia 

43° N 

132° E 

-0-3 

— 

Elrasnojarsk, Russia 

57° N 

America 

93° E 


-0*1 

Panama Canal 

9°N 

80° W 


0*0 

San Salvador 

13° N 

89° W 

{ + 0-3) 

— 

Honduras 

16°3Sr 

84° W 

(-0-7) 

— 

San Juan, Porto Rico 

16° N 

66 ° W 

+ 0-6 

_ 

College Station, Texas, U.S.A. 

not on the map 

-0-3 

_ 

Death Valley, California, U.S.A. 

36° N 

117° W 


0*0 

St Louis, Missouri, U.S.A. 

38° N 

90° W 

0*0 

_ 

Washington, D.C., U.S.A. 

39° N 

77° W 

-0’5 

_ 

Pittsburg, Pennsylvania, U.1S.A. 

40° N 

80° W 

( + 0-3) 

_ 

Orono, Maine, U.S.A. 

45° N 

68 ° W 


-0*2 

Seattle, Washington, U.S.A. 

47° N 

122° W 

+ 0*2 

. 

Sitka, Alaska 

57° N 

Arctic regions 

135° W 

+ 0*1 

— 

Beerenberg, Jan Mayen 

71° N 

11° W 

0*0 

_____ 

Russian Harbour, Novaja Zembla 

73° N 

Atlantic Ocean 

55° E 

+ 0*2 


equator 

30° W 


0*0 


12 ° N 

70° W 

.— 

+ 0*1 


17° N 

25° W 

_ 

-0*2 


25° N 

47° W 

— 

-0*1 


28° N 

69° W 

-0*4 



39° N 

21° W 

-0*2 

— 


* Figures in brackets are from earlier and less accurate analyses. 
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Table 1 { contiwmd ) 

Southern hemisphere 


Africa 


Marienthal, S.W. Africa 

24° S 

19° E 

— 

+ 0-1 

Pietersberg, Transvaal 

24° S 

29° E 

-0*2 

— 

America 




off Pernambuco, Brazil 

8 °S 

34° W 

-0*5 

— 

Huancayo, Peru 

12° S 

75° W 

-0*1 

— 

Rio de Janeiro, Brazil 

23° S 

43° W 

+ 0-2 

— 

Montevideo, Uruguay 

35° S 

56° W 

+ 0-3 

— 

Australia and Pacific area 




Watheroo Magn. Obs., W. Australia 

30° S 

116° E 

+ 0-4 

— 

Thursday Island 

10 ° S 

142° E 

— 

+ 0-1 

Hercules Gold Mine, nr. Bendigo 

37° S 

144° E 

-01 

— 

Laverton Aerodrome (5 km. high) 

38° S 

145° E 

-hO-5 

— 

Wonthaggi Coal miae 

39° S 

145° E 

+ 0-1 

— 

Wellington, New Zealand 

41° S 

174° E 

+ 0*2 

— 

North Lyell Mine 1300 ft. level, Tasmania 

42° S 

146° E 

-0*4 

— 

Apia, Western Samoa 

14° S 

172° W 

+ 0*3 

— 

Indian Ocean 




Padang, Sumatra 

1 °S 

100° E 

-0*2 

— 

Pamplemousses, Mauritius 

20° S 

57° E 

-hO-3 

— 

Antarctic 





59 ° s 

42° W 

-0-2 

— 


63“ S 

104° E 

— 

-0-2 


70° S ' 

9°E 

— 

-0-2 


After the return of a sampling vessel the internal pressure was measured to see 
whether it corresponded to the height at which the sample was taken. As a rule it 
was lower than expected owing to the vessel having been sealed before pressure equi¬ 
librium with the surrounding atmosphere was reached. No slightly higher pressure 
was ever observed. A large proportion of all sampling vessels, however, was returned 
filled with air of atmospheric pressure, apparently due to a premature release of the 
opening mechanism at the moment of launching the balloon. 

A total of twelve air samples from heights ranging from 16-5 to 25-0 km. were 
obtained and analysed. The results are given in table 2. They were corrected for any 
contamination by hydrogen, which on one occasion amounted to 1 % of the total 
gas collected. 

It appears from this table that there is no steady increase of the helium content 
with height. In an undisturbed layer of air the helium content in the stratosphere 
should rise by approximately 100 % for every 5 km. or 14 % per km. (Chapman & 
Milne 1920). It is apparent from the very small surplus at the highest sounding 
(2*1 % at 25 km.) that the region where diffusive separation comes fully into action 
must be above 25 km., and from the results obtained so far it is impossible to say 
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where this region begins. But while it is not certain whether there is such an un¬ 
disturbed region at all, its existence is at least likely, as a helium surplus has been 
found throughout above 20 km. with one single exception. The surplus obtained is 
quite outside the limits of the analytical errorsj as can be seen from the figures for 
the individual analyses. 



Table 2 


height 


helium surplus 


in km. 

date 

individual analyses 

average 

16‘5 

26. V. 36 

0-5 

0*5 ±0-5 

18-0 

25. xi. 36 

0-2, 0*4, 0-6, 0-2 

0*35 ±0-10 

18*5 

10. V. 35 

0-3, 1-2, 0-6 

0-7 ±0-3 

19-0 

28. ill. 38 

0-4, 0*7 

0*55±0‘15 

21‘0 

29. vi. 35 

9-1, 6*2, 7-0, 6-3 

6-9 ±0-7 

22-0 

9. vi. 36 

4*0, 3*8, 4-5 

4*1 ±0*2 

22-0 

20. X. 38 

1*8, 2-1 

1*96 ±0-15 

22-5 

22. vii. 36 

5*7, 4-5 

6*1 ±0*6 

22-5 

27. xi. 36 

2-2, 2*2, 1*3 

1*9 ±0-3 

23-5 

27, iv. 36 

3-6, 4-2, 4-2 

4*0 ± 0*3 

23*5 

28. vii, 37 

0*5, 0*3, O’O 

0-3 ±0-16 

25*0 

30. viii. 37 

2*1, 1-5, 2-3 

2-1 ±0-3 
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While there is no question about this surplus hehum being present in our vessels, 
its origin is less certain. Our suspicion has naturally been directed to the per¬ 
meability of glass for hehum. But as is shown in detail in the next paper, the quan¬ 
tities of hehum involved in these diSusion processes are so smaU that even under the 
most unfavourable conditions the surplus resulting from this source must remain 
below 0*5 %. Nor did blank tests reveal the release of any significant quantities of 
hehum from the glass. 

In the absence of any conceivable systematic error the hehum surplus must be 
taken at its face value, and this would indicate that there is somewhere in the 
stratosphere a region where hehum becomes enriched. Support for this assumption 
can be found in the lower oxygen content of stratosphere samples analysed by 
Regener (1936a and 6). But Regener’s method of analysis, which is apphcable to pure 
air, could give rise to inaccuracies if traces of hydrogen, which might have escaped 
from the bahoon, were included in the air samples; the effect would increase with 
height on account of both greater leakage and reduced air density. Thus while 
Regener’s oxygen deficits may well be real, it is, nevertheless, regrettable that, 
owing to the somewhat primitive method of chemical analysis, no. check could be 
made on the purity of the ak sample. In our air samples traces of hydrogen were 
found varying from 0*04 to 1 %, though precautions were taken to avoid this con¬ 
tamination. This effect is of course of no consequence if the He/(N 2 + A) ratio is 
determined, and even in the determination of the helium-air ratio it can only result 
in a reduction, hot an increase, of the helium content. 

In the event that the helium surplus found at great heights in the stratosphere is 
due to the influence of slow air currents, originating from altitudes or latitudes 
where gravitational separation if not complete is at least marked, some connexion 


Table 3 


number of 


tropopause 


stratosphere 


date 


sounding 

Lt 

Tt 

Pt 

type 

Lc 

Tc 

Po 

^ 2.6 

^ 5,8 

^^8,11 

25. v. 

36 

Kew 1101 

16*4 

227 

95 

II 

10-3 

219 

247 

224 

— 

— 

25. xi. 

36 

Omaha 758 

18 

226 

— 

I 

10 

219 

— 

226 

226 

— 

10. V. 

35 

Kew 1034 

18*1 

216 

70 

I 

11-5 

210 

205 

214 

— 

— 

28. iii. 

38 

Sealand 1255 

19-0 

219 

60 

T— 

11*3 

210 

207 

217 

218 

— 

29. vi. 

35 

Kew 1056 

20-7 

220 

50 

I 

12-5 

214 

187 

217 

219 

— 

9. vi. 

36 

Sealand 1103 

21-7 

227 

42 

I 

11-8 

213 

200 

221 

223 

— 

20. X. 

38 

Kew 1311 

21-7 

214 

39 

I 

13-2 

203 

160 

211 

213 

— 

22. vii. 

36 

Sealand 1112 

22-1 

228 

40 

n 

9-4 

227 

281 

225 

224 

225 

27. xi. 

36 

Omaha 595 

22*5 

216 

38 

I 

13-2 

214 

172 

219 

214 

214 

27. iv. 

36 

Sealand 1099 

23*0 

222 

33 

I 

11-9 

211 

191 

219 

220 

221 

28.* vii. 

37 

Sealand 1213 

23-3 

227 

33 

I 

11-2 

217 

218 

221 

223 

227 

30. viii. 

37 

Sealand 1223 

24-9 

224 

25 

I 

11-4 

217 

209 

218 

221 

222 


Lt = greatest geo-potential (KI). 

Tt = corresponding temperature A). 

P; = corresponding pressure (mb.). 

Lc, Tc, Pc = geo-potential, temperature and pressure at tropopause. 
Tx,y — luean temperature of stratosphere between (Lc-{’X) and {Lc+y). 
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ought to exist between the meteorological conditions and the helium content. Ihe 
few samples which have been obtained do not give any indication as to the nature 
of this relationship, but some of the meteorological data have been collected in 
table 3 in order to facilitate correlation in case the work be continued at a later date. 


CONCLtrSIONS 

As regards the helium content of surface air, it can be concluded from our analyses 
that no measurable local variations occur, whether the air is taken over the land or 
the sea, from the northern or southern hemisphere, from tropical or arctic regions. 
If such variations do occur they must be below the limits of accuracy of the present 
method which axe approximately ± 0-2 % of the helium content, or ± c.c. 
helium per c.c. of air. 

As regards the helium content of stratosphere air up to 25 km., the only conclusion 
that can safely be drawn is that it is very nearly the same as on the ground. The small 
and varying amounts of surplus helium found in air samples from between 20 and 
25 km. height are not hkely to be the result of diffusive separation at these heights 
in our latitudes. Apparently there is sufficient turbulence even at 25 km. height to 
prevent effectively the diffusive separation of atmospheric constituents. Regener 
(1936a and b) has already drawn attention to the possibility that there may be a 
greater stability of the stratospheric air at very high latitudes—^where the tropo- 
pause is lower—^and the concentration differences observed both of oxygen and of 
helium may be due to advection of stratospheric air masses from these regions. But 
too little is known about air movements in the stratosphere to justify speculations 
on this subject. 

If the dozen samples had been obtained on a single'day instead of being scattered 
over a period of three years it would have been possible to decide whether a con¬ 
tinuous concentration gradient (no matter how small) exists or whether there are 
afr masses of more or less constant helium contents with marked discontinuities at 
different levels, or, what at present cannot be entirely ruled out, whether the small 
variations found are spurious, and the composition of the upper afr up to this height 
at least is to be regarded as constant throughout. If this investigation should be 
taken up again it would have to be done on these lines, as single point observations 
are clearly unable to clarify the question as to the cause of the variations of the 
helium increases in the stratosphere. 

Moreover, it appears necessary to extend considerably the height under investi¬ 
gation (the greatest height reached by sounding balloons so far is about 31 km.). The 
rapid variations of the total ozone, observed by Dobson, Harrison & Lawrence 
(1929) during cyclonic disturbances can only mean that considerable afr movements 
are going on in at least the first few kilometres above 20 km. where the centre of 
gravity of the ozone is situated. Such rapid movements, even if only horizontal, 
must be unfavourable to the establishment of, or even to the approach towards, 
gravitational equilibrium. 
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As regards the analytical procedure it will be most desirable to measure the 
helium and the oxygen contents of the same sample; if variations are caused by 
gravitational separation, then any increase of helium must be accompanied by a 
corresponding decrease of oxygen. The use of metal vessels might offer additional 
safeguards against absorption or desorption of helium by the glass walls; the 
increase of weight may be partly compensated by the use of smaller sampling vessels, 
as the possibilities of the helium analysis are by no means limited to samples of a 
few C.C.; a small fraction, perhaps a tenth, of a c.c. at n.t.p. would sufl&ce to establish 
really marked differences in the hehum content. It is somewhat surprising that the 
difficulties of an accurate oxygen micro-analysis should be greater than the fraction¬ 
ation and measurement of the 40,000 times smaller quantities of the inert gas hehum, 
the principles-of which are described in the following paper. Thus the problem of 
further exploration seems at present to be limited by the abiHty to obtain air samples 
from greater heights. We hope that this difficulty will be overcome, and that the 
work wiU eventually be continued. 
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A micro-analysis of the helium and neon contents of air 

By E. Glijokauf, Mackinnort Research Student of the Royal Society 
{Communicated by S. Chapman, F.R.S.—Received 2 November 1944 ) 

The first part of the paper deals with the quantitative separation of gases by fractional 
adsorption, the theoretical conditions of which had to be investigated before a really accurate 
helium analysis could be undertaken. 

The second part describes the micro-method and apparatus used for the determination of 
the helium and neon contents of atmospheric air, and discusses questions affecting the 
accuracy of the results, especially with respect to the samples obtained from the stratosphere 
(see preceding paper). Figures are given for the most reUable absolute values of the helium 
and neon contents of atmospheric air; 6-239±0*004 and 18*214 0*04 parts per million 
respectively. 


1 . Quantitative separation of gases by fractional absorption 

The aim of this part is to deal with the quantitative aspect of the separation of 
two or more gaseoiis substances by fractional adsorption and desorption processes. 
It endeavours to show what relationships must be observed to obtain optimum 
conditions for the sorptive separation; what is the minimum number of adsorption 
umts and operations needed to reach a certain degree of purity in separating quan- 
fatatively two substances of known adsorption coefficients; and how to apply these 
deductions for the purpose of a quantitative analysis. 
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This study of the mechanism of separation by fractional adsorption has been 
necessary during the development of a method for the quantitative determination 
of helium in a few c.c. of air, and wherever practical examples are required in this 
paper, these will be taken from experiments on the quantitative separation of helium 
and neon. The general equations, however, apply to any combination of two gases. 


(a) Optimum conditions for a single adsorption unit 

A single adsorption unit is considered to consist of a certain quantity of a solid 
adsorbent in contact with a vessel of volume F. Quantities A, B, etc., of one or more 
gases may be distributed in equilibrium between the two phases. The gases contained 
in the vessel V can be separated from the adsorbent, and removed from the vessel V 
(e.g. as shown in figure 2 by a system reminiscent of a Topler pump). The ratio of 
the concentrations and in the adsorbent phase and the volume phase respectively 
is generally governed by an equation of the Langmuir type: 

1 + k^c^ 

However, the concentrations of the adsorbate occurring during a micro-analysis are 
so small that becomes 1, thus 

Cg = av (1) 

This form of equation holds good whether the concentration of the adsorbate is 
given in terms of surface area, volume, or weight of the adsorbent, or whether the 
pores and the dead space between the particles of a sohd adsorbent are allowed for 
or not. These modifications affect only the numerical value of the adsorption 
coefficient a. 

The equilibrium distributibn in both phases of a quantity Aq of a gas A leaves in 
the volume phase the quantity 


A — 

4 — ^ 4 — a 4 

(2a) 


Fc,, + /Sc, « “ 1 + a/S/F ® 

and in the adsorbent 

Ai = (l-a)^o* 

(26) 

The expression 

1 

® “ l + a/S/F 

(3a) 


will be called the distribution factor of this particular adsorption unit with respect 
to the gas A. A second gas B would, of course, have a similar distribution factor 




(36) 


As long as the adsorbent is far from being saturated, the adsorption coefficients a 
and ^ vary as a function of the temperature only, their ratio becoming more different 
from unity at lower temperatures. Therefore, if for experimental reasons a suitable 

7-2 
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adsorbent and the lowest convenient temperature have been decided upon, the 
efficiency of the separation of the two substances A and B depends only on the 
choice of the, ratio SjV, 

At this point the question arises as to the * optimum conditions for the separation 
of two substances. The ratio SjV can always be chosen so large that there is hardly 
any of the substance with the bigger adsorption coefficient left in the gaseous phase. 
However, the amount of the other substance, though considerably purified, would be 
exceedingly small, which circumstance would make this arrangement unsuitable for 
a quantitative separation. The best separation of two gases may be considered 
achieved when a maximum proportion of'one of the substances would have to be 
transferred to the other phase in order to produce equal ratios of the two gases in 
both phases.* This condition, which is independent of the way in which the transfer 
is to be considered, indicates that, for optimum separation, the absolute value of 


(a - 6 ) should be a maximum. 

q 

Thus d{a-b)ldy = 0,^ the solution of which, in accordance with equations 
(3a) and (36) is 


VI8 = 


( 4 ) 


This simple relation makes it possible to predict the most effective ratio of adsorbent 
8 to volume F, if only the adsorption coefficients of the gases can be estimated, and 
thus obviates much trial-and-error experiment. Equation (4), in combination with 
equations (3 a) and (36), shows the interesting result that the optimum arrangement 
corresponds to 

aH-6 = 1. (6) 


(6) Fractionation by a series of adsorption units 

If a series of adsorption units is used for fractional separation, tho procedure 
followed may be compared with that of fractional crystallization. The gaseous 
phase is transported from one adsorption rniit to the next, as are the precipitated 
products of fractional crystallization, both processes increasing the purity of the 
products. In the case of gases the adsorbent of the first stage is then again con¬ 
nected with an evacuated space into which the gases initially adsorbed can again 
expand according to their distribution equilibrium; this process may be compared 
to the repeated concentration of the mother liquors in fractional crystallization, 
resulting in products of inferior purity, but increasing the yield. These procedures 
are repeated again and again, and the gas taken from any one stage is always com¬ 
bined with the adsorbent of the next higher stage, in complete analogy with the 
crystallization process. 

For simplicity, the sequence of operations is shown in table 1 for a single gas only 
(the same procedure and indices apply, of course, simultaneously to all the gases 

For eqi^ quantities Aq and Bq this distribution has the smallest entropy S among all 

^ates pitted by equations (3a) and (36). -S—log.4i!Ai!Bi!Bi!. Differentiation leads 
to equation (4). 
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present in the mixture). The upper index gives the number of the adsorption unit 
in which the amount of gas is present, the difference between the gas part and the 
adsorbent being shown by the latter symbol in heavy type. The lower iudex marks 
the stage in the j&ractionation process—or the number of operations performed—a 
fractionation operation being considered complete after the transport of the gas 
phase to the next higher adsorption unit. 

After the successive gas fractions have passed a number m of adsorption units x 
large enough to ensure the required degree of purification, the gas fractions from the 
last adsorption unit, beginning with + are collected in a storage vessel. 


Table 1 . AMOTmT of gas m the adsorption units at various stages 
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Calculating the amount of gas A in the various units and stages of the fractionation 
process, the following general expressions are obtained for any value of the indices: 


Am ^ A 
-^0 


( to - 1 )! 


(ot— 1 )! («,—m)! 




■m) 


(6a)* 


Am _ A __ L - 




Simila.r equations are valid for any gas B. 


( 66 ) 


(c) Optimum number of fractionations (operations) for 
a given number of adsorption units 

The amount of gas ri, Ag, collected in the storage vessel after completing the wth 
fractionation process (see table 1) is equal to the sum of the gas fractions of the last 
(mth) stage, beginning with the fractionation number m up to n: 

= + + (7) 

Similarly, the amoimt remaining in the fractionating system, A^, is equal to the sum 
of the end-fractions after n fractionations: 

^, = ^r+i+<+2+-+^^- (8) 

The corresponding formulae are valid for Bg and B^ of another gas B. 

During the fractionation of two substances the end-fractions Fg. which are collected 
in the storage vessel consist of a mixture of both substances 

F, = A^+B^. 

In the course of the process either of the quantities ri”* and rises, goes through a 
maximum, and falls again to zero. Therefore, if one plots the quantities of the end- 
fractions Fg. against the fractionation number *, a curve is obtained which has two 
maxima and one miuimum (best seen in figure 1 a) showing the separation of helium 
and neon under optimum conditions using 4 adsorption units. Figure 16, reproducing 
the same process with 12 adsorption elements, shows the much greater resolving 
power of a system using hn increased number of units. From the way the indices 
were chosen, and from table 1, it is obvious that the first (m — 1) fractionations cannot 
give any end-fractions, as the gases must first pass through the m adsorption units 
before reaching the storage vessel. 

The question now arises, after what number x of fractionations will an optimum 
degree of separation be reached? It Is obvious that, if the process is interrupted too 
early, the gas with the lower adsorption coefficient, say A, will not be completely 
contained in the storage vessel, though the gas there may be of very high purity; if 
the fractionation is continued too long, Ag wiU nearly equal Ag, but in this case the 

* A sunilar equation has been developed independently by Martin & Synge ( 1941 ) for the 
partition of solutes between a similarly operated system of two liquid phases. 
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separated product will be contaminated by a considerable amount of the other 
gas jB. One of these alternatives might be suitable if it were desired to obtain a 
quantity of one of these gases in as pure a state as possible. This, however, as pre¬ 
viously stated, is not primarily the object of a quantitative analysis. 



A state of separation is required where the quantity together with the un¬ 
avoidable contamination represents, if possible, the actual quantity Aq, Whether 
it is possible to obtain such a perfect separation depends on the ratio AqIBq, In 
general one will have to be content to keep the difference 

AA=^A,+B,-Aq 

as small as possible. Since = Aq, 

= (9) 

It follows from equation (6) that the ratio of two subsequent fractions of a pure 
gas obtained from the last (mth) element has the value 

An+i _ ^ 

A^ n — m+l 


(1—a) = z{l—a). 


( 10 ) 
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As for n'^2m the value of 2: is to a first approximation constant in the neighbourhood 
of n, the sequences of end-fractions of the single gases in this region closely resemble 
geometric series. The sequence of fractions comprising the quantity still con¬ 
tained in the fractionating system (equation (8)) is thus, according to the rules for 
summing convergent geometric series, approximately 


^ l--z{l-aY 

while the quantity 5^, contained as contamination of A (see equation (7)) in the 
storage vessel, is similarly 

*(!-!>) 

While equations (11) and especially (12) are hardly accurate enough to be used 
for correcting the analytical result of the fractionation by means of equation (9) 
(except if m is very large), it can be used to calculate directly the final fractionation 
number n which gives an optimum separation. Substituting and 
means of equation (6), it follows for A A = —= 0 


logi*+mlog2+(»-«+l)logi-:|+logiL^ - 0. (13) 

It will be seen from the following that, if the distribution factors have been chosen 
according to the optimum conditions (a+b = 1), the last member of equation (13) 

becomes negligible, as 2 | = -— - j is very nearly 2. Thus the fractionation num¬ 
ber n, where the quantitative separation of the two gases is an optimum, is 

/ logf \ log^ 

n = m \ 1-1-' ’ ' — ^ 'I'*' 


or approximately 


n~ 2m—1-t- 


1 


log 


1-a 


(15) 


Equation (15) reveals the simple relation that, if A and B are present in quantities 
of similar magnitude, the number of fractionations is just less than double the 
number of adsorption units, whatever the individual adsorption intensities of the 
gases to he separated. This means that, under optimum conditions, the number of 
actual end-fractions is only about the same as that of the adsorption units used for 
the fractionation. This relation is best illustrated in figure 1, showing the end- 
fractions of the helium and neon separation with 4 and 12 adsorption units. The 
end-points of the fractionation are reached between 6 and 7 and after 24 operations 
respectively. 
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{d) Purity of the separated products 

The relative amount of impurity {B) in the product A separated oS is actually: 
Va = ^sliAg+Bg), which is, according to equation ( 9 ), practically identical with 



Then it follows from equations (11) and {6a), taking into account that (a-f 6) = 1 
and that z is approximately 2, 


a^(l —a)^^ 


{m~l)!( 7 i~m + l)! 


To evaluate m from this equation, it is permissible to use instead of the factorials 
the empirical function 0 - 31(1 * 945 )^^ which quite accurately reproduces the numerical 
values if n is approximately 2 m, Eliminating n by means of equation ( 15 ), this 
leads to 




log^log(2-2a) 
-^0 _ 


log 3 - 8a( 1 — a) log -log 3 - 8a( 1 — a) 

i —■ a 


Unless the gases to be separated are present in quantities differing by orders of 
magnitude, the first expression in equation ( 18 ) is of decisive influence; the second, 
giving a correction for the effect of the relative quantities of the two gases, approaches 
zero, if approximately equal quantities are to be separated. 

The effect of an msufl6.cient number of adsorption units on the purity of the end- 
fractions can be seen in figure la. 


(e) Comparison with the process of chromatographic separation 

The foregoing calculations have been made with the purpose of obtaining optimum 
separation of two substances with a minimum of adsorption units and operations. 
If we consider the separation of two (or more) substances without being limited in 
the number of adsorption units and operations by experimental conditions, we arrive, 
by simultaneously increasing both the number of units and operations, at a state 
which corresponds to the conditions of a chromatographic separation. (For treatises 
on this subject see Zechmeister & Cholnoky 1941 and Strain 1942.) This can be 
seen best by considering the distribution in a fractionating column, obtained from 
equations (6a) and (6*6), when every adsorption unit m is subdivided into X smaller 
units with the same distribution factors a and 6, and when the operation number 
n is simultaneously increased by a factor X. If we consider the contents of every 
group of X subunits, distributions of the gases in the fractionating column are 
obtained which show (see table 2) that the gases present are separated into bands, 
the concentration and sharpness of which increase with X. (The symmetry of the 
A and B distribution in the example of table 2 is due to a and 6 corresponding to 
optimum conditions.) 
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If the attempt is made to transform equations (6a) and (66) by letting n approach 
infinity, the function of {A + A)^ becomes discontinuous. By using Stirling’s formula 
for the factorials, equations (6a) and (66) can be changed into 




|(7l—m)/w|7l 


(6c) 


It can easily be shown that the curved bracket of equation (6 c) is always less than 
unity by an amount ^(a—m/^i)^, so that with n approaching infinity, (JL + A) is 
always zero, except at a point where a — mjn and where (A + A) = 

Considering the fractionating column as a tube for chromatographic separation, 
and replacing mjn by SxjL and a by 11(1 +aMjS) (see equation (3a)), where 
X = length of adsorption column in cm., Mx = mS = total amount of adsorbent up 
to X, 8 x = mV = total gas space (dead space) up to x, L = nV = total volume move¬ 
ment (solvent used), it is seen that the whole of A q and Bq is to be found in two points, 
the positions of which are given by 

^ and a: = 

^ S+aM ® S+fiM’ 

which are special solutions (for linear adsorption) of the equation for band displace¬ 
ment given by Wilson (1940) and Weiss (1943) (equation ( 7 )) in their theories of 
chromatography. 

It may be mentioned that the width of the chromatographic adsorption band is 
due to the introduction of the solute into the adsorption column in a not neghgible 
quantity of solvent io.'This means that not all the solute is introduced at the same 
time, so that the solvent of the later part may be considered to transport the solute 
adsorbed earher. Consequently, the width of the bands must be 

and Wry = j 

^ 8 + aM ^ 8 +^M' 


and, if the solute was introduced in a solution of constant concentration throughout, 
the intensity of the bands must be uniform and must remain so during the process 
of development. It also follows that two solutes (of linear adsorption) can be 
separated by an additional amount L of the same solvent, the quantity of which is 
given by 




^\8+ocM 



approx. 



which corresponds to Wilson’s equation for this amount. 

K in actual chromatographic practice the edges of the bands are not quite sharp 
and tend to spread during the development of the chromatogram, this, as has 
been pointed out by de Vault (1943) and by Weiss (1943), is due to anon-hnear 
adsorption function. 

Thus the link-up with the theory of chromatography is complete, and it follows 
that the latter is actually a special case of fractional separation as described in this 
paper, which results from the employment of an infinite number of adsorption units. 
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(/) Practical application {summary) 

It is now possible to approach systematically the problem of a micro-separation 
by fractional adsorption of any two gases, if their adsorption coefficients a and /? 
are known. From the values of a and there follows the optimum ratio of the 
quantity S of adsorbent to the gas space V of the adsorption unit by means of 
equation (4), whereupon the distribution factors a and b are obtained from equations 
(3 a) and ( 36 ). 

Thence, taking into account the relative occurrence of the two gases, the number 
of adsorption units m required to give the desired degree of separation can be 
estimated from equation ( 18 ), while the number n of fractionation operations is 
given by equation ( 14 ). As regards n, it is weU, however, not to rely implicitly on the 
calculation, as small deviations from the optimum /8/F, which are unavoidable in 
the construction of the fractionating column, may easily alter n slightly, without 
affecting noticeably the degree of separation. It is best to subject the two substances 
in the pure state to a fractionation with the completed apparatus, measure the end- 
fractions separately, and decide on the most suitable end-point according to where 
(see equation ( 9 )) is a minimum. 


2 . The helium and neon analysis of air 
(a) Method and apparatus 

Figure 2 shows the lay-out of the main parts of the apparatus: (1) the pipette A 
which, at the same time, serves for the purification of the air from hydrogen (if any), 
oxygen and moisture, and which permits of a reasonably accurate determination of 
hydrogen and oxygen in the air sample; (2) the fractionating column J 5 , consisting 
of a number of adsorption units, only three being shown; ( 3 ) the storage vessel C for 
the purified helium (and neon respectively) in which the gas could afterwards be 
compressed into a small volume. To the storage vessel was fitted a small capillary 
for the spectroscopic investigation of the purity of the end-fractions from the 
fractionating column. 

Other parts of the apparatus, not shown in the figure, are ( 4 ) a Pirani gauge, im¬ 
mersed in liquid oxygen, in which the helium or neon was measured by means of its 
thermal conductivity; ( 5 ) a thermostat containing the arrangements for the expan¬ 
sion and storage of the pure helium and neon, used for calibrating the deflexion of 
the Pirani gauge; (6) a modified Topler pump for pumping out and compressing the 
air from the sampling vessels and for transferring it into the gas pipette A, 

(a) Treatment of samples. As mentioned in the precediaag paper, it was neces¬ 
sary to remove all the oxygen and carbon dioxide of the air on account of the 
primitive method of sampling used. The result of the analyses was therefore 
based on the ratio of helium to (nitrogen + argon); the proportion of the latter 
in dry air ( 0 * 7902 ) is considered by Elrogh (1919) to be a geophysical constant (see 
also Paneth 1937). 
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After arrival, the glass vessels were opened under mercury, and the air was trans¬ 
ferred into the analysing apparatus by means of a gas pipette. It was freed from CO2 
and HgO by passing over solid NaOH and CaClg and then transferred to the gas 
pipette A, Oxygen, hydrogen and any organic gases if at aU present were destroyed 
by an electrically heated copper wire, the products of the combustion (water and 
possibly CO2) being removed by means of specially dried NaOH and CaClg (see 
F and Q in figure 2). 



The combustion took place within the measuiing pipette A which enabled the 
remaining gas pressure to be measured with an accuracy of 2 parts in 10,000, by 
means of a cathetometer. To obtain maximum accuracy the manometric tubes of 
the gas pipette were made from the same piece of glass tubing (15 mm. diameter) 
which resulted in identical meniscus surfaces for both columns of mercury. 

(yff) Hydrogen and oxygen analysis. In the case of air from balloon soundings a 
check was made on the hydrogen and oxygen contents of the air. 

The hydrogen was burned by heating a spiral of palladized platinum wire {H) 
and the hydrogen content was calculated from the contraction of the gas. Then the 
copper spiral was heated to about 700 ° C which resulted in the removal of the 
remaining oxygen. From the result of both contractions it was possible to calculate 
the oxygen content of the air. 

Analyses of pure air carried out in this way gave oxygen contents of 20-93- 
20*96 % and no measurable quantity of hydrogen. If the sample was intentionally 
contaminated by hydrogen, the oxygen analysis gave consistently slightly lower 
values, approximately 20*90 %, if referred to hydrogen-free air. This may be due 
to the immediate adsorption of hydrogen by either the glass walls or the palladium, 
resulting in the course of the combustion in slightly lower values for both the 
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hydrogen and oxygen contents. As most of the stratospheric air samples contained 
a small hydrogen contamination it was not possible to place any significance on the 
small oxygen deficits which were found in many samples, 

(y) Fmctioriating column. The equations deduced in the preceding part were 
applied to the construction of an apparatus for separating the helium and neon of 
^a very small sample of air of approximately 2 c.c. 3sr.T.p. 

It was found experimentally that {8 =) 2*5 g. of a hardnut charcoal (including the 
unavoidable dead space between the grains and the volume of the tube leading to the 
charcoal container) when cooled in liquid nitrogen, took up helium to the volume 
{ol8 =) 26*5 c.c. at 20° C, and neon to the volume {^8 =) 293 c.c. An adsorption unit 
containing 2*5 g. of this charcoal should therefore (according to equation (4)) have 
a separable gas phase of 

V =^^{otS^8) = V(26-5 X 293) = 88*1 c.c. 

This gives optimum values of the distribution coefficients (according to equations 
(3a) and (36)) for helium a = 0*769 and for neon b = 0*231. 

To make the analysis as accurate as possible it was decided to keep the impurity 
of neon in helium below 0*5 %. The number of adsorption units (m) necessary to 
obtain this degree of separation can be calculated from equation(18),using 9/ = 0*006 
and AJBq = 0*29. This leads to m = 12 adsorption units. 

Actually the gas spaces of the constructed apparatus were somewhat smaller 
(approximately 75 c.c. on the average) than intended; the distribution factors of 
the apparatus had the average values of a = 0*740 and b = 0*205, as was found from 
the values of the end-fractions according to equation (6a). The difference (a —6), 
however, which decides the effectiveness of the separation was practically unchanged. 

The number of fractionations {n) necessary to obtain optimum separation is 
given by equation (15), using m = 12, and the actual values of the distribution 
factors, resulting in = 24. It was therefore necessary to interrupt the separation 
after 24 ftactionation operations and to add or subtract a small correction which, 
at any rate, was only a small fraction of 1 % of the total helium. 

A single adsorption unit consists of a U-tube ( U) filled with 2*5 g. of active charcoal, 
a glass vessel (T^) connected with this charcoal tube, and a second glass vessel 
which is necessary for the transport of the gas from to the next adsorption unit. 
Both glass vessels can be filled with mercury from two reservoirs jB^ and iJg? fke level 
of the mercury being adjusted by the air pressures in and respectively. 

The gas to be purified, entering the adsorption unit at the stopcock g, passes 
through the charcoal tube U cooled in liquid nitrogen into the vessel which is 
separated from the rest of the apparatus by mercury, as shown in figure 2. If the gas 
consists only of a small amount of a helium-neon mixture, adsorption equilibrium be¬ 
tween the charcoal and the gas phase of the vessel is obtained in less than 5 sec., as 
could be shown by experimental separation allowing different times for the adsorption 
equilibrium to be reached. During the first adsorption, when nitrogen and argon 
were still present, 20 min. were allowed for the dissipation of the heat of adsorption. 
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After equilibrium has been established the mercury in 1^ is raised until it fiOls the 
whole space of and, as soon as the connexion with the charcoal tube is shut off by 
the mercury, the mercury in is lowered to the level of the tube connecting it with 
Vi. The purified gas formerly in is thus transferred into the vessel By raising the 
mercury in again this gas is transported into the next adsorption unit where a new 
adsorption equilibrium is reached. The two glass vessels V-y and thus combine to 
work in a way similar to a Topler pump. 

The fractionating apparatus consists of a series of adsorption units which are all 
^operated simultaneously by means of the two mercury reservoirs Ry and so that 
a single operation will transport the gas parts of all the twelve adsorption units to 
the next higher stage. Apart from the simplicity of the operation this method has 
the advantage that no stopcocks are used during the fractionation in the high- 
vacuum part of the apparatus, which considerably increases the safety against 
undesirable leakages from outside. 

By alternate raising and lowering of the mercury in the front and back rows of 
glass vessels the gas, originally in the vessel slowly travels through all the units of 
the fractionating column and finally arrives completely purified from all gases except 
helium in the storage vessel (?, where it represents the first end-fraction. In the 
meantime, however, the charcoal tube U reaches equilibrium with the empty vessel 
Vy every time the mercury is lowered in the front row of vessels. This gas too is trans¬ 
ported during the next movement into the second adsorption unit where after 
having been united with the residual gas of the second charcoal tube it expands into 
the emptied glass vessel Vy, By the continuation of the described mercury move¬ 
ments this fraction and all the subsequent fractions move from one adsorption unit 
to the next higher stage until they arrive in the storage vessel C. The process corre¬ 
sponds exactly to the procedure outlined in table 1 and is quantitatively expressed 
in equations (6a) and (6’6). The measured amounts of helium and, if the fractionation 
operations are continued too long, of neon, contained in the individual end-fractions 
can be seen from figure 16, and they closely conform to the figures calculated from 
equation (6a). 

Table 3 gives the fractionation results in comparison with the figures calculated 
from equation (6a), using average distribution coefficients a = 0-740 for helium and 
b — 0-205 for neon. Column. 1 gives the number of the fractionation operation as 
defined in table 1. Column 2 contains the galvanometer deflexions of the Pirani 
gauge, when every end-fraction is measured separately. Columns 3 and 4 give the 
theoretical values for the end-fractions according to equation (6 a). The ratio Aq/jBq 
is in this case larger than the actual composition ratio of helium to neon, as the 
Pirani gauge is less sensitive for neon. The apparent efficiency of the separation, as 
measured by the Pirani gauge deflexions, is thus higher than theoretically calculated 
by equations (17) or (18) (0-22 % instead of 0-5 % neon in the helium fraction). 

The last fractionation unit is separated by a mercury shut-off (D) from the 
storage vessel (7, in which the purified gas is collected. The shut-off is required to 
make the pumping action of the last unit more effective, and it is made from capillary 
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tubing so as to reduce the dead space. The apparatus can be evacuated by lowering 
the mercury of so far that the slightly inclined tube T which supplies the mercury 
for twelve of the glass vessels, can be used as a wide and efficient pump connexion. 


Table 3 

fractionation galvanometer deflexion He fraction calc, with Ne fraction calc, with 
number, n cm. = 275*2 cm. Bq = 560 cm. 


0-11 

0 •] 

0 " 

0 

12 

7*6 

7-42 

0 

13 

23*5 

23-15 

0 

14 

39-2 

39-13 

0 

15 

47-9 

47-48 

0 

16 

46-3 

46-30 

0 

17 

18 ' 

38*2 

27-6 

or,,. A 38-52 

■ 28-37 

■ 274-4 nr 

19 

18-6 

18-97 

0-02 

20 

11-9 

11-71 

0-03 

21 

6*8 

6-77 

0-06 

22 ' 

3-9 

3-69 

0-10 

23 

2-211 

1-92 

0*15 

24 

1-31, 

0-96J 

0-22 i 


25 

0-80 

0-46' 

0-32 

26 

0-60 

0-21 

0*46 

27 

0-73 

0-10 

0-65 

28 

0-91 

0-04 

> 0-82 0-86 

29 

1-14 

0-011 

1-12 

30 

1-47 

0-00! 

1-44 

31 

1-80 

0 . 

1-81 

35 

4-‘00 

6 

3-8 

40 

7-’44 

6 

8-i 

4*5 

11-5 

6 

11-8 

50 

15-6 

6 

154 


Actually two gas wash bottles were combined to form one of the mercury reservoirs 
as can be seen in the photograph of figure 3 which shows the actual arrangement of 
the fractionating column. Almost the whole weight of the fractionating column with 
about 30 kg. of mercury was resting on the four internal seals of these gas wash 
bottles which, however, withstood this not inconsiderable load without a single 
mishap. 

The charcoal U-tubes were arranged in such a position that a group of four could 
be immersed in one Dewar vessel of 5 cm. diameter. 

The working of the fractionating apparatus was relatively simple. Before the 
start the charcoal tubes were baked at about 300° C in the vacuum of a mercury 
diffusion pump. After cooling to room temperature the charcoal tubes were immersed 
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in liquid nitrogen (the purity of which was tested with an oxygen vapour-pressure 
thermometer) and were allowed to stand for 10 min. Then the mercury in the front 
and back parts of the fractionating column was raised to the levels shown in figure 2 . 
A measured sample of oxygen-free air was introduced from the pipette A by opening 
the stopcocks b and g leading to the first charcoal tube. After 20 min, the fractiona¬ 
tion operations were begun. Alternate raising and lowering of the mercury in two 
rows of the fractionating system caused the helium and a diminishing part of 
the neon of the air sample to be transported from one stage of purification to the 
next one until pure helium is delivered, into the storage bulb 0, After the 24th 
operation, i.e. after the 13th end-fraction had been collected in C, the fractionation 
of the helium was complete, the whole process taking exactly 48 min. The storage 
bulb C was then filled with mercury, and the purified helium thus compressed into 
a small space, ready for measurement. 







PiGUBE 3. Fractionating column. 

(5) MeasuremeTit of helium with the Pirani gauge. The Pirani gauge used for these 
measurements was similar to that described by Paneth & Urry { 1931 ). It contained 
a small amount of active charcoal in the bottom of the U-tube through which the 
gas to be measured entered the gauge, thus safeguarding the vacuum in the gauge 
against gases (e.g. hydrogen) released by the glass walls or by the stopcock grease. 
In consideration of the increased accuracy required for the determination of very 
small differences in the helium content of air, the length of the gauge was increased 
so that the resistance wire was about 10 cm. below the level of the liquid oxygen 
surrounding the gauge. This reduced the zero creep of the instrument, caused by slow 
variations of the oxygen level, so much that it became unnecessary to use a second 
gauge for compensation in the Wheatstone bridge circuit. 


Vol. 185. A. 
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The measuxement of the helium from the fractionation and of the standard helium 
respectively were carried out in the usual way, with due consideration of the zero 
creep of the Pirani gauge. Afterwards, to make sure that the fractionation of the 
ViAlinm from air had been quantitative, a few more fractions were obtained by alter¬ 
nate raising and lowering of the mercury in the fractionating column. Of these 
fractions, the 25th, 28th and 31st were measured separately. The knowledge of these 
figures eliminates the slight uncertainty as regards the factors a and b and thus makes 
it possible to calculate the correction A A (see equation (9)), which, according to 
various circumstances, may alter slightly on different days. Calculation leads to the 
(semi-empirical) equation >2 

AA = l-78J’25-2-7t^, (19) 

which value has to be added to the helium of the first 24 fractionations. 

In the case shown in table 3, AA, according to equation (19), has a value of 
-1-0-18 cm. defl.exion, as compared with -1-0-23, which would follow from the com¬ 
plete analysis given in columns 3 and 4. Out of a total defl.exion of 276 cm., this 
represents 0'06 % of the total, i.e. an entirely negligible amount, as the galvanometer 
deflexion of a normal measurement cannot be read with such an accuracy. 

Another simple check on the accuracy of the fractionation could be made by com¬ 
pressing some of the 28th fraction into the capillary shown on top of the storage 
vessel G and by observing the neon spectrum excited by an external high-frequency 
electrode. In this spectrum the yeUow helium line should no longer be observable. 

(e) Calibration vMh 'pure helium. After complete removal of oxygen and measure¬ 
ment of the pressure of the remaining nitrogen-argon mixture, the level of the 
mercury in pipette A and thus the volume of the pipette was fixed by closing stop - 
cook c. The stopcocks b and g connecting the pipette with the fractionating apparatus 
were opened and the helium was fractionated off from the heavier gases and collected 
in c. After closing g, evacuating the pipette A through b and/, b and h were opened 
and the helium was measured by the galvanometer deflexion of the Pirani gauge. 
During this measurement the pipette A was connected with the gauge. Afterwards 
the pipette A (with b closed) was filled with pure helium of accurately known pres¬ 
sure (approximately the same as the partial pressure present in the oxygen-free air 
of the pipette A), and the approximately equal deflexion of the galvanometer caused 
by this known amount of helium within the same volume served to calibrate the 
Pirani gauge. This standard helium was obtained by isothermal expansion from a 
laige and accurately measured pressure in vessels calibrated by weighing with 
water and mercury. 

To ensure that the Pfrani gauge which was immersed in liquid oxygen showed the 
same sensitivity during the two measurements, the liquid oxygen level was kept in 
the same position by a constant supply of liquid oxygen dropping into the surround- 
ing Dewar vessel from a second Dewar vessel with an outlet near the bottom. 

The punty of the helium used for comparison was tested from time to time by 
subjecting it to the same fractionating process as was used for the air analysed. In 
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this case the end-product of the fractionation process gave almost the same 
deflexion* in the Pirani gauge as an equal quantity of standard helium used directly 
without fractionation. In the case of neon analysis of air, exactly the same pro¬ 
cedure was followed, by comparing the neon fraction with a known amount of pure 
neon. 

( 6 ) Discussion of possible sources of error 

Although the analytical error was very small during the time when the apparatus 
was working at its best (approximately ± 0-2 %), yet some consideration must be 
given to possible sources of error in the case of samples obtained from the stratosphere 
(see the preceding paper by Gliickauf & Paneth). Suspicion has naturally been 
directed to the permeability of glass for helium. 

However, the quantity of helium diffusing through soda glass of 1 mm. thickness 
is only 10 ~^® c.c./cm.^/hr. (Paneth & Peters 19 ^ 8 ). As the glass surface (S) of the 
vessels was about 300 cm.^ and the time interval between exhaustion of the 
vessel and analysis never exceeded 12 months, the total amount of helium diffused 
into the vessel from the outside air must have been below 3 x 10”^® c.c. k.t.p. 
This would affect the helium content of the sample to an extent of 10 “^ % of its 
absolute value. 

Another possible source of error, which is much more dangerous, is due to the 
fact that glass which has been exposed for a considerable time to air dissolves about 
2-5 X 10-® c.c. isr.T.p. of helium per gram of soda glass (Paneth, Petersen & Chloupek 
1929 ), or approximately (7 = 6 x 10 -® c.c. n.t.p./c.c. of volume. Using the rate of 
diffusion found by Paneth & Peters ( 1928 ), there follows for the diffusion coefficient 
of helium through glass a value of k = 2x 10 -^^ cm.^/hr. Prom this can be calculated 
the amount of helium which is lost from the glass into a vacuum. This is approxi¬ 
mately G8^{kt) c.c. rr.T.P,, so that even for an interval of 12 months {t = about 
9000 hr.) only 2*5 x lO-"^ c.c. n.t.p. are released by the glass. As between 10 and 
20 c.c. N.T.p. of air were usually obtained in each air sample, containing amount! of 
helium between 5 and 10x10-® c.c. i^.t.p., the release by the glass cannot have caused 
errors in excess of 0*5~0*3 % of the helium content. But actually the error from this 
source must have been smaller still, as the glass vessels, in order to remove moisture 
from the glass-blowing operations, were heated for about a quarter of an hour in a 
high vacuum, whereby a good deal of the helium dissolved near the inner glass surface 
must have been removed before the glass vessel was sealed off. 

Quite apart from these considerations, several checks were made by analysing the 
contents of glass vessels which, after having been exhausted several months pre¬ 
viously, had developed a slight leakage and had become filled on the ground with 
air of a few mm. Hg pressure. No helium surplus exceeding 0-5 % was found in any 
of these vessels. 

* Actually the deflexion was smaller by 0-2-0-3 %, remaining in the fractionating system, 
an amount which in the case of a helium-neon mixture is just compensated by a small im¬ 
purity of neon of equal magnitude (see p. 103 and table 3, column 3). 


8-2 
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(c) Helium content of air 

The accuracy of the analytical procedure in the later stages of its development 
can best be judged from table 4 giving, apart from the London average, the figures 
of sixteen nearly consecutive analyses. (The sequence was occasionally interrupted 
to carry out analyses of stratosphere air.) The standard error of the individual 
determination is 0*008 p.p.m. or 0* 15 %* of the helium, and the fluctuations nowhere 
exceed twice this value. The average helium content obtained from all these analyses 
is 5*239 X10”® c.c./c.c. with a probable error of ± 0*002 x 10”® or 0*04 % of the 
absolute value. Systematic errors introduced by the calibration of the apparatus 
are of the same, if not smaller, magnitude; thus the error of the average value is not 
likely to exceed 0*004 x 10”®. 


Table 4. Detebminatioks oe the absolute value oe the 

HELIUM CONTENT OE AIR 

He content in 


origin of air p.p.m. 

London (average of 12 analyses) 6*240 

Rnssian Harbour, Novaja Zembla 6*260 

Krasnojarsk, Yenesei River, Russia 6*245 

Death Valley, California, U.S.A. (5*239, 6*238) 5*239 

Orono, Maine, U.S.A. 6*226 

Panama Canal 6*240 

Poona, India (6*230, 6*230, 5-245) 6*236 

Caribbean Sea, long. 70^ W, lat. 12® N 5*243 

Atlantic Ocean, long. 47® W, lat. 26® N 6*233 

Marienthal, South-West Africa (6*233, 6*263) 6*243 

Thursday Island, Pacific Ocean 6*242 

Antarctic, long. 104® E, lat. 63® S 6*227 

Antarctic, long. 9® E, 70® S 6*231 


average 6*239 ± 0*002 


(d) The neon content of air 

Though the apparatus described was constructed for the fractionation of helium 
from a helium-neon mixture, it could, with slight modifications in the procedure, be 
used for the separation of neon from the rest of the gases contained in air. The gas 
with the next higher adsorption coefficient from which neon has to be separated by 
fractional adsorption is hydrogen. Although hydrogen should not be present at all 
in the air after combustion on copper oxide, there is always a small amount of 
hydrogen released by or diffusing through the glass walls of the apparatus, sufficient 
to cause serious errors, unless the neon is purified by fractionation. The influence of 
traces of hydrogen in the neon would have been particularly disturbing, as the 
measurement was done with a Pirani gauge which is very sensitive for hydrogen on 
accoimt of the high accommodation coefficient of the latter. 

* This is approximately the error to be expected from the xmcertainties of the galvano¬ 
meter readings. 
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As, however, the adsorption coefficients of hydrogen and neon (aNe/^3CH2 ^ 

0*013) differ much more than those of helimn and neon {oc:s.el^Ne = 0*09), the nmnber 
of adsorption units used can be reduced in order to decrease the number of fraction¬ 
ations, and thus the time required for the separation. Moreover, the larger absolute 
values of the adsorption coefficients make it necessary to reduce the amount of 
cooled charcoal in proportion to the volume of the glass vessels (see equation (4)). 
For the same reason also the temperature of the bath was raised by using liquid 
oxygen instead of liquid nitrogen. 

The procedure was as follows: The helium was fractionated off in the usual way 
by means of 24 fractionations. To save time in the subsequent fractionation of the 
neon, the liquid nitrogen was removed from the first four charcoal tubes already 
after the 16th fractionation, which no longer affected the helium end-fractions. The 
first of these charcoal tubes, which for this purpose was made longer than the others 
(see figure 3), was cooled in liquid oxygen to about one-fifth of its length, so as to 
retain the bulk of the heavier gases (nitrogen mainly). After the 20th fractionation 
the cooling bath was removed altogether from the second set of four charcoal tubes, 
and, after the 24th fractionation, the liquid nitrogen cooling the last four tubes was 
replaced by liquid oxygen, the tubes being immersed to only one-fifth of their 
length in the cooling bath. Thus only the first charcoal tube and the last four units 
were used for the fractionation of the neon from the heavier gases. Calculation by 
means of equation (18) shows that impurities of hydrogen remaining in the neon 
after a five-unit fractionation must be less than 0*02 % of the latter. 

As the depth to which the charcoal tubes were immersed was in this case not well 
reproducible, the end-point of the fractionation was found separately for every 
determination. After the removal of the helium (fractionated off during the fibrat 
24 operations), the next 14 fractions (neon) were collected and measured against a 
known amount of neon. Then the fractionation was continued, every end-fraction 
being measured separately (with increased amplification of the Pirani gauge). In one 
analysis of the neon content of air, for example, the bulk of the neon (from the 14 
end-fractions mentioned) contained 93*84 % of the total neon, while the subsequent 
end-fractions were 4*05, 1*63, 0*39, 0*07 and 0*02 % of the total neon. The rate at 
which these fractions are falling off gives asafe indication that all the neon has been 
completely extracted and measured, and that no impurity of a more strongly adsorbed 
component can have been present in the end-fractions. 

Three independent successive determinations carried out in this way gave the 
following values for the neon content of air: 

1*815 xlO-s 
1*820 X 10-5 
1*828x10-5 


averaging 1*821 ± 0*004 x 10-5 c.c./c.c. 
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(e) Comparison with earlier helium and neon determinahons in air 

It is of interest to compare the method and results with those of earlier investi¬ 
gators. In the whole literature there seems to be only one single analysis of helium 
and neon in air, done by Ramsay (1905, 1908), in which a complete separation of 
helium and neon from air has been attempted. As here, the fractional adsorption on 
active charcoal at low temperatures was employed, but the quantity of air used by 
Ramsay was about 5000 times bigger. 

Later workers (Claude 1909; Watson 1910) avoided separation of the hehum-neon 
mixture, but measured the sum of helium + neon and estimated the helium-neon 
ratio by determining the density of the gas mixture. 

A partial separation of a well-defined ratio of the helium in air (Gliickauf 1944) 
has been used during the earher stages of this work to determine the absolute value 
of the helium content of air with relatively good results, but the method, which gave 
a standard error of about 1 %, was later abandoned in favour of a complete separa¬ 
tion. The value of 5*27 ± 0 * 05 x 10~® given by Paneth & Gluckauf (1935) is based 
on the earlier method. 

Table 5 


observer 

Ramsay ( 1905 ) ^ 

Claude ( 1909 ) 
Watson ( 1910 ) 
Gluckauf ( 1944 ) 
present results 


He in lO”® c.c./c.o. 

4- 0 
5 

5- 4 

5*24 ±0-03 
5-239 ±0*004 


Ne in 10 ”® c.c./c.c. 

12-3 

15 

38-2 

18-21 ±0*04 


The analytical figures are compiled hi table 5 . Considering that Watson's single 
estimation is based on the technical separation of gases during liquid-air manu¬ 
facture, and is described by him as 'one of great difficulty', the agreement of his 
more than 30 years old figures, especially that for the neon content, with the values 
given in this paper is remarkably good. 

My thanks are due to Professor P. A. Paneth in whose laboratory at the Imperial 
College of Science and Technology (before 1939 ) this work has been carried out, and 
to the Society for the Protection of Science and Learning for financial help during 
the earher years of this research. 

I also wish to acknowledge the help of Mr K. Hanmer, my former laboratory 
assistant, who carried out hundreds of fractionations. 
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The structure and reactivity of the halogenobenzenes 

By G. W. KBinsrEE. 

Chemistry Departinent, University of Manchester, and the 
University Chemical Laboratory, Cambridge 

[Communicated by A. B. Todd, F.B.S.—Beceived 28 December 1944) 

The stracture of the halogenobenzenes is described in terms of an inductive effect acting 
on the meto-positions and polarization between neighbouring atoms, in addition to the 
well-recognized mesomeric and inductive effects at the ortho- and jjara-positions. Data on 
the side-chain reactions of aromatic compounds are correlated with those on nitration (with 
recognition of the effect of transition-state resonance in the latter case) to provide estimates 
of the charge distribution in the aromatic nucleus. The dipole moments of the halogeno¬ 
benzenes are calculated. 

The present theory of the structure and substitution of aromatic molecules, due to 
Lapworth, Robinson, Ingold and others, which has proved so successful quali¬ 
tatively, appears to be ready for quantitative extension. An attempt to provide a 
starting point for the discussion of the case of the halogenobenzenes is described 
below. 

The slow substitution, compared with benzene, of these compounds in the ortho- 
and jpam-positions has been explained in terms of an inductive effect (I) and a 
mesomeric effect (II) of the electronegative substituent [X). 

X 


1 n 
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Whilst the order F < Cl < Br < I has been suggested for the strength of the meso¬ 
melic effect (Ingold 1934; Hugill, Coop & Sutton 1938), Baddeley & Bennett (1933) 
concluded from their studies of side-chain reactions that the opposite is true, as did 
Groves & Sugden (1937) from their work on dipole moments. Of all aromatic mole¬ 
cules considered the halogenobenzenes were treated least satisfactorily by quantum- 
* mechanical methods embodying the above ideas (Wheland& Pauling iqsS)- Although 
Ri & Eyring (1940) achieved greater success by adopting the semi-empirical pro¬ 
cedure of comparing the observed dipole moments with those calculated from the 
rates of nitration, the divergences from experiment are sufficiently great to require 
a reconsideration of the problem ah initio. 

The mesomeric effect is the result of the contribution of states III, IV and V to the 
resonance hybrid: 



ni IV V 


Ei & Eyiing’s simplification of assuming that the participations of all these are equal, 
is acceptable for the purpose of rough calculations. Their division of the positive 
charge equally between the halogen and the carbon atom to which it is attached 
(Oi) was not explained, and m the following calculations it is placed entirely on the 
halogen itself, as m the above formulae. Inspection will show, ho.wever, that this 
dbange does not affect the results obtained by the revised method employed here. 

The inductive effect has been described as resulting in general deactivation of the 
whole nucleus (Ingold 1933). On the ground that the benzene nucleus acts as a 
conductor of charge, Ei & Eyring (1940) made the more definite assumption that 
equal charges are removed from all six carbon atoms and are balanced by an opposite 
charge on the halogen: it was not explained why the charge from the mesomeric 
effect should not be similarly distributed, justification in a further publication being 
promised. On the other hand, Wheland & Pauling (1935) considered that the ortho- 
and pura-positions received the main inductive charge. Now the electronegative 
nature of the halogen expresses itself in the ionic character of the carbon-halogen 
bond. The positive charge on C^, arising from this polarity, will be transmitted to the 
TOcia-positions by the conjugated aromatic system, so that the resonance states 
VI, VH and VIII are to be regarded as a source of the inductive effect: 

x- X~ 


+ 



vn vin 


VI 
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The proportion of the charge actually carried by the meia-positions will depend on 
the degree of disturbance of the electronic orbitals of the benzene nucleus by the 
halogen ion, and on the strain between the double bonds in forms VII and VIII. 
The importance of these factors cannot be estimated readily at present. Another 
mechanism of action of the inductive effect is already weU recognized, namely that 
the electron defficiency on may be partially satisfied by the contribution of the 
resonance states IX, X and XI: 


X XX 



+ 


IX X XI 

The quantitative correlation of the dissociation constants of the fatty acids 
(Derick 1911; Branch & Calvin 1941) has led to the conclusion that a charge on one 
carbon atom produces a hke charge, or polarization, of one-third its magnitude on 
immediately neighbouring atoms, and that such charges are additive, provided that 
saturation is not approached. In the following calculations this result is applied to 
the benzene nucleus, without making any special allowance for the influence of 
double bonding on the magnitude of the effect. The introduction of 'polarization' 
to specify what is generally described as 'induction' in aliphatic compounds is 
necessitated by the common usage of the latter term for the resonance phenomena 
already mentioned. 

Following now Ri & Eyxing, the validity of the above ideas may be conveniently 
tested by comparison of the observed dipole moments with those calculated. The 
charge distribution is defined by equations (l)-( 5 ): 



(1) 

= em+i(e? + 4) + i(«o + eo). 

(2) 

®0 = ®0 + ^ + 

(3) 

ei = e|+e£+|(e^+e§), 

(4) 

6j|, = (Cj +2eg + 2e^ + e^,), 

(5) 


where Cy specifies the charge on the atom y relative to that in benzene, the super¬ 
script a specifies the charge from the mesomexic effect (resonance states III-V), 
the superscript b specifies the charge from the inductive effect (resonance states 
VI-VIII), the superscript c specifies the charge from the inductive effect (resonance 
states IX-XI). Polarization is regarded as simply modifying the charge distribution 
produced by the mesomeric and inductive effects, whilst the disturbance of distant 
atoms and more subtle readjustments of charge are ignored. Any polarization of 
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by X is included in tbe inductive charge on Ci- Other approximate treatments 
based on the same principles are possible and yield similar results. 

_ - _ . . _ . _ . I n /r . .1 X 


Substitution of the simplifications that e“ = and that eg 
following relations: 

= IS 


i 6 % yields the 


4 a+c) = |e^_|e^, 


e®+c) ^ e^-fete+o) 


e_y = 2e^ Scq— 3e^5 

whilst fi = ejs-(rj, + r^) + r6(ei+Co - e„j - c^,), 

where is the distance, is the C-0 distance, [i is the dipole moment. 

It remains to determine the values of e,, and e^,. Ri & Byring (1940) assumed 
that an increase on substitution of benzene in the velocity constant of nitration 
(ky) is caused by lowering of the free energy of activation (JF+) by the energy of 
electrostatic interaction in the transition state between the charge of the reagent, 
NOf, (8,1), and that relative to benzene of the substituted carbon atom, {Cy). This is 
expressed according to the theory of absolute reaction rates by equation (6): 


ky = Z^exp[-(jF++^^'yM'], 


( 6 ) 


where K is the transmission coefficient, r the distance between the carbon atom and 
the reagent, and D the effective dielectric constant of the medium. Equation (6) 
may be put in the form 

log— = — n) 
^ko 2-mrJDkT’ ^ ’ 

where k^ the reaction constant for benzene itself. Insertion of the numerical values 
gives the result 

k 

logT- = - 32-5ej, 

(all values of c quoted are in 10-^® e.s.u.). 

Hammett (1937,1940), from experiments on the reactions m the side-chain of 
meta- and para-substituted aromatic compounds, derived values of a substitution 
constant, which he considered to be a measure of the electric charge at the point of 
attachment of the side-chain to the benzene nucleus. The substitution constant, c, 
is related to the velocity or equilibrium constant of the reaction, k, by equation (8), 
in which p is a constant for the reaction (with the value of unity for the ionization of 
the benzoic acids): 


per = logA— logfco. 


(8) 
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Hammett (1940) also claimed that this expression held approximately for nitration 
•with a value of p of about — 5. Combination of (7) vdth (8) yields equation (9): 

^ ^ ~l-^aZrDhTp^''' 

If p is equal to — 5, then o* = 6*56^. 

Figure 1, in which the actual values of cr and e for the halogenohenzenes and toluene 
are plotted, shows that the data for meto-substitution fit satisfactorily the line 

(T = 3-6e. (10) 

The discrepancy between this and the previously calculated result implies the 
selection of a value of p other than that proposed by Hammett, who considered the 
results from the meta- and pam-positions indiscriminately. 
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Figure 1 

On the other hand, the reaction constants for the pam-position show significant 
deviations which are given in table 1. 




Table 1 

substituent 



deviation 
(e^—a-j,/3*6) or 

CHs 

-0-006 

F 

-0-016 

Cl 

-0*036 

Br 

-0-034 

I 

-0*070 
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These are readily explicable on the hypothesis that, in the case of ortho- and 
jrara-suhstitution, there are possibilities of resonance in the transition state with 
forms such as XII and XIII, which are additional to those available in the mete- 
position. 



XII 



XIII 


This recalls Biohinson’s suggestion of the electromeric effect acting at the demand 
of the reagent (1925; Allan, Oxford, Robinson & Smith 1926), and may be compared 
with the ‘induced polarization’ of Wheland & Pauling (i935)> with the more 
recent treatment of Wheland (1942). 

This mode of examination of the problem emphasizes that adherence to Ham¬ 
mett’s equation is dependent on the essentially ionic character and simplicity of 
mechanism of the reaction. The further assumption that the electronic effects in a 
disubstituted benzene are superimposed additively is implicit in Hammett’s equa¬ 
tion, and is supported by the well-known additivity of the dipole moments of mono- 
substituted aromatic compounds giving that of the corresponding disubstituted 
compound. The use of c values to describe the electronic distribution in aromatic 
compounds lacking the side-chain is thus reasonable, although the approximate 
nature of the truth of the various assumptions made introduces an element of arbi¬ 
trariness, which may be reduced by consideration of the factors involved, into the 
selection of data for calculations. 

Values of may therefore be derived from the results of nitration experiments 
(Bird & Ingold 1938) by the procedure of Ei & Eyring, but those of Cq, Op must come 
from side-chain reactions by application of equation (10). Hammett tabulates the 
necessary values of <Tp, but not of (Tq, on account of anomalous ortho effects. For¬ 
tunately, Kindler (1927, 1928) has provided comprehensive data on the alkaline 
hydrolysis of ethyl cinnamates, a reaction expected to be almost free of ortho effects, 
from which values of (Tq may be derived using p = 1-329 (Hammett 1940). Insertion 
of these numerical results into the calculation described yields the dipole moments, 
listed in table 2. That the variations produced by selection of the data are 
comparatively slight is demonstrated by the deviations from experiment of /tmoan> 
representing the average of four calculations, for which was derived from nitration 
data and Hammett’s <r values, and e^, from Kindler’s work and cr values. For com¬ 
parison the results of Ri & Eyring, /4 (h+jji), and of the use of values of from Ham¬ 
mett’s results in their calculation, are appended. The refined calculation of 

Ri & Eyring, took into account the experimental results of oriiio-substitution, 

thus usmg as many data as the present method, but effected httle improvement. 

The value of (bromine) derived from RLndler’s results (0-102) constitutes the 
sole mstance of divergence between the values for chlorine and bromine. Pending 
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fartlier experimental work, it seems legitimate to interpolate the value quoted 
(0*064). 

Values of dipole moments: Audsley & Goss (1942). 

Values of bond distances: Ri & EjTring (1940). 

Agreement with experiment is as satisfactory as can be expected. The apparent 
charges produced by resonance in the transition state during nitration in the 
oriAo-position (F, —0*041; 01, - 0*016; Br, —0*019; I, - 0*065) show a similar trend 
to those for the ^am-position, apart from that of fluorine. This anomaly may be 
related to the larger charge on, and smaller size of, the fluorine atom. On the other 
hand, it is noticeable that the values of are in the reverse order, and that of 
iodine even positive. 

Table 2 


halogen 


term 

F 

Cl 

Br 

I 

eo 

0*077 

0*063 

0*064 

0*084 


0*093 

0*115 

0*116 

0*091 


0-017 

0*063 

0*065 

0*077 

-(a+c) 

ef 

-0*087 

-0*025 

- 0*022 

0*030 

0*147 

0-131 

0*131 

0*072 


0*327 

0*132 

0*128 

0*092 

ei 

0*273 

0*115 

0*113 

0*112 

ex 

-0*630 

-0*534 

-0-538 

-0*539 

(in D) 

-.1*43 

-1*64 

-1*77 

-1*80 

/^observed 

-1*44 

-1*64 

- 1*68 

-1*69 


-1*43 

-1*60 

-1*72 

-1*82 


- 1*20 

-1*54 

- 1*68 

-1*27 


-1*09 

-1*78 

-1*92 

-1*78 

M'iS+JS) 

-1*34 

-1*62 

-1*74 

-1*33 


The question of the carbon-halogen bond distance has not been discussed, since 
the effect of ionic type resonance on it is not clear at the moment (Schomaker & 
Stevenson 1941; Burawoy 1943; Warhurst 1944). Quantum-mechanical treatments 
(Sherman & Ketelaar 1939; Ketelaar 1939) which have been published so far con¬ 
sider only the resonance contribution of states HI, IV and V. 

The application of these ideas to other series of aromatic compounds is hampered 
by lack of suitable data, and by the complexities introduced when the substituent is 
polyatomic. However, the degree of success so far achieved in a limited field may be 
held to give encouragement for the extension of semi-empirical quantitative methods 
to aromatic compounds, including heterocychc systems, in general. It will be 
observed that the complication of additional refinements cannot be tolerated by a 
calculation, such as the above, relying on a restricted supply of data (here the 
reactivity of the ortho-^ meta- andpam-positions) without further definition of the 
theoretical basis. 

The author wishes to thank Professor A. R. Todd, F.R.S., for his interest in this 
work, and Dr G. Baddeley for helpful discussions. 
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Address of the President 
Sir Henry Dale, O.M., at the 

Anniversary Meeting, 30 November 1945 


The annual number of Obituary Notices of Fellows of the Royal Society published 
today, and the names which have just been read to us, remind us of the losses 
from its Fellowship which the Society has suffered during the year now closing. 

I propose on this occasion to proceed next to the presentation of the Medals 
for 1945. 

Awards of Medals^ 1945 

The Copley Medal is awarded to Dr Oswald Theodore Avery for his contributions 
to knowledge of the chemical basis of the specific properties of bacteria, particularly 
of the types of the pneumococcus. Htts researches in this field have appeared in 
unhurried and orderly sequence over the course of a long and distinguished career, 
and they have furnished a large and essential constituent of the framework now 
available for a fundamental science of immunochemistry. 

We allow ourselves here to claim Avery as Canadian by birth, though with 
acknowledgment that his life’s work has been accomplished in the United States 
of America, and in the Rockefeller Institute of New York in particular, of which 
he has held the Membership since 1913. 

It was in 1917 that Dochez and Avery demonstrated that cultures of dijBferent 
strains of the pneumococcus yielded different ‘ soluble specific substances From 
1923 onwards appeared a remarkable series of papers by Avery, with Heidelberger 
and other collaborators, in which it was shown that these specific substances had 
the nature of complex polysaccharides of highly individual characters. These were 
present in the regular capsular envelope characteristic of the pneumococcus in its 
virulent forms; and each type of such virulent pneumococci, distinguishable by its 
immunological specificity, was shown to have its own distinct polysaccharide. 
Each of these reacted, with a like specificity, with the corresponding immune body. 
Not that these polysaccharides, the soluble specific substances isolated in chemical 
purity, had antigenic properties by themselv^. It was only when they were 
artificially linked to proteins foreign to the reacting animal body, or retained their 
natural linkage with proteins of the bacterial strains producing them, that they 
elicited, on injection, the appearance in the blood of specific immune substances, 
causing agglutination or lysis of the corresponding organisms; but, with the immune 
substances thus evoked, the pure, separated polysaccharides now exhibited the 
same specific affinities, each forming a precipitate with the corresponding anti¬ 
serum. 
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Here, then, in chemically definite form, were separable, prosthetic, combining 
groups such as Paul Ehrlich had long earlier envisaged and prophetically named 
‘haptenes Here also was one of the principal foundation stones of a great building 
of immunological chemistry, which, in the hands of Avery’s contemporaries and 
followers, notably in those of a distinguished fellow-Member of the Rockefeller 
Institute, the late Karl Landsteiner, has rapidly included an ever-widening range 
of studies of artificial and natural antigens. Fellows of this Society may recall that 
last year we were privileged to hear Bakerian and Croonian Lectures, by Professor 
Haworth and Dr Harington respectively, both deahng, from somewhat different 
angles, with experiments in immunochemistry, and each contributing its own 
important extension to a structure of knowledge founded so largely on Avery’s 
pioneer discoveries. 

Meanwhile, in the hands of Avery and his co-workers, knowledge of the specific 
characters of the pneumococci, and of the manner in which these are acquired, had 
been moving quietly to a new pinnacle of achievement. They had long ago shown 
that pneumococci, which, in artificial culture, have lost the capsules endowing 
them with virulence and containing the specific polysaccharides, have reverted to 
avirulent non-specific types, growing in the rough, wrinkled colonies characteristic 
of such defective strains. It had been shown also, by the late Fred GrijBBlth, that 
such a degenerate, non-specific pneumococcus, from whatever specific type it had its 
provenance, could be induced by cultivation in a medium prepared from a complete, 
virulent type to reacquire a capsule conferring the corresponding specificity. And 
now, only last year, Avery, with Macleod and McCarty, has been able to isolate and 
to characterize a chemical principle acting in minute dosage as the specific stimulus 
to such a transformation. An unencapsulated, avirulent, typeless pneumococcus 
derived jfrom a specific strain of type II, responds to this stimulus by acquiring 
and retaining the capsule and specific polysaccharide, with the virulence and the 
cultural characters, of a fully specific strain of type III. Here surely is a change to 
which, if we were deahng with higher organisms, we should accord the status of a 
genetic variation; and the substance inducing it—^the gene in solution, one is 
tempted to call it—^appears to be a nucleic acid of the desoxyribose type. Whatever 
it be, it is something which should be capable of complete description in terms of 
structural chemistry. 

It has been a matter for rejoicing to his many admirers, friends and followers in 
many countries that Avery, a veteran now among investigators, should thus, on 
the eve of his retirement, have attained this new peak of discovery—a fitting climax 
to a devoted career of such wide influence on the progress of science. Many, we 
feel with assurance, in his own country and far beyond it, will welcome and approve 
our award to Dr Avery in this year of the Royal Society’s highest recognition, its 
Copley Medal, 
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A Royal Medal is awarded to Professor John Desmond Bernal, in recognition 
of his distinguished contributions to the theory and the applications of X-ray crystal 
analysis. 

BernaFs first important work in this field, published in 1926, was a fundamental 
study of the basis of the interpretation of X-ray rotation photographs of single 
crystals; and the methods which he then evolved are still in use. He was largely 
concerned with the initiative which led to the construction of the International 
Crystalline Tables, and himself accepted an important share of the editorial work 
required. Later he became a leader in the application of X-ray crystallography to 
the elucidation of the structure of highly complex organic molecules. Organic 
chemists had encountered difificulties, long insuperable, in formulating a satisfac¬ 
tory structure for the sterols. Here BernaFs crystallographic data, indicating the 
general shape and dimensional hmits of the sterol molecule, supplied a key which 
opened the way to a convincing reconstruction of the polycyclic framework of 
cholesterol, ergosterol and calciferol in the first place, and eventually to the struc¬ 
tural formulation of a vitally important series of gonadal and adrenal hormones, 
as these, in due course, were isolated and identified. With admirable enterprise he, 
with his pupils and associates, proceeded to apply the methods of X-ray crystallo¬ 
graphy to crystals of some of the simpler proteins, as these became available, such 
as crystalline pepsin and, later, insuKn. Then the discovery, by Stanley, that a plant 
virus, that causing the 'mosaic’ disease of tobacco, could be obtained in crystalline 
form, opened the way for Bernal to apply his technique to elucidate the structure of 
a protein endowed with such paradoxical characters. He was able to describe the virus 
units as long, rod-like structures, 1500 Angstroms in length by 150 in diameter, and 
with an inner regularity in structure fitting a hexagon lattice and, apparently, con¬ 
sisting of cubical sub-units measuring about 11 Angstroms. The readiness with 
which the long virus units, in a solution, set themselves parallel in a two-dimensional 
lattice, provided an explanation for the double refraction and other physical pro¬ 
perties which such solutions of the virus exhibit. 

Just before the war Bernal had published a preliminary note on the structures 
of haemoglobin and of chymotrypsin. Then, hke others, he found his activities 
diverted to the scientific service of the special needs of the nation and its allies at 
war. The time is not yet for detailed mention of the important special researches 
he has carried out during the years immediately past, for the Ministry of Civil 
Defence, the Combined Operations Command, and other Service Departments, 
which have successively made claims on his special knowledge and ability. We are 
glad to know that some of his pupils have been able to keep the thread of his more 
normal scientific activities unbroken over this interval. Biochemistry, as well as 
the Physics of his primary discipline, will expect much now from his resumption 
of personal participation and leadership in a field which he has made so much 
his own. 


9-2 
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A Royal Medal is awarded to Dr Edwai-id James Salisbitby in recognition 
of his distinguished contributions to plant ecology. 

Salisbury’s work has had a most important influence in broadening the basis of 
the study of British plant communities, and in diverting ecological work in this 
country from an essentially floristic outlook to one in which the habitat and the 
autecology of individual species have been put in the forefront of interest. 

Combining his expert ecological knowledge with a wide acquaintance with 
cultivated plants and their conditions of growth, Salisbury has shown an excep¬ 
tional capacity for relating horticultural practices to known physiological and 
ecological facts, nowhere more strikingly shown than in his Living Garden. A similar 
faculty served the country well in the earlier part of the war in connexion with his 
manifold activities on the Agricultural Research Council. 

Making his first contacts with ecology by a detailed study of the oak-hornbeam 
woods of Hertfordshire, to which he brought some of the experience gained by 
co-operation with F. W. Oliver in the investigation of the maritime communities 
at Blakeney Point, Norfolk, Salisbury soon exhibited a more generalized approach 
to ecological problems. Examples are furnished by his papers on the calcicolous 
habit (1920) and on leaching (1922) which traverse a wide field and open up new 
points of view. Although somewhat different in scope, the investigation on stomatal 
frequency, supported by a very large mass of data and published in the Philosophical 
Transactions in 1927, is essentially directed to clarifying the ecological picture. 

In his presidential address to the Ecological Society in 1929 on the biological 
equipment of species in relation to competition, a topic which is repeatedly touched 
upon in his earlier work, attention was drawn to the almost coxnplete lack of 
information on the reproductive efficiency of the different species of flowering 
plants. This aspect of a species’ equipment had already interested Salisbury for 
some years, and a number of significant data were given in the course of his address. 
Despite preoccupation with many other matters, he continued actively to accumu¬ 
late information on reproductive capacity during the subsequent years, collecting 
data on the seed production of over 240 British species, which involved the examina¬ 
tion of several himdreds of thousands of individual plants. The numerous important 
conclusions derived from this comprehensive study, which disposes of several 
fallaoies, were published in 1942 in a book, The Reproductive Capacity of Plants, 
which constitutes a landmark in the progress of plant ecology. 

In addition to his ecological work, Salisbury is known to his botanical colleagues 
for earlier work on fossil seeds and for important contributions to the distribution 
of British plants and to the interpretation of floral morphology. When a man with 
his knowledge and his love of plants and of the various conditions under which 
they live and thrive, becomes the Director of Kew Gardens, not only his fellow- 
botanists but a wider constituency of plant lovers may well find reason for rejoicing. 
Here we may call to mind the names of two of his distinguished predecessors at 
Kew, Sir Joseph Dalton Hooker and Sir David Prain, who served this Society also 
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as President and Treasurer respectively. More recently Sir Albert Seward was 
Foreign Secretary, but I find no record of a botanist as one of the Society’s two 
Secretaries since Nehemiah Grew was appointed in 1679. In the long, slow rhythm 
of our activities it might well be time for us now to choose another, and the Council 
have every confidence that the Fellows will accept their nomination of Dr Salisbury, 
to whom it is also a special pleasure to hand this Medal, in recognition of his great 
achievements in botanical research. 

The Davy Medal is awarded to Professor Roger AlDams of Chicago, in recogni¬ 
tion of his distinguished researches in organic chemistry. 

Roger Adams, Professor of Chemistry in the University of lUinois, is indoubtedly 
the outstanding organic chemist in the United States at the present time, and his 
school, the largest and most vigorous of its kind in that country, is of international 
repute. 

His researches, distinguished by great originality and dogged perseverance alike, 
embrace a remarkably wide field. In a series of brilliant papers he has described 
the complete elucidation of the structure of gossypol, a highly cojnplex pigment 
present in cottonseed. This achievement is all the more noteworthy since several 
other investigators had failed to make much headway in examining this highly 
sensitive compound. His experimental skill and theoretical insight have, in recent 
years, led to notable advances in alkaloid chemistry and in this connexion special 
mention may be made of his work on the structure of monocrotaline, the toxic 
constituent of various Crotalaria. Adams has been responsible for pioneering 
research in attempts to find synthetic substances antagonistic to the leprosy 
bacillus and other acid-fast bacteria, and this led him to a detailed study of the 
chemistry of hydnocarpic and chaulmoogric acids. He has contributed notably to 
our knowledge of the constituents of Cannabis sativa and 0 , indica (marihuana 
and hashish), and he has determined the structure of some of their major physio¬ 
logically active components. His wide interests are clearly exemplified by his 
researches on stereochemical problems, particularly of the phenomenon of restricted 
rotation, where his work, especially with diphenyl derivatives, and more recently 
with aryl olefines and arylamines, is of fundamental importance. Another indica¬ 
tion of his versatility is to be found in his detailed studies of catalyi^ic hydrogenation 
with noble-metal catalysts; the platinic oxide catalyst which he perfected is now 
universally employed and is known as Adams’s catalyst. 

While Adams’s researches place him in the first rank of contemporary organic 
chemists, his share in inauguratiug the publication of Organic Syntheses, and 
Organic Reactions, immensely valuable standard works of an original type, has 
ensured that future generations of chenaists will ever remain in his debt. 

During the war Adams’s activities have been largely transferred to administrative 
spheres, where his foresight and organizing ability have enabled him to play an 
important part in the vast scientific effort of our American colleagues. 
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The Hughes Medal is awarded to Professor B. F. J. Sohonland, F.R.S., in 
recognition of his important physical studies of atmospheric electricity and 
thunderstorms. 

Schonland’s main contributions to physical research have been in the field of 
atmospheric electricity, and have dealt particularly with the complex series of 
electric discharges which constitute a ‘stroke’ of hghtning. Although the study of 
phenomena associated with thunderstorms could be undertaken under especially 
favourable natural conditions in his native South Africa, it needed enthusiasm 
and perseverance to overcome the many technical difficulties encountered in a 
country in which physical research had not yet been greatly developed, and' to 
bring the research to such definite and illuminating conclusions. 

Schonland’s early work (1927, 1928) dealt with the polarity of thunderclouds; 
it was established that the negative was below the positive pole of the thundercloud, 
and that the currents flow in such a direction that they carry negative charges to 
the earth. Schonland also studied the importance of point discharges (from trees, 
etc.) in the maintenance of the earth’s negative charge. He next used (1934-38) 
a rotating lens camera of the type devised by the late Sir Charles Boys to photo¬ 
graph and analyse the lightning discharge, and obtained results of great importance, 
for knowledge not only of the nature of the lightning discharge but of electric 
discharges in air in a more general sense. 

Schonland has taken an active part in the study of cosmic radiation and particu¬ 
larly of the relation between penetrating radiation and thunderstorms; there is a 
reduction in the intensity of penetrating radiation when thunderclouds are over¬ 
head, and this fact provides information as to the total charge carried by penetrating 
radiation. The occurrence of impulses in a Geiger-Miiller counter coincident with 
discharges in distant thunderstorms shows that some type of penetrating radiation 
is produced by electrical discharges during thunderstorms. This work on cosmic 
rays in Schonland’s laboratory is of special importance, since few such systematic 
observations have been continued over long periods in the southern hemisphere. 

Schonland has also taken a prominent part in the study of the nature of the 
‘atmospherics’ interfering with wireless transmission, and of the part played by 
the ionosphere in their structure, these studies have equipped him on the technical 
side for various military positions he has held during the war; for these, also, his ex¬ 
perience in the war 1914-18 as a Captain in the Royal Engineers (Signals) had given 
him additional equipment. In the war now ended he rose to the charge of the Army 
Operational Research Group with the rank of Brigadier, and later became scientific 
adviser to the 21st Army Group commanded by Field-Marshal Montgomery. And 
now Field-Marshal Smuts, as Prime Minister of the Union of South AMca, himself 
one of our Fellows, has claimed Dr Schonland’s services as his adviser on the 
promotion and development of scientific research in his own country. 
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Last year at this time, though the outcome of the war seemed to be no longer 
in doubt, there was still no clear prospect of relief for science jfrom the effort, 
abnormal in direction as well as in intensity, needed to ensure and to hasten 
victory. Now we face the new position created by the advent of victory a few 
months ago, with a sudden completeness beyond all prediction. We hold our 
Anniversary Meeting today, for the first time for six years, with our mace on the 
table, and all the other treasures of our long history safely returned to us by their 
war-time custodians, to all of whom our thanks are due. We think of the part 
played by scientists of the Alhed Nations in the winning of the war, and with a 
particular pride of the contribution made by scientists of the British Empire and 
of this Society; and we remember that Winston Churchill accepted election to our 
Fellowship during the year in which he stood as leader of open resistance by the 
British Empire alone, to the attack which threatened to submerge the jfreedom 
of the world. If it seemed proper, I could devote all the time at my disposal to-day 
to a review of the various activities of this ancient Society in relation to the 
demands on science of a modern war, from the date of our acceptance from the 
Government of the responsibility for preparing the scientific section of the Central 
Register, at a time when the clouds of war were only gathering, down even to the 
present day. Some of these have been mentioned on previous occasions of this 
kind; and I believe that I can, in any case, use to better purpose this, my last 
opportunity of addressing you from this Chair, in speaking rather of matters which 
concern the future of the Society. 

As a Society we take pride in our long history and in our steady attachment to 
whatever has permanent value and authority in our traditions. We may take pride 
no less, however, in the thought that, even among the special duties and distracting 
clamour of war, our Council and Fellows have found time to review our con¬ 
stitution, and to consider, in particular, what extensions might be desirable in the 
scope of elections to our Fellowship, qualitative as weE as quantitative. It would 
seem Ekely that such adjustments would be needed from time to time, if a proper 
relation of the Society were to be maintained to the growing claims made by the 
natural sciences on the common stock of abihty in the nation and the Empire. 
I find a httle personal satisfaction in the thought that I, in my term as a Secretary, 
had a share in the initiative which led the Society in 1931 to increase its maximum 
annual entry to seventeen, from fifteen, at which number it had stood unchanged 
since, 83 years earlier, the principle of limitation was first adopted. To many this 
increase seemed a doubtful and even a reckless innovation, and it was accepted 
only after vigorous discussion and in the face of gloomy forebodings by some 
stalwart defenders of our traditions. So httle of the foretold disaster, however, 
became manifest in the foUowing six years that there was hardly any opposition 
to the proposal, in 1937, to add another three to the number. And now, a few 
months ago, after watching for eight years the effects of an election in each of 
twenty new FeUows, the Society has decided to raise the number again to twenty- 
five. My own concern with these later decisions having been limited to passive 
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concurrence, I should like to say now that I believe that those who promoted and 
the Society in accepting them have shown the right combination of enterprise 
and caution. During the present phase of its history, covering as yet little more 
than a third of the whole, election to our Fellowship has acquired among scientists, 
and, indeed, with a much wider constituency, a prestige which the Society will 
rightly wish to maintain. On the other hand, it must obviously take heed lest 
the rapid expansion of the number of those in this country and in the whole 
British Empire, who can show records of solid scientific achievement, should 
produce such mounting arrears of proper claims to our Fellowship, that a simple 
reckoning would enable a time to be foreseen when none could expect to be 
elected, until the days of his best service to science and to the Society were well 
behind him. By increasing the limit of the annual entry from fifteen in 1848, 
when it first became effective, to twenty-five in 1946 and till further action is 
taken, I cannot believe that the Society is risking a loss of prestige in seeking thus 
to maintain the vigour of its scientific hfe. 

Before I addressed the Society last year the Council had already taken steps to 
make the way clear for a change of a different kind, by alterations of Statute 
approved by a postal vote of the Fellows, and made with the object of elucidating 
a legal position which had, in fact, existed since 1919. The Society was thus em¬ 
boldened to make, last March, the innovation of including two women among the 
new Fellows then elected. It is hardly justifiable to assume complete unanimity 
among our Fellows as to the probable effect of this change in our tradition; for 
10 % of the large number of postal voters had expressed their unwillingness to 
relinquish any chance of averting it, which might still linger in the possibility of 
misreading our Statutes. I find myself again with the majority, in belioving that 
this change involves no more than a perfectly normal adjustment of our ])raotice, 
perhaps rather belated, to the growth in extent and distinction of women’s con¬ 
tribution to the advancement of science by research. Perhaps, when sufficient 
numbers are available, some future occupant of this Chair may find himself 
calling upon one of our statisticians for a review of the effect of the X-chromosome 
on scientific output among our Fellows. 

And now the scientists of the world have before them the task of readjustment 
which, we may hope, will mean the whole-hearted devotion of the available resources 
of scientific research and development to their proper and beneficent uses. It has 
become a commonplace that the urgent needs of war have greatly accelerated 
discoveries and inventions which will now promote the advancement of science 
and its applications in peace. Some of these scientific swords and spears will be 
thus immediately applicable as peaceful implements, or with only a minimum of 
beating and bending—^radar, for example, to the safety of transport by sea and 
air, and all the new wealth of chemotherapeutic agents and insecticides to peace-time 
hygiene and agriculture. There will certainly be many others of a less direct and 
obvious kind discoveries and developments arising as side issues from the urgent 
uses of science in war, but capable now of applications which may open new 
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possibilities of scientific advance for its own sake, or for a whole range of peaceful 
purposes. As mentioned in the Council Report, the Royal Society has recently 
agreed to collaborate with the Service Departments concerned, in setting up 
Committees to organize such peaceful uses of the special facilities for purely 
scientific observation and experiment as are presented by Service flying, including 
aerial photography, by the voyages undertaken by the ships and officers of the Royal 
Navy in the course of their normal duties, and by the large surplus of explosives— 
of the pre-atomic type, be it understood—^which a great war leaves in hand. Let 
me make brief mention, by way of another example, of an unexpected gift to 
science, arising as a curious side-issue jfrom the large-scale application in war of 
knowledge which science had provided. Some 30 years ago my former colleague. 
Dr Charles Todd, pubhshed in our Proceedings two papers dealiug with the 
antigenic individuahty observed, even within the limits of a smgle breed of chickens, 
when the red blood corpuscles of one bird are injected into another. This was an 
observation, one might think, of an interest purely theoretical, though great; but 
the widespread apphcation of blood transfusion during the war, to replace blood 
lost by the wounded, civilians now as well as warriors, has given to phenomena 
of this type a practical importance. Apart from the familiar natural incom- 
patibihties, due to the known human blood groups, it was found necessary 
to be alert for reactions in persons who, having had an earlier transfusion, 
might have acquired, by an immunity reaction, a new mcompatibility to the 
donor’s red blood corpuscles. The case of such reactions hitherto most completely 
studied concerns an antigenic factor which Landsteiner and his colleagues had dis¬ 
covered, early in the war, in the red corpuscles of the Rhesus monkey, and had 
accordingly termed Rh, This factor they found to be present, as a Mendelian 
dominant, in the corpuscles of most white people, but absent from those of a 
minority. So, in the slang of the subject, about 85 % of people of the white races 
are ‘iJA-positive’, while 15% are "jRA-negative’. Now it appears that the blood 
serum of an i?A-negative person, if he receives a transfusion of JSA-positive blood, 
acquires immune substances destructive to the "positive’ red corpuscles. In 
consequence, he suffers a dangerous reaction if given a second, similar transfusion. 
And this observation has brought to hght the much more important fact that, 
when an jRA-negative woman, whose husband is i?A-positive, becomes pregnant by 
him of an jBA-positive child, her serum is liable therewith to acquire, and to 
transmit through the placenta, an antibody destructive of the child’s red corpuscles, 
so that the offspring of such a union are prone to a high rate of mortality, before 
or soon after birth. Whether those who survive the infantile malady, thus produced, 
show a greater Hability to other hereditary defects, or whether deleterious maternal 
antibodies of this type can be formed in relation to other kinds of cells than the 
red blood corpuscles, are matters on which investigation must be awaited. 
I mention the matter to-day as an example of the gleanings which peaceful science 
may expect from fields of knowledge which war has been tilling and reaping. 
Unless I am mistaken, the widespread use of blood transfusion has thus been 
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largely responsible for enabling human genetics now to explore a new category of 
congenital defects, due, not to the coincident presence of a detrimental gene in 
both parents, but to the possession by a father of one which is harmless, unless it 
excites an immunity response in a mother who lacks it. 

Whether by following in new directions clues which have thus been discovered 
under the stimulus of war, or by resumption of researches which the war inter¬ 
rupted, it is clearly a matter of urgent importance that our scientific activities 
should now, as rapidly and as smoothly as possible, reacquire the character proper 
to peace. There are directions in which official action can accelerate a process of 
such outstanding significance to the position which our nation will be able to 
achieve and to hold in a world civilization, now so clearly entering its scientific 
era. We need our leaders and teachers in science back in the Universities, and 
the students whom they can inspire and train, as rapidly as these can be released 
fi:om war-tune duty and service. 

A number of our leading scientists have learned much from war-time experience 
of organization and team-work in research, and have been freely devoting great 
abilities to planning and to securing proper conditions for researches by others. 
It is unlikely that the debt of the nation and of its alhes to the work of many of 
these will ever be fully known, beyond the limits of certain circles. The experience 
of these men should help them stiU to serve the nation in peace, by counsel and 
by advocacy, when the needs of scientific reconstruction demand these. I venture 
to hope, however, that there will be no such demands on the time and the energies 
of those who should now be our leaders in research, as to keep them away from 
their benches and their studies, and to deprive of their inspiration the yoimger 
men who should now be their pupils and collaborators. When the world emerged 
from the last war, the scientists who in this and other countries were then at the 
height of their powers for research, who, in Newton’s fine phrase about himself, were 
‘in the prime of their age for invention’, were back in their laboratories with little 
delay. As a result, even in the two decades of uneasy armistice which followed, 
curtailed at both ends by the confusion of recovery from one war and the gathering 
menace of another, research for the normal purposes of peace was resumed with 
an astonishing promptitude, and the advance of knowledge surged forward 
with an imposing acceleration. Almost any man of science who can cast his mind 
back to the state of knowledge in his own special subject in 1919, and compare 
it with that which had been reached in 1939, must be impressed by the transforma¬ 
tion. To mention an example which caimot be far, at the moment, from anyone’s 
thoughts, consider the revolutionary changes made, between the wars, in our 
whole conception of the material universe, by new theories of atomic structure, 
with new apparatus of mathematics to deal with them, by the experimental attack 
on the atomic nucleus leading to transmutation of elements and, still before war’s 
dark curtain fell again, clear evidence of atomic fission, with the release of atomic 
energy. As one other example, who would have predicted in 1919 that, of the 
vitamins and hormones then known and differentiated only by the effects of their 



137 


Anniversary Address by Sir Henry Dale 

withdrawal and replacement, imposing ranges would have been isolated, identified 
and made by artificial synthesis before 1939? And now that we are emerging from 
another war, into what, if we scientists can do anything to prevent it, will not be just 
another precarious interlude before a worse disaster, we must try to ensure that the 
&ee advancement of natural knowledge, which this Society exists to promote, is 
able to claim again, with as little delay as possible, the full service of its natural 
leaders. 

Another condition of the revival of scientific activity for the normal purposes 
of peace, seen clearly by our predecessors in 1919, was a rapid reconstruction of 
the international community of science. Before there had been time for the full 
attainment of their aim, the forces of cleavage had again begun to operate; but, as 
soon as it became possible once again to think of rebuilding what another war had 
broken, it was the first duty of the Royal Society to ensure that use was made 
of aU that was of proven value, in the fi:amework of international collaboration 
which had been constructed between the wars. Past Officers of the Society, 
especially Sir Arthur Schuster and Sir Henry Lyons, had taken prominent parts 
in the foundation and development of this organ of international collaboration. 
Our Foreign Secretary, Su* Henry Tizard, now coming to the end of his term of 
office, was early at work preparing for its revival with the Chairmen of our National 
Committees, in consultation with its present General Secretary, Professor Stratton, 
and with such representative scientists of other countries as were accessible. Their 
aim was to review the past achievements and potential value of this system of 
the International Scientific Unions, and the possible need for its extension or 
modification in certain directions. Our Council’s Reports record the progress which 
has been made. While, however, the Royal Society has had a special responsibility 
for our national participation in this existing system, it has always welcomed any 
opportunity of the fullest and most friendly collaboration with any other agency 
for the promotion of international firiendship and community of action among 
the scientists of different coxmtries. The Society looks forward now to the possibility 
of collaborating also with any scheme or mechanism for the promotion of inter¬ 
national relations in science, which may arise under the general Organization of 
the United Nations. We recognize that, through such channels, it may be possible, 
not only to give most valuable support to the existing Unions for international 
action in the various fields of scientific research, but to supplement the functions 
of these in many other directions in which the interests of science may yet require 
to be internationally organized and promoted. The Society stands ready and eager, 
now as ever, to work with any responsible agency for the restoration and extension 
of international firiendship and collaboration in science. 

In my address to the Society last year, I referred to the aim of building anew, 
and on a firm and broadening foundation, a world community in science, as ^an 
aim worthy of our utmost effort and devotion’. Can it be doubted now, after what 
has happened since I last addressed you, that upon our success in achieving that 
aim may well depend, not only the fi:ee progress of science henceforward, but 



138 


Anniversary Address by Sir Henry Dale 

even the survival of civilization? I have spoken of existing and prospective 
mechanisms for promoting scientific intercourse between the people of different 
nations. We must use and develop these to the full limit of their value, but we shall 
still want something which no formal mechanism can restore to us. Meetings of 
national representatives and delegates may, indeed, do service of great importance to 
science, as by framing and accepting international conventions on units of scientific 
measurement, or on technical terminology; but no mechanism which merely brings 
scientists together as national representatives, no finding of formulae or passage 
of resolutions will do for science to-day what the world so desperately needs. 
If we are to achieve anything really to meet that need, we must somehow get 
rid of barriers which hinder the scientists of different countries from meeting 
simply as scientists, for the frank and informal interchange and friendly criticism 
of each others’ observations and ideas, in complete freedom from any national 
inhibitions or restrictions. Before 1914 we were able to claim that science belonged 
thus to the world, knew no frontiers, was one and indivisible. Many of us had been 
cherishing the hope that the union of so much of the world in a war for the defence 
of freedom—^freedom, we understood, for science as for aU man’s other activities— 
would have brought, with victory, a possibility of reviving this claim and restoring 
this ideal, which the intervening years had so shaken and obscured. Even a few 
weeks ago the trend of events did not appear to encourage that aspiration; but 
we may find, in the end, that it will suffer less from an open challenge, which 
all the world can see, than from a more gradual discouragement. 

To all but a few scientists, as to the rest of the world, the use of the atomic 
bombs on Japanese cities brought the first news of a tremendous scientific and 
technical achievement, as well as the recognition of a new problem of overpowering 
importance to the world. Scientists might well take pride in it, as a triumphant 
verification of a purely scientific prediction. The main lines of this had been com¬ 
pleted before the outbreak of war in 1939, by experimental and theoretical physicists 
of many countries. We think proudly here of the pioneer part which our own Ruther¬ 
ford with his pupils and associates had played in the opening of a new science of 
nuclear physics; but we recognize that its development was a widely international 
achievement. The practical realization in a little over three years of what these 
academic scientists had foreseen as a distant possibility, required a scientific and 
technical undertakiug of a new order. It is unlikely that any stimulus other than the 
urgency of war would have sufficed to induce any national, or other, organization 
to embark upon such an enterprise. It is certain that, under the world conditions 
in which that stimulus was applied, the United States of America was the only 
country in the world where the project could have been undertaken. The result 
was a prodigy of organization and achievement, both scientific and technical; and 
though, in the nature of the case, America made the largest contribution even to 
the team of scientists, engaged in the great volume of theoretical and experimental 
researches still required, we may be glad to think that, on that side, the enterprise 
still owed much to a widely international effort. It drew into its service a large 
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proportion of the nuclear physicists of this country and of Canada, with others who 
had escaped from the clutches of the German invader in Denmark and in France, and 
yet others who had fled before the war from Germany, from Austria and from Italy 
to conditions of freedom and new opportunity in Britain and the United States. 

The enthusiasm with which the world of science would normally have received 
the news of an event of such magnitude in scientiflc history was qualified by the 
unique conditions of its general announcement. The world at large has not been 
slow to grasp the tremendous implications which it may hold for the future of 
civilization, and the nature of the choice with which it has so dramatically faced 
mankind. The problems which it has raised are clearly everybody's concern. 
Nevertheless, and in spite of certain threats and rumblings, I believe that general 
opinion -will allow to us men of science, in addition to our common rights as citizens, 
a special claim to be heard on the uses which the world is to make of this great 
new gift of science to mankind. General opinion, I think, would further recognize 
that the many scientists who have taken a direct part in this great achievement 
have a special right and duty to let the world know how, in the light of their 
intimate and expert knowledge, they view the promise and the threat which it offers 
to humanity. Surely they, if any, have a right to speak; and we others can welcome 
the firmness and the substantial unanimity with which many of them have let their 
opinions be known. We have a duty, indeed, to the statesmen, who are carrying this 
new and heavy burden of responsibility for the world's future, and who have to deal 
with aspects of the problem in which science is not directly concerned. It is a part 
of that duty, however, to keep them in touch with the general body of opinion, 
among the scientists of the free peoples whom they represent, so that in framing 
their policy they may be confident that the service required of science to make it 
effective will be given with enthusiasm and conviction, and not, if at all, with 
a reluctant acquiescence. Most, if not all of you, will have read words which our 
Prime Minister spoke to the Canadian Parliament, and emphasized by repeating 
them to our own House of Commons a week ago. This is what Mr Attlee said; 
'Unless we apply to the solution of these problems a moral enthusiasm as great as 
that which scientists bring to their research work, then our civilization, built up over 
so many centuries, wiU surely perish.' I do not doubt that you wdll share my glow 
of gratitude for a tribute which we must try to deserve. 

It is not fitting that I should discuss from this Chair matters which belong to 
a much wider constituency than ours, and my particular purpose to-day is to ask 
you to consider an aspect of this world problem, which is, beyond challenge, our 
special concern as men of science—^the effect of present and prospective develop¬ 
ments upon the integrity of science itself. Will any deny our claim to hold that as 
a sacred trust for the world, and to be alert to defend it from any danger which 
may seem to threaten it? I believe that we have a duty to be watchful now 
against a serious danger to it from the intrusion of secrecy, which we know here 
from long tradition and experience to be alien to the spirit of science as we have 
known and cherished it. I cannot claim the time which would be required to deal 
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adequately with such a theme. Permit me, however, to bring certain aspects of 
it briefly to your notice, without attempt at full or ordered discussion. 

1 . This danger, of course, has not newly arisen with the explosion of the first 
atomic bomb. We have known it long in connexion with the use of scientific 
research by industry, and with the relatively minor and accessory part played, till 
recently, by science in preparing the apparatus of war. Even in those connexions, 
there was a growing recognition of the detrimental efiect of secrecy on the relations 
between the scientists concerned and the general scientific community, and a 
consequent effort to reduce its applications to the minimum which industrial or 
military opinion would accept. 

2 . The real and growing danger arises, however, from the new conception of 
war, due to the breach and consequent abandonment, in rapid succession, of 
conventions and restrictions which, not long ago, seemed permanent and sacred. 
Thus by the end of this recent war, step by step, with Germany always leading, 
the combatant nations had come to regard, as a proper war aim, not merely the 
winning of mastery over the enemy’s fighting forces, but the compulsion of his 
surrender by indiscriminate destruction, by any means, of his people and their 
possessions. This principle of ‘total war’, as we learned too easily from our 
' enemies to call it, having once been accepted, science found itself, no longer a mere 
accessory of military action, but iacreasingly a central agent, a direct combatant, 
and the provider of a limitless vista of destructive possibilities. Last year I spoke 
of the warning of such developments which the German V weapons had given, 
and the dropping of the first atomic bombs has now given to that warning a new 
and a sterner emphasis. 

3. Preparation by our enemies for the use of science in such total war, and our 
own for defence against it by reprisal, have alike involved the binding of a nation’s 
scientific effort to secrecy on a scale beyond all earlier experience. This we accepted 
readily, with so much else, as a necessity of war. The freedom of science, as of all 
that made life worth hving, was at stake; if by submitting for awhile to secrecy 
we could help to save that freedom and to establish it for ever, we could not 
hesitate; but we must be watchful now against any easy assumption that that 
submission will be continued into peace. 

4. As has now been recognized by international pronouncement, it cannot be 
assumed that the atomic bomb, or any contrivance using the release of atomic 
energy, represents the only direction, or even of necessity the most effective one, 
in which science could be perverted to the purposes of this ‘total war’, as a direct 
agent for the destruction of one people by another, or of dominance by the threat of 
it. The atomic bomb has given immediate prominence to the problem, but the 
world might have had to face it, even if the attempt to release atomic energy had 
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failed, or had never been made. The nations, in fact, have now to decide how they 
intend to use the powers and the resources which science stands ready to offer in 
growing abundance. Will they let science work again and henceforward in freedom, 
once more as an international community, and use what it offers for the raising of 
aU mankind to levels of material prosperity and of culture above any that we can 
picture ? Or wiU they try stiU to bind science to secrecy, for the competitive invention 
of ever more effective means of destruction, and thus hold civilization in instant 
peril of dissolution ? It is surely our duty as men of science to help the world with 
our knowledge to make that decision, and to make clear our own views and 
intentions. 

5, The danger to science from the intrusion of secrecy, against which I suggest 
that we need to be alert, does not arise, of course, simply from the question whether 
a particular technical invention shall be given away at once, or not till somebody 
else has made it. If policies now developing can bring about a frank and effective 
abandonment of all national secrecy about science, we need not, as scientists, be 
critical of their beginnings. Our experience so far, however, of the application of 
secrecy to science for military or industrial advantage, must keep us on guard. It has 
not, in our experience hitherto, dealt with inventions which can, once for all, be 
locked up or given away. The most that it has hoped to achieve has been to keep its 
particular employer, at each new stage, a jump ahead of his rivals. What we have 
now to fear is that, in default of the international agreement which we must hope 
and work for, national military secrecy should try to maintain, or to extend, its 
war-time dominance. If that were to happen, we must expect it, with its new 
experience of the possibilities of science in total war, to be watchful for any advance, 
whether fundamental or technical, whether in nuclear physics or in any other 
progressive field of science, which could be impounded and put under seal for 
warlike preparation, presumably under the name of ' security \ It is impossible 
to forecast how much of science might thus become involved. The release of 
atomic energy is yet a novelty, and we have to think what might be made of it, 
for good or iU, 20, 30 or 40 years ahead. I think that we, as scientists, should 
make it clear to the world that, if national mihtary secrecy were allowed thus 
progressively to encroach upon the freedom of science, even if civilization should 
yet for a while escape the danger of final destruction, a terrible, possibly a mortal 
wound would have been inflicted on the free spirit of science itself, to the im¬ 
measurable loss of what it stands ready to offer to a wiser world. 

6 . I do not believe that there is any division of opinion on this issue among 
scientists, anywhere in the world, in so far as they are able to express it simply as 
scientists. We of the United Nations, in despite of aU our normal traditions and 
instincts, were ready to submit for years to any secrecy or restriction which could 
help or hasten victory in the war for the world’s freedom. The war has been won, 
and we shall not be ready to accept, as its result for science, a tightening of the 
chains. We have the right to expect that its freedom wiU be restored; and the 



142 Anniversary Address by 8ir Henry Dale 

freedoms which we ask for science are freedom from secrecy and freedom from 
national barriers. 

7 . Secrecy as the enemy, and resistance to the attempt of authority to impose 
it, are no new experiences for science or for scientists. Giordano Bruno was burned 
at the stake and Galileo was imprisoned and threatened, because they refused to 
be secret about discoveries which were thought to be harmful to religion in their 
day; and, in a later century, there was an attempt, for a like reason, to discourage 
scientists by moral ostracism from telling the truth as they had seen and discovered 
it. Science stood firm, the world still moved, the moral stature of mankind was 
raised by the encoimter, and organized religion gained more from it in wisdom 
than it lost in intellectual dominance. We do not know yet who, or how many, 
of Europe’s scientists, in the terrible years now closing, have suffered for the 
scientific truths which political tyrannies desired to suppress or to distort. Unless 
the growth of international understanding and confidence can now prevent it, 
unless efforts to outlaw the abuse of science for ‘total war’ should succeed, science 
may find itself again facing an attempt to impose secrecy upon it, this time in the 
interests of national suspicion and rivalry, and in flat negation of its true service 
to mankind. If that danger should threaten, can we hope that the scientists of all 
the world may yet stand together against it, determined to preserve the integrity 
of science, to prevent its further perversion from its proper and beneficent uses, 
and to save civilization from misusing science for its own destruction? 

Our Charter of 1663 lays down, as the object of our Society, ‘promoting by 
the authority of experiments the sciences of natural things and of useful arts, to 
the glory of God the Creator, and the advantage of the human race’. Each of us 
may read these old words to-day in terms of his personal convictions. Freely to 
seek ‘by the authority of experiments’ and freely to proclaim the truth as science 
reveals it, for its own beauty and excellence and for the help, the healing and the 
enlargement of the means of happiness which it can bring to all mankind—does 
any man of science, anywhere in the world, whatever his creed or his loyalties, 
desire for science any aim but this? The old mandate stiU embodies the purpose 
for which the Royal Society has stood for more than 280 years, and still must stand, 
as a beacon to the world and as one of its centres of inspiration. 

The time has come for me to retire from the Chair to which the Society called 
me five years ago. For none of us have the duties of these years, though diff erent 
from those of normal times, been fewer or less exacting. Lack of the normal 
demands for social gifts or festive eloquence has caused me little sense of real 
deprivation. Such regret as I feel, when I look back over this interval, comes from 
the sense of my own inadequacy to meet the great opportunities and the heavy 
responsibilities for science, which a time so stirring and critical must create for 
one whom you have honoured by placing him here. Otherwise these years, with 
all their tension and anxiety, have left me many happy and grateful memories. 
From the Fellows as a body and members of the Councils, I have met only kindness 
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and consideration. I have had the crowning good fortune of serving with the 
same set of Officers through the whole five years. Though each of us has had too 
many and too urgent other duties for an ideal co-ordination of our efforts for the 
Society, I am sure that no happier band of brother Officers has ever worked 
together here. The Society is fortunate in that two of them are willing to serve 
yet awhile as Physical Secretary and Treasurer. Professor Hill has reached the 
end of a full term of 10 years devoted to the service of the Society as Biological 
Secretary. Though we are glad that he is obtaining freedom to reopen his proper 
peace-time researches, the Council have prevailed upon him to accept nomination, 
for another year yet, to the normally less exacting duties of the Foreign Secretary¬ 
ship, from which Sir Henry lizard is now retiring at the completion of a five 
years’ term. The work of these four good colleagues of mine in the national interest, 
during the whole period of the war and in some cases for some years before its 
outbreak, has been largely hidden, and its effect on our scientific war effort and 
achievement will never be generally known or acknowledged. Here we can at 
least gratefully recognize thefr cheerful readiness to accept the additional burdens 
of office in the Royal Society, with all the unusual demands that these have 
entailed at such a time. 

Then I should like to record my gratitude to Mr Griffith Davies and aU the 
Society’s staff for the friendly help which they have always afforded on the 
technical side of a President’s duties. 

You have just elected Dr Salisbury, the distinguished botanical ecologist who 
has also to-day received a Royal Medal, and who will enter upon his new duties 
as Biological Secretary with the good wishes and high hopes of us all. 

And now, I am going to ask you to acclaim and to welcome my distinguished 
friend Sir Robert Robinson, whom you have elected to succeed me in the Chair. 
There are many reasons for welcoming the choice which the Society has made. 
Chemistry of any kind has been, hitherto, infrequently represented in this Office. 
Between Humphry Davy in 1820 and William Crookes in 1913 the Society elected 
no Chemist as its President. The great contributions to science made by both of 
these were to the inorganic side of Chemistry and those of Frederick Gowland 
Hopkins, whom we elected in 1930, dealt with its role in biological phenomena. 
Organic Chemistry, pure and simple, has never before been represented in this 
Chair, and it was the more important that, when its turn should come, the Society 
should be able to induce a world leader in the subject to accept election. We may 
well congratulate ourselves on having achieved it. I could speak long of Sir Robert 
Robinson’s many other qualifications to be our President, and of the problems 
and duties lying ahead; but, lest the portrait of our Royal Founder, now above 
this Chair, remind you too aptly of one who was ^ an unconscionable time a-dying 
I am going to ask Sir Robert to come now and occupy, de facto, the position which 
we have already made his de jure, and to preside over the remainder of this 
Anni versary Meeting. I do so with the warmest good wishes and the greatest 
confidence. 
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I. Introduction 

Ever since its discovery at the end of the last century, the stratosphere has aroused 
much interest, not only among meteorologists, but among other men of science also. 
While at first its cause seemed so mysterious that many doubted the reahty of its 
existence, it is now generally agreed that the change from troposphere to stratosphere 
corresponds to a change from convection to radiation as the main factor governing 
the temperature of the air. It will be the purpose of this lecture to try to present a 
picture of the conditions at these high levels in the atmosphere as they are known 
to-day. 

The temperature of any part of the atmosphere is, of course, ultimately dependent 
on the energy radiated by the sun, but the process is often indirect and complicated. 
Solar radiation, being largely in the visible part of the spectrum or the near infra-red, 
suJBFers but little absorption by the major components of the atmosphere as it passes 
down to the earth where it warms the surface of the ground. The air—except at 
extremely great heights—^is thus but slightly warmed by sunlight directly. In 
marked contrast to sunlight, the outgoing radiation from the earth’s smface, being 
largely in the far infra-red part of the spectrum, suffers great absorption by the 
atmosphere. Three minor components are mainly responsible for this absorption, 
viz. water vapour, carbon dioxide, and ozone, each of which has one or more strong 
absorption bands in this part of the spectrum. Were no other processes operating 
in the atmosphere, the temperature of the air would be determined by the absorption 
and emission of this long-wave radiation. In the lower atmosphei;e there would be 
a rapid fall of temperature with increasing height above the ground, while at very 
great heights, where the absorbing gases are too rare to cause strong absorption of 
radiation, the temperature of the air would be low and would only faU slowly with 
increasing height. However, the rapid fall of temperature above the ground would 
be unstable, and violent convection would take place reducing the temperature 
lapse rate to a stable value. There is little doubt that this general picture of the 
temperature control in the atmosphere is correct, viz. a lower part, the troposphere, 
where convection is m control (with the surface temperature fixed by the sun’s 
radiation) and an upper part (the stratosphere and the warm layer above it) where 
radiation is the controlling factor. 
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Lord Cherwell was, it is believed, the first to suggest that the absorption of out¬ 
going infra-red radiation from the earth and lower atmosphere by carbon dioxide 
and ozone would play a part in determining the radiative equilibrium in the strato¬ 
sphere in addition to that played by water vapour, and that the equilibrium tem¬ 
perature would depend on the relative proportions of these three gases (Lindemann 
1919 ). Until recently, however, it was generally believed that the absorption by 
water vapour, extending as it does over a wide range of the infra-red spectrum, 
would be of predominant importance. In Part III, consideration is given to the ques- 
tiomas to how far this hypothesis is supported by knowledge acquired in recent years. 

Of the three main absorbing gases in the atmosphere, carbon dioxide has a very 
strong absorption band centred at about 14-7/^, as weU as other minor bands. Water 
vapour has a very complicated absorption spectrum with minor bands in the near 
infra-red, a strong band at about 6*5/t, and a very extensive region in the very long 
wave-lengths where it absorbs strongly. Ozone, in addition to minor absorption 
bands, has a strong but rather narrow band at about 9*7/^, which, it should be 
noticed, falls in a part of the spectrum where both water vapour and carbon dioxide 
are nearly transparent and where the intensity of the outgoing radiation will be 
strong, since it will come largely from the surface of the earth without having suffered 
absorption by the other gases. 

The outgoing radiation passing upwards through the lower stratosphere wiU not 
all come from one level; for those wave-lengths where water vapour and carbon 
dioxide are very transparent, e.g. in the region about 10 /^, the radiation will mainly 
come from the surface of the earth which has an average temperature of about 
280° Abs. Those wave-lengths which are strongly absorbed by water vapour or 
carbon dioxide will arise in the upper troposphere at such a level that there is just 
not enough water vapour or carbon dioxide above to cause strong absorption, the 
average temperature being probably about 233° Abs. Other wave-lengths which 
are partially absorbed by water vapour or carbon dioxide wiU arise in the lower 
troposphere where the temperature is, say, 260° Abs. This question has been fuUy dealt 
wdth by Simpson ( 1928 ) m his ‘Further studies in terrestrial radiation’. He there 
gives a curve showdng the spectral distribution of the radiation which leaves the top 
of the stratosphere. This diagram, modified by changing his temperature from 218° 
to 233° Abs., gives a reasonable estimate of the radiation of different wave-lengths 
entering the bottom of the stratosphere (figure 17). On this basis one may calculate 
the equilibrium temperature which any one gas would attain if it existed alone and 
had only one absorbing wave-length. The values are given in table 1 , where it is 
assumed that the absorption and re-emission of radiation at higher levels are so 
smaU that they can be neglected. 

It is difficult to estimate the true radiative equilibrium temperature of water 
vapour in the stratosphere owing to its very complicated absorption spectrum, but 
a value of 190° Abs. does not seem unreasonable. Thus we may take the equilibrium 
temperatures of carbon dioxide as being about 200° Abs., that of water vapour as 
about 190° Abs., while that of ozone will be about 250° Abs. Increasing the relative 
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proportion of ozone in the stratosphere may thus be expected to raise the tem¬ 
perature, while an increase in the relative proportion of water vapour would decrease 


gas 

wave-length 

Table 1 

source of 
radiation 

temperature 
of source 
° Abs. . 

equilibrium 
temperature 
° Abs. 

CO, 

14-7 

upper troposphere 

233 

201 

H,0 

6-5 

>5 

233 

218 

H,0 

20 


233 

190 

H,0 

30 

99 

233 

175 

H,0 

40 

99 

233 

161 

0, 

9-7 

earth’s surface 

280 

250 


Before we can begin to try to estimate the actual temperature to be expected in 
the stratosphere, the relative amounts of these three important gases must be 
known. In the next section the work which has been done on this question will be 
reviewed. 


II. Water vapour, ozone and carbon dioxide in the upper atmosphere 

(a) Water valour 

(i) Design of hygrometers 

Until quite recently there was no reliable information about the amount of water 
vapour in the upper troposphere, though it was generally supposed that at these 
levels the air would be nearly saturated. As regards the humidity of the air in the 
stratosphere our ignorance was quite complete and widely divergent views were 
held. The difficulty of measuring the humidity of the air at these heights arises 
chiefly from the fact that there is so very little water vapour to measure owing to 
the low temperatures. Thus, even if the air were saturated at 220° Abs. (the average 
temperature of the stratosphere in temperate latitudes), there would be only 26 mg. 
of water vapour in a cubic metre, while if it were saturated at 190° Abs. (the average 
temperature of the stratosphere at the equator) there would be only 0*3mg./m.®. 
For this reason most of the usual methods of measuring humidity become im¬ 
practicable. Thus the difference between the wet- and dry-bulb thermometers 
becomes vanishingly small even if the air is very dry; materials sensitive to moisture 
such as hairs or gold-beaters’-skin take so long to pick up the required amount of 
water (or to get rid of it) that their lag becomes prohibitive; direct sampling, by 
bringing down a vessel of air, is made very inaccurate by the much greater amount 
of water adsorbed on the walls of the vessel. It should be possible to measure the 
absorption of solar infra-red radiation by the strong water-vapour band at 6*5/^, 
but m addition to the rather elaborate apparatus required, lengthy and difficult 
laboratory measurements of the absorption coefficients of water vapour at low 
temperatures and low pressures would have to be made since they are not accurately 
known under these conditions at present. Only the dew-point, or frost-point, method 
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is free from major difficulties, and this method has been developed for use under 
these special conditions. So far no instrument has been designed which is suitable 
for use on a small free balloon, and all observations have been made from aircraft. 

As mentioned before, saturated air at a temperature of 190° Abs. contains only 
0-3mg./m.^ of water vapour, and only a small fraction of this can be deposited on 
the thimble of the instrument if the measurement is to be accurate. One of the 
first requirements of a satisfactory design is, therefore, to be able to detect exceed¬ 
ingly small deposits of ice and whether a small deposit is growing or evaporating. 
Actually it is found possible to work with deposits of much less than a thousandth of 
a milligram of ice. Two types of instruments have been made, one in which the 
deposit is viewed by the observer, while in the second the amount of deposit is 
measured photoelectrically by the amount of light which it scatters. In the eye- 
observation instrument this sensitivity is obtained by using a jet of air, about a 
millimetre diameter, directed across the flat surface of the cold thimble of the 
hygrometer. The water vapour is thus deposited as a streak across the thimble, and 
the contrast with the surrounding clear parts greatly helps to make a faint deposit 
visible to the eye. The illumination of the thimble is also carefully designed. The 
thimble is made of aluminium and its flat upper surface is anodized and dyed black, 
while an even illumination from aU sides at a low angle is obtained by surrounding 
the thimble by a reflector consisting of an ellipse of glass or of one of the transparent 
synthetic plastics, the lamp being placed in a hole cut at one focus of the ellipse 
while the thimble is in a hole at the other focus. In this way an effect similar to dark- 
background illumination is obtained which allows very minute traces of hoar-frost 
to be clearly seen. A magnifying lens is provided to aid the eye and closes the little 
cell at the top. 

The under-part of the thimble is hollow, and the thimble is cooled to any desired 
temperature by forcing a jet of cold petrol into this hoUow. The petrol is cooled 
by surrounding the pump with a mixture of solid carbon dioxide and petrol. Alter¬ 
natively, liquid air may be forced against the thimble when very low temperatures 
have to be reached. With this arrangement there is no difficulty in bringing the 
thimble to any desired temperature and holding it constant within a fraction of a 
degree. The construction of the instrument wiU be seen from the diagrammatic 
sketch of figure 1. 

The procedure followed in making a measurement is as follows: First, the thimble 
is cooled until a deposit is obtained. To be sure that this is ice and not supercooled 
water,* the thimble is cooled stfll more, after which it is warmed until nearly, but 
not quite aU, the deposit has evaporated, when it is again cooled to some tem¬ 
perature believed to be near the frost-point. After holding the thimble at this 
temperature for 30-60 sec. the deposit is again observed to see whether it has grown 
or evaporated. Proceeding in this way two temperatures are found at which the 
deposit is seen just to increase and just to decrease. The mean of these temperatures 

* Supercooled water can easily be deposited on the thimble and remain liquid for a long 
time down to temperatures at least as low as 240° Abs. 
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will be very near the true frost-point. It is important to stress the fact that the 
thimble may he held one or two degrees below the true frost-point of the air without 
any deposit forming at all, and that at these low temperatures the vapour pressure 
of ice is so low that the deposit evaporates very slowly, and if the temperatures are 
observed when the deposit first appears on cooling and when it just disappears on 
warming, the mean of these two temperatures may not be the true frost-point of 
the air. 



Figure 2. Diagram showiag the principle of the firost-point 
hygrometer with photoelectric deposit indicator. 

Instead of observing the deposit of ice or dew on the surface of the thimble by 
eye, the amount of deposit may be indicated photoelectrically. The general prin¬ 
ciples of the instrument are seen in figure 2. In this case the top of the thimble is 
polished gold and not black, and the instrument is so designed that when there is 
no deposit very little light reaches the photoelectric cell, but a small deposit of ice, by 
scattering the light, causes a large increase in the light reaching the cell. The current 
passing through the ceU is amplified and read on a microammeter which is adjusted 
to read approximately zero when the surface of the thimble is clean. The reading of 
the microammeter is thus a rough measure of the amount of deposit on the thimble. 
Though the instrument is more elaborate and requires more attention to keep in 
order than the eye-observation type, it is much simpler to use, since aH that is 
necessary (after having obtained a small deposit on the thimble and being sure that 
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this is ice and not water) is to adjust the temperature of the thimble to a value where 
the microammeter gives a steady reading, indicating that the amount of deposit is 
not changing. The time taken for an observation is therefore very short, since the 
actual amount of deposit is quite immaterial, the only necessary condition being 
that the amount should not be changing. At least two independent observations can 
be taken per minute. As with most instruments, increase in elaboration brings with 
it disadvantages as well as advantages, and one cannot be so certain that errors may 
not have crept into an observation which would have been noticed at once if the 
measurement had been made by a good observer using the eye-reading instrument. 

In principle it is only a small step in elaboration to make the instrument entirely 
automatic, the current from the photoelectric cell being made to control the cooling 
of the thimble so that a small constant amount of deposit would be continually 
present and the thimble continually at the frost-point of the air. The developments 
of the instrument on these lines is now in progress. 

Very careful, critical experiments have been made to see that the readings obtained 
with these instruments do really give the true frost-point of the air even at very low 
temperatures. For this purpose an air supply having a frost-point of 194° Abs. was 
obtained by passing air from a pump, first through dry silica gel to remove most of 
the water vapour and then through clean copper spirals immersed in a bath of solid 
carbon dioxide and acetone and finally through a cotton-wool filter in a metal 
cylinder—also cooled in solid carbon dioxide and acetone—^to remove any ice 
particles which might be blown through the spirals. It was assumed that the air from 
this system would have a frost-point equal to that of the cooling b^th, and the 
difference of temperature between the thimble and the bath was measured by ther¬ 
mocouples. Two slightly different eye-observation instruments were used by three 
observers, and it was clearly shown that the instrument did indicate the true frost- 
point and that at this low temperature the probable error of a measurement made in 
the laboratory was about ± 1° C. When used in aircraft at a great height and in some 
discomfort and with a shortage of oxygen, the probable error would certainly be 
greater. With air of higher frost-points the instrument is much easier to use owing to 
the larger amount of water vapour present, and a much better accuracy can be 
obtained. 

Similar critical tests with the photoelectric deposit indicator show that a single 
observation on air of frost-point about 194° Abs. can easily be made in about half 
a minute, as compared with about 6 min. when using the eye-observation instrument 
at such a low temperature, and that the accuracy is very much better. Since less 
judgement is required of the observer when using the photoelectric instrument, it is 
likely that this instrument will prove much more accurate than the eye-observation 
instrument when used in aircraft at a great height. 

Tests such as these show that down to a frost-point of 194° Abs. these hygro¬ 
meters giTO results which are thoroughly trustworthy. At stiU lower temperatures 
an effect is found which at present appears to place a definite lower limit to the 
temperature at which a frost-point hygrometer can be used. The effect was first 
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noticed when the thimble of the hygrometer was cooled to about 160® Abs. while 
using air having a frost-point of about 194° Abs. The thimble was cooled to this low 
temperature to get a deposit of ice quickly, but, contrary to expectation, no visible 
deposit was formed at all, although the thimble was kept at this low temperature 
for about 15 mm. When, however, the thimble was warmed up to a temperature only 
some 10° C below the frost-point of the air supply, the usual deposit of hoar-frost 
appeared. Further investigation showed that this effect begins to come into play at 



Figure 3. Apparent rate of deposition of ice in the frost-point hygrometer with different 
temperatures of the thimble and with air of different water contents. 

even higher temperatures. The photoelectric deposit indicator has been used to 
measure the rate of growth of the deposit with the thimble at different temperatures 
and with air of different humidities. The rate of deposit was found to be rather vari¬ 
able between one test and another, but the curves of figure 3 show the general 
character of the effect. (Since successive measurements did not give exactly the same 
values, it is not certain that the curves should ever cross one another.) From these 
curves it will be seen that there will be a natural limit to the dryness of the air which 
can be measured by a frost-point hygrometer, since one may expect that if still 
drier air were used a curve such as ABCD would be obtained, and it is only in the 
small range of temperatures between A and C that any appreciable deposit would be 
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observed. For still drier air practically no deposit would be visible at any tem¬ 
perature. It will be noticed that the effect is not due to lack of suitable nuclei on which 
the water vapour can sublime, since if the thimble has a thin coat of hoar-frost before 
being cooled to the low temperature, visible deposition still stops at the same low 
temperatures. 

There is reason for thinking that water vapour continues to be deposited at very 
low temperatures, but that it is in the form of a glass rather than crystalline ice, and 
so is not visible. For example, if the thimble has been cooled to, say, 150° Abs. in 
a current of very dry air and then air having a frost-point of about 200 ° Abs. is 
admitted for a minute or so and finally the current of very dry air is again passed 
through the instrument while the thimble is slowly warmed, a considerable deposit 
appears when the thimble temperature reaches about 200 ° Abs., in spite of the fact 
that the thimble is much above the frost-point of the surrounding air. The deposit 
evaporates again in a minute or two. The simplest explanation for this effect is that 
an invisible, thin layer of glassy ice was deposited on the thimble when it was very 
cold and that this slowly changed to crystalline ice as the thimble warmed up. 

Burton & Oliver ( 1936 ), using the X-ray diffraction method to study the sublima¬ 
tion of water vapour at low temperatures and low pressures, showed that vitreous 
ice was formed when water vapour condensed on a metal surface at a temperature 
below 163° Abs. If this surface were at a rather higher temperature a crystalline or 
semi-crystalline deposit was formed. If the temperature of the vitreous ice were 
raised it changed to crystalline ice. 

Another phenomenon which has given some trouble at low frost-points is that 
frequently when the thimble is first cooled from room temperature—particularly 
if its surface has been recently polished—^it is very difficult to get any deposit at all. 
After the thimble has been cooled for some time a deposit slowly forms and grows 
more and more easily the longer the thimble is kept cold, until after about an hour 
a deposit is readily formed even at a frost-point of about 190° Abs. The surface of 
the thimble appears to become in some way ‘activated’. This ‘activity’ does not 
disappear when the thimble is warmed so that the deposit is entirely evaporated, but 
does often disappear if the thimble is warmed to room temperature for some time. 
It is this variation in the ‘ activity ’ of the thimble surface which makes it difficult to 
get repeatable values for the curves shown in figure 3 . 

(ii) Measured humidities of the upper atmosphere 

The most generally accepted theory of the probable distribution of water vapour 
in the stratosphere was that the air at the tropopause would be saturated or nearly 
saturated, and that there would be a slow churning of the air in the stratosphere 
which would mix the air of the upper stratosphere with the air just above the 
tropopause, with the result that the ratio of the weights of water and air would be 
constant at all heights in the stratosphere and equal to their ratio at the tropopause. 
Some of the observations which have been made in the upper air can be used to 
examine this theory. 
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Several ascents have now been made in which the humidity has been measured 
with hygrometers of the type described above, and the results have demonstrated 
the value of such measurements in the study of the dynamics of the atmosphere, 
both in the stratosphere and in the troposphere. The main concern here is 
with the stratosphere, but an examination of some of the results obtained in the 
middle and lower troposphere will help to understand the stratosphere results more 
easily. 

Examine an ascent made through a stable layer in the troposphere to see to what 
extent the slow churning does take place. In the early months of 1945 the weather 
was of such a type that subsidence inversions, i.e. very stable layers were quite 
common, often persisting for several days, and if destroyed they quickly reappeared. 
A large number of soundings were taken through these inversions and a typical 
result is shown in figure 6, where a very stable layer is seen between 914 and 1680 m. 
Special interest attaches to the frost-point curve. Near the top of the stable layer 
the frost-point (and therefore the water-vapour content also) passes through a 
minimum and there is a shallow layer only 600 m. thick which contains less water 
vapour than the air either above it or below it. Figure 7 shows the data for the same 
ascent in which we have plotted the logarithm of the weight of water per gram of 
air against height. The scale has been enlarged so as to show the detail in the inversion 
layer more clearly. The very rapid way that this ratio—^the humidity mixing ratio 
—changes with height is most remarkable, between 914 and 1530 m., a depth of 
only 616 m., the hunoddity mixing ratio decreases by a ratio 13:1, and then between 
1530 and 1680 m. it increases again by 9:1. This shallow dry layer was found in 
almost all the ascents though it was less marked in some than others, and it was found 
to persist for several days without weakening, so that any mixing between different 
layers must have been very slow. 

From a general meteorological point of view, this feature is of great interest, but 
for our present purpose it is chiefly of interest as showing that in stable air, mixing 
between different layers must be extremely slow, and that any theory which is 
based on the vertical interchange of air in the stratosphere may not be correct. The 
need for actual observations in the stratosphere is therefore very real. 

So far we have made thirteen ascents into the stratosphere. Ascents made on 
26 August and 7 September 1943 just entered the stratosphere and indicated a 
great reduction in humidity at the highest levels reached, but the first ascent when 
observations were made well into the stratosphere was on 22 December 1943 and 
figure 4 shows the results, which we believe to be the first accurate measurement of 
humidity ever made in the stratosphere. The ascent was made in a polar air stream 
which was subsiding strongly as is shown by the distribution of temperature and 
humidity in the troposphere. The lower limit of subsidence was below 3 km., and 
the upper limit was at 8 km. The air at the tropopause had not subsided. 

Immediately on entering the stratosphere the frost-point feU very rapidly, and 
at the upper part of the ascent the frost-point could not be measured since the 
thimble could not be cooled enough to obtain a visible deposit. 
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This very rapid fall in frost-point immediately on entering the stratosphere has 
been a feature of all the ascents which we have made so far and occurs in other 
typical ascents shown in figures 5 and 6cb. These ascents cover a variety of different 
meteorological conditions, though many more ascents are still needed to show 
whether the fall in frost-point above the tropopause invariably occurs. The sudden 
decrease in the relative humidity is consistent with the known fact that the con¬ 
densation trails which aircraft usually form at great heights become much shorter 
when the aeroplane enters the stratosphere, indicating very dry air in which the 
trail quickly evaporates. 
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Figure 4. Frost-points and air temperatures observed on the first ascent when humidities 
were measured in the stratosphere, Boscombe Down, 22 December 1943. 

A few cases have been reported when the aircraft continued to leave long persistent 
trails even when some thousands of feet above the indicated tropopause. While it is 
possible that the height accepted for the tropopause was not correct, the possibility 
remains that occasionally the air of the lower stratosphere may be nearly saturated. 

Further evidence is still wanted as to whether the frost-point continues to fall at 
greater heights in the stratosphere. So far, ascents which have penetrated a con¬ 
siderable distance into the stratosphere and on which the hygrometer had provision 
for adequate cooling, have suggested that the frost-point becomes roughly constant 
at a temperature between 190 and 205° Abs. 
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Now consider how the air in the stratosphere can become so very dry. It seems 
that the only way in which water vapour can be removed from the stratospheric air 
is by the air having risen and therefore cooled to a low temperature, causing sublima¬ 
tion of the water vapour. The ice particles formed must then be removed from the 
air by falling out. It is natural to look for this process near the equator where the 
stratosphere is coldest and where there are widespread rising currents in the tropo¬ 
sphere. The average temperature of the stratosphere here is about 190° Abs., while 
occasionally temperatures as low as 182° Abs. have been measured. The variations 
from day to day are much smaller than in temperate regions. 

At first sight it might be expected that, at these very great heights where the 
temperature is very low and the air is likely to be very clean, considerable super¬ 
saturation might be necessary before sublimation took place, and that when it did 
a cloud of very fine ice crystals would be formed which would settle out extremely 
slowly. Some experiments, similar to those of C. T. R. Wilson, in which damp 
air is suddenly expanded and thereby supersaturated, were made at very low 
temperatures and are of interest in this connexion. It was found that even in 
very clean air (from which aU nuclei had been removed), a cloud of ice crystals 
was easily formed provided that the temperature fell below 232° Abs. and sublima¬ 
tion took place with a supersaturation far below the ion threshold necessary to 
form water droplets at teihperatures above 232° Abs.* Further, when the tem¬ 
perature is below about 190° Abs. rather large grains of ice, similar to soft hail, are 
formed instead of the cloud of fine ice crystals. These large grains will faU fast and 
so remove the water from the cooled air; they would probably be quite invisible 
from the ground so that no clouds would be seen. While the known processes would 
thus account for the production of the dry air there must be remarkably little dif¬ 
fusion of air across the tropopause, since on those days when the driest air has been 
found the air current had not recently come from low latitudes. In the case shown 
in figure 4 the air of the stratosphere was probably over Hudson Bay a few days 
earlier. If the air changes its level without condensation or evaporation of water, only 
a small change in the frost-point results, a rise of a kilometre causing a faU in frost- 
point of about 1° C. Thus no large changes in frost-point can be caused in this way. 

Unfortunately, we have so far not been able to make enough measurements of 
the humidity within the stratosphere to know how it varies as between polar and 
equatorial currents, nor its average values over high- and low-pressure areas. It 
seems probable that when this information is available it may lead to very important 
developments. 

* Note added Novernber, 1945. The highest temperatures at which the first ice particles 
appear in an expansion chamber, as determined by the expansion ratio, are quite sharp 
and as calculated, assuming adiabatic conditions, they are (1) for nuclei-free air, 
225*5°+ 0*1° Abs., (2) for outdoor air, 235*5°+ 0*5° Abs., (3) for air contaminated by 
tobacco smoke, 242° ± 0*5° Abs. However, experimental evidence has recently been obtained 
that the minimum temperatures after expansion are higher than those calculated from the 
adiabatic formula. Experiments to determine the exact minimum temperatures are in 
progress. At present the most probable estimates for the three above cases are (1) 232° Abs., 
(2) 241° Abs., (3) 246° Abs. 
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BOSCOMBE DOWN 
5 May 1944. 
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FiauiuB 5. Frost-points and air temperatures observed on 5 May 1944 
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Figxjke 5a. Frost-points and air temperatures observed on Boscombe Down, 30 May 1945, 
13,00 G.M.T. The frost-point at the top is the lowest yet observed. 
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Figtjbe 7. Humidity mixing ratios on 21 March 1945. 
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(6) Ozone 

Turning now to consider the role of ozone in the npper atmosphere, the work on 
this subject which has already been published will be first briefl.y reviewed and then 
certain new results which have been obtained from recent observations will be 
described. Most of the measurements which have been made give the total amount 
of ozone in the atmosphere above the place of observation, though it has been pos¬ 
sible, even from observations made at ground level, to get some idea of how this 
ozone is distributed throughout the depth of the atmosphere. 

Ozone has a very strong absorption band for ultra-violet radiation between 3300 
and 2200 A., and in most work this has been used for measurements of the amount of 
ozone. By means of a suitable monochromator, two wave-lengths in the sun’s 
radiation are isolated, and from their relative intensities the absorption by ozone 
and hence the amount of ozone is calculated. One wave-length is chosen to be almost 
outside the ozone absorption band while the other is chosen well within the band— 
though not too far within the band, otherwise so httle radiation is transmitted that 
accurate measurements are impossible. The measurement of the relative intensities 
of the two chosen wave-lengths may be made photographically or photoelectrically 
—^the latter method having the great advantage of simplicity of observation and 
quickness, since one observation and the necessary calculation can easily be com¬ 
pleted in 10 min. 

From observations such as those described above it is now known that at times 
the total ozone in the atmosphere above any place may be as small as 1*5 mm.* and 
at least as large as 4*5 mm. This amount is, of course, very small even when compared 
with such gases as carbon dioxide which would have an equivalent thickness of 
2-4 m., but owing to its strong absorption of radiation even this very small amount is 
important. Observations made in widely separated parts of the world show that 
near the equator the amount of ozone is always small and generally fairly constant, 
the average value being 2-0 mm. In high latitudes, on the other hand, there is a 
large annual variation and the amount is very large in the spring, but in autumn it 
is probably not more than about 25 % greater than the amount at the equator. In 
temperate regions, where the great majority of measurements have been made, the 
average amount is also greatest in the spring and least in the autumn in either 
hemisphere. The amount also varies greatly from day to day with the meteorological 
conditions, being low in the warm sector of a depression and in an anticyclone, while 
it is high in the cold parts of a depression. It appears, indeed, to be true in most oases 
that polar air has a high ozone content and equatorial air a low content, though 
whether the origin of the air current accounts for the whole of the variations in ozone 
is by no means certain at the present time. 

An estimate of the vertical distributions of the ozone throughout the depth of 
the atmosphere can be obtained from observations of the absorption produced by 
the ozone both in the radiation received directly from the sun and also in the 

* The total amouxit of ozone in the atmosphere above any place is usually given as the 
thickness of an equivalent layer of pure gas at standard temperature and pressure. 
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radiation which has been scattered by the air and passes down to the measuring 
instrument from the clear blue zenith sky. Other measurements have been made by 
sending up a spectrograph in a free balloon and measuring the total ozone above the 
height of observations (Regener 1934 ). There is no reason why a suitable spectro¬ 
graph should not be carried on an aeroplane and solar ultra-violet spectra taken at 
various heights from which the concentration of ozone at different levels could be 
measured. 

Measurements of the average height of the ozone in the atmosphere have also been 
made by Strong ( 1941 ). He measured the total amount of ozone by the absorption 
of ultra-violet solar radiation as described above, and in addition he measured the 
absorption in the 9-7/^ band. He has shown that for a constant amount of ozone the 
absorption by this band varies as the fourth root of the total pressure under which 
the ozone exists. From these two measurements he was able to calculate the pressure 
at the average height of the ozone layer and thus its height. The method, of course, 
does not give any information about the vertical distribution of ozone, but it has 
the great advantage that an estimate of the average height can be obtained from 
one set of observations made at the same time, so that changes in the level of the 
ozone can be followed as weU as changes in the total amount. The method can be 
used only when direct sunlight can be obtained and not with a cloudy sky. 

Very few measurements of the vertical distribution of ozone in the atmosphere 
have been made compared with the number of measurements of the total ozone 
content. The measurements indicate that the concentration of ozone rises with 
increasing height in the atmosphere, reaching a maximum at about 25 km. and 
probably falling to a very small value at 50 km. They also indicate that the day to 
day variations occur largely in the lower stratosphere, say from 10 to 20 km., an 
important point which will be referred to again in § III. 

The methods of measuring the amount of ozone used in the earlier observations 
required direct sunlight so that observations were not possible in cloudy weather, 
and, since the passage of a front separating different air masses is usually accompanied 
by much cloud, little information could be obtained about the details of the changes in 
ozone in such cases. Recent measurements have now filled this gap. The passage of 
a warm front, when cold air is replaced by warmer air, is accompanied by a faU in 
the ozone content, and since a warm front slopes forward at an angle of roughly 
1/150, the faU takes place before the arrival of the front at ground level just as the 
upper clouds show the approach of a warm front some time before the arrival of 
the front at the surface. Figures 8 ,9 and 10 show a well-marked case of a warm front, 
the amount of ozone being given as a percentage of its normal value for the time of 
year. Figure 8 shows the pressure distribution and the positions of the surface fronts 
during three days. On the first day, when a shadow depression covered the British 
Isles, the ozone at aU stations was weU above the normal value for the season. On 
the second day the ozone in western Ireland feU to 88 % of the normal at 1300 hr. 
and to 76 % at 1500 hr. The ozone at Lerwick had also fallen to 96 %, but at the 
other stations the values were stiU as high or higher than on the previous day. At 
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this time the warm front was approaching western Ireland but was some 600 miles 
away from the coast. On the third day, although the front was still west of Ireland, 
the ozone values at all the British stations had fallen to quite low values. It is 
unfortunate that the fall in ozone content could not be observed in detail at the 
British stations as it occurred at night, but the two observations in western Ireland 
showed how rapid the fall was. On the fourth day the front (now occluded) had 
passed across the British Isles, but another warm front approachmg Ireland caused 
a renewed fall in ozone at Valentia. 



values expressed as percentages of the mean value for the season. 


It is of interest to notice that though the Shetland Isles are well to the north of 
the surface warm sector, yet the lowest ozone value is found there, a condition 
frequently recurring in other similar cases also. 

In figure 9 the fi^ont has been drawn as it was a;t 1300 hr. on the second day, and 
the ozone values plotted at the positions of the observing stations. Earlier and later 
ozone observations have also been entered at the approximate positions of the 
stations relative to the front at these times. Isopleths of ozone content show the 
general distribution of ozone in relation to the front. In figure 10 an attempt has been 
made to show a cross-section of the atmosphere at right angles to the direction of 
the front. There are no measurements of the height of the tropopause, so that this 
has been inferred from other similar occasions. The line at the top of the diagram 
shows the position, in relation to that of the surface front, where the most rapid fall 
in ozone occurred. It will be seen that the rapid fall in ozone content took place in 
a region where the front in the troposphere was at a height of about 8 km., but we 
believe that it is rather the extension of the front into the stratosphere which is 
directly associated with the fall m ozone. There is no evidence of the slope of the 
front in the stratosphere, but it will presumably slope backwards with warm air 
above. Neither is there any evidence of the width of the transition region occupied 
by the front. 
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This case has been chosen as showing large changes in ozone with the passage of a 
warm front, but similar, if rather less pronounced, cases are extremely common, 
and usually the first sign of an approaching warm front that can be obtained from 



Figure 9. Composite map showing the distribution of ozone in 
relation to the warm front of figure 8. 
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Figure 10. Cross-section of the atmosphere through the warm front 
of figure 8 showing the region of fall in ozone values. 


ground observations is a fall in ozone content which takes place well before any fall 
in pressure and often before any frontal clouds are seen. There are, however, a few 
cases of marked warm fronts which do not show these changes in the ozone, and 
these fronts presumably do not extend up into the stratosphere. 


II-2 
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In the case of cold fronts, the ozone changes are, as might be expected, generally 
the reverse of those at warm fronts, and there is usually a rise in the ozone content 
with the passage of ^ cold front. Further, since cold fronts generally slope back¬ 
wards, but at a steeper angle than warm fronts, the change in ozone content occurs 
a short time after the passage of the cold front at the surface. As with warm fronts, 
not all cold fronts show a change in the ozone content, such cases again being 
explained by the cold fronts not extending up into the stratosphere. 


Figures thus (25^ are temperatures at 7 km. 



Figure 11. Weather maps showing advancing cold front and the rise in ozone values behind 
the front. Ozone values expressed as a percentage of the mean value for the season. 

Figures 11 and 12 show a typical case of the passage of a cold front.* In this case 
the rise in ozone content was well observed both at Oxford and at Eskdalemuir, and 
all the observations could be made with good accuracy. It will be noticed that the 

* It will be noticed that this front is shown as an occlusion. This is because it was histori¬ 
cally associated with a warm front; but it has all the characteristics of a true cold front. See 
temperatures in north-east Ireland, 
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rise at Eskdalemuir was particularly rapid. In figure 12 an attempt has been made 
to draw a section of the atmosphere at right angles to the cold front, though the 
available data do not allow the position of the cold front in the upper air to be fixed 
with great accuracy. The height of the tropopause has also to be inferred from obser¬ 
vations made some distance away from the front. As in figure 10 the position of the 
front in the troposphere is fixed from such meteorological observations as are avail¬ 
able, while its position above the tropopause is determined solely by consideration 
of the changes'in ozone content. The frontal region is probably much more diffuse 
in the upper atmosphere than near the ground. 


Regions of ozone rise 



Fiouee 12. Cross-section of the atmosphere through the cold front 
of figure 11 showing the region of rise in ozone. 



Figuee 13. A peculiar variation in the ozone content of the atmosphere with a 
cloudless sky ahead of an upper cold front, 6 Jiitie 1942. 

In some cases the rise in ozone content began well ahead of the accepted position 
of the surface cold front, but in many of these cases the upper air temperatures had 
also begun to fall before the cold front, showing that there had, in reality, already 
been some change in the air mass. One case is of particular interest, since the sky 
was entirely cloudless when the rise in ozon,e content was observed and it was some 
hours before the cold front arrived. An upper cold front was passing east-south-east 
across the British Isles followed by a surface cold front about 100 miles behind, the 
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second cold front gradually overtaking the first. The upper cold front reached Oxford 
about 1900 hr. g.m.t., giving much alto-cumxdus castelatus and some towering 
cumulus with very high bases. The second front passed about 2100 hr. The ozone 
measurements and weather changes are shown in table 2 and figure 13. 


Table 2 


time G.M.T. 

ozone as 
percentage of 
seeisonal mean 

0/ 

/o 

weather 

--^^ 

0607 

90 

cloudless calm 

0727 

91 


0851 

90 


1043 

89 

?? >» 

1226 

91 

E.l 

1506 

100 

S.2 

1637 

98 

trace fracto-cumulus, S.2 

1818 

94 

2/10 alto-cumulus 

1900-2000 

— 

much alto-cumulus castelatus 

2100 approx. 


with towering cumulus 
having very high bases 
strong north wind started 


There is httle doubt that the rise in ozone content at 1506 was associated with 
the upper cold front which passed the observing station some 4 hr. later. In this 
case there was no sign of a fall in temperature of the upper air ahead of the accepted 
position of the surface front, but it might have escaped detection. 

Turning now to the change in the ozone content of the air when an occlusion 
passes over the observing station, it is found that phenomena which are usually all 
called occlusions can be divided into three groups according to their effect on the 
ozone content: 

(1) There is first the true occlusion, which is the continuation aloft of the warm 
sector of a depression, a tongue of warm air above extending well ahead of the tip 
of the warm sector at ground level. Such occlusions (as would be expected) show a 
fall in ozone content often extending several hundred miles ahead of the surface 
warm sector. 

(2) Certain occlusions produce no effect on the ozone value and presumably do 
not extend so high as the stratosphere. 

(3) Certain occlusions show a marked rise in the ozone value as the occlusion 
passes over the observing station. The increase may amount to 25 % or more of the 
initial ozone value and generally lasts a few hours only, but where the occlusion is 
nearly stationary the high ozone values may last for a day or so. Occlusions in this 
third group may be associated with a warm sector some distance farther away from 
the centre of a depression or they may not be associated with any warm sector at all. 
In all cases the air over the occlusion seems to be cold rather than warm. Figure 14 
is a generalized diagram showing the distribution of ozone around occlusions of this 
third type. 



Baherian Lecture 


165 


In view of the very great increase in the ozone (in this case presumably in the 
troposphere) found during thunderstorms and with cumulus and cumulo-nimbus 
clouds, to be described later, it is natural to ask whether there may not be electrical 
disturbances associated with such occlusions which form ozone locally. However, 
many occlusions showing the typical rise in ozone are accompanied by only drizzle 
or light rain and show no effect on the barograph trace, so that thundery conditions 
are unlikely. 




-— Isobars —— Equal ozone lines 

Figtjbe 14, Composite diagram of the distribution of ozone in 
relation to certain types of occlusions. 

Very rarely a marked rise in ozone content, similar to that in an occlusion, has been 
observed in fine weather when there was no apparent front or thundery condition 
to cause it. A typical instance is given in table 3, all observations except the first 
two and the last being made with direct sunlight. The observations were made near 
the centre of an anticyclone. During the afternoon large cumulus clouds formed, but 
chiefly after the maximum ozone values. 


Table 3 


time 

ozone as ^ 

! 

0 

time 

ozone as % 


G.M.T. 

of normal 

cloud 


of normal 

cloud 

0603 

94 

Cs, 7/10 Ac. 

1335 

109 

4/10 large Cu. 

0720 

95 

8/10 Ac. 

1423 

105 

5/10 large Cu. 

0917 

96 

6/10 Ac. 

1512 

104 

4/10 large Cu. 

1110 

106 

3/10 Cu. 

1618 

101 

little Cu. 

1234 

111 

Tr.Ca. 3/10 Cu. 

1822 

97 

5/10 Cu. and Fc. 

1240 

111 

Tr.Ci. 3/10 Cu. 





Finally, it has been shown that during thunderstorms the ozone content may 
increase very greatly. Figure 15 shows an instance when two thunderstorms passed 
nearly overhead in succession and produced a very great increase in the ozone 
content of the atmosphere. It should be remembered that such observations have 
necessarily to be made on the cloudy sky and are much less accurate than observa¬ 
tions with sunlight. It is probable, however, that any error involved will make the 
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observed value too small rather than too great. Most of the ozone formed during 
thunderstorms is almost certainly situated within the thundercloud and not in the 
stratosphere. It will therefore play no part in the radiation balance within the 
stratosphere. Further, it has been found that cumulus (iouds and particularly 
cumulo-nimbus clouds, though producing no lightning, usually cause high ozone 
values, and in considering changes in stratosphere temperatures caused by changes 
in the observed amount of ozone, observations likely to be affected by such local 
electrical causes must be discarded. 



Figxtre 15. Great increase in ozone values observed in thunderstorms, 13 July 1941. 

In an earlier paper one of us gave a diagram showing the average distribution of 
ozone around a typical depression and a typical anticyclone. Further observations 
have made it possible to give the distribution of ozone separately for a typical 
depression having a warm sector and for one which is entirely occluded and having 
only cold air associated with it. Figure 16 shows the results. In the occluded depres¬ 
sion there is no area with ozone below the normal value for the season, and the 
highest ozone is found ahead of the centre of the depression instead of behind it, as 
in the case of a depression with a warm sector. 

(c) Carbon dioxide 

The concentration of carbon dioxide in uncontaminated air at all places on the 
surface of the earth where it has been measured is about 0-03 % by volume (Paneth 
1939; Callender 1938), and there is good reason for expecting that throughout the 
troposphere, where turbulence is strong, the concentration will be the same. Analyses 
by Gluckauf (1944) of samples of air brought down from the stratosphere showed no 
certain difference in the concentration in the stratosphere from that at ground level. 



Baherian Lecture 


167 


Measurements of the ratio of the concentrations of helium and oxygen in the atmo¬ 
sphere up to 20 km. show that there is enough mixing up to these heights to prevent 
any appreciable separation of the gases under gravity, so that one may conclude 
that the relative concentration of carbon dioxide will also remain constant up to 
these heights. 



Figube 16. Composite diagram showing the distribution around a typical young 
depression with a well-marked warm sector and an old, occluded depression. 


The frost-point hygrometer described in §II(a) can be used to measure the 
concentration of carbon dioxide in the air. If in dry air, such as exists in the strato¬ 
sphere, the thimble is rapidly cooled to a very low temperature, the amount of ice 
deposited on it will be small and will not prevent the deposition point of carbon 
dioxide being clearly seen. The concentration of carbon dioxide is much greater than 
that of water vapour at these levels, and the deposition point can be determined 
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very accurately. Up to the present time only a few, rather rough, measurements of 
the concentration of carbon dioxide in the stratosphere have been made by this 
method, and they indicate a concentration of about 0-03 % by volume as was to be 
expected. 

In Part ITT it will be assumed that the concentration of carbon dioxide remains 
constant throughout the atmosphere. 

III. Meteoeological co^rsiDEBATioisrs 

In the preceding section instruments have been described which can be used to 
make accurate measurements of the amounts of the three important gases—^water 
vapour, carbon dioxide and ozone—at all heights in the atmosphere which can be 
reached by multiseater aircraft. The way, therefore, seems clear, once sufficient 
scientific man-power is available for such work, for a great increase in our knowledge 
of this subject. That it will be of much scientific interest seems certain, and it is not 
unlikely also to be of practical importance to meteorology. 

(i) Relative importance of various gases in the stratosphere 

Laboratory measurements of the absorption coefficients for infra-red radiation of 
the three gases, under the conditions of temperature and pressure prevailing in the 
upper atmosphere, are urgently required, since the absorption by a given mass of 
gas depends on the total pressure and on the temperature. Generally, the absorp¬ 
tion seems to vary approximately as the square root of the total pressure, but 
Strong (1941) has shown that the absorption within the 9 * 7/6 band of ozone varies 
as the fourth root of the total pressure. Further, when a band of radiation passes 
through a medium which absorbs equally all wave-lengths within the band, the 
radiation is, of course, reduced in the ratio of e”*® (where h is the absorption coeffi¬ 
cient of the medium and x is the amount of the medium traversed). When, however, 
the absorption band really consists of a number of separate lines, this clearly is not 
true. In such a case, when the absorption is so small that even at the centres of the 
lines it is not effectively complete, the fractional absorption may be taken as pro¬ 
portional to x\ when the absorption is larger than this, but the lines forming the 
absorption band are separated by distances greater than their width (generally for 
absorptions of between 10 and 50 %), the fractional absorption is roughly pro¬ 
portional to while if the lines overlap each other and the absorption is great, then 
the fractional absorption varies more slowly than (Cowling 1943). It wiR thus be 
realized that it is impossible at the present time to give accurate quantitative 
results, and all we shaU be able to do is to indicate general qualitative conclusions. 

When one considers the part played by water vapour, carbon dioxide and ozone 
in the meteorology of the stratosphere, one must try to assess how much energy may 
be absorbed by each of these gases. Simpson (1928) has given an estimate of the total 
terrestrial radiation leaving the top of the stratosphere and its spectral distribution. 
With his advice we have modified this to give an estimate of the radiation entering 
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the lower surface of the stratosphere. This is shown by the thick line of figure 17, 
which shows the energy at any wave-length which is available for absorption by 
gases in the stratosphere. Each gas will be considered in turn. 



Figube 17 - Estimated spectral distribution of energy in the radiation 
passing upwards through the lower stratosphere. 

Ozone, The one observed fact which may be said to be known is the absorption 
by ozone in the region between 9-3 and 10-2/fc. Adel & Lampland (1940), Adel 
(1942) and Strong (1939) have observed the absorption of sunlight by this band 
and shown that some 50-60 % of the incoming energy is absorbed at the centre of 
the band. Thus for outgoing difiFuse radiation, where the effective path length will 
be approximately doubled, some 70-80 % will be absorbed. The shaded area between 
9 and 10/^ in figure 17 represents the total amount of energy which is believed to be 
absorbed by the atmospheric ozone from the stream of outgoing terrestrial radiation. 
To obtain the energy absorbed by the ozone at any level, allowance must be made 
both for the absorptive power of the ozone at that level and for the intensity of the 
radiation passing through it. To assess this latter, allowance must be made for the 
absorption and re-radiation of energy by the ozone at both lower and higher levels. 
In table 4 the absorptive power at different levels has been calculated on the assump¬ 
tion that it varies as the square root of the concentration of ozone and as the fourth 
root of the total pressure. It is clear from this table that most of the energy of wave¬ 
lengths between 9 and 10/^ will be absorbed in the lower stratosphere. \ 

The ozone situated in the upper warm region—^say at about 50 km.—^will also 
radiate energy in the 9-7/i band, and some of this will be absorbed by the ozone 
below, but the amount of ozone at these great heights appears to be small, so that 



170 a M. B, Dobson with A. W. Brewer and B. M. Cwilong 

the amount of energy radiated will not be important. The same applies to the carbon 
dioxide and water yapour in the upper warm region, but their concentrations will 
be so small that the emission of radiation by them will be even less important than 
that of the ozone. 

Table 4. Absorptive power of ozone at different levels 


height 

relative 

absorptive power 

height 

relative 

absorptive power 

km. 

% 

km. 

0 / 

/o 

5 

17 

25 

13 

10 

19 

30 

10 

15 

17 

35 

7 

20 

15 

40 

2 


Carbon dioxide. Simpson ( 1928 ) gives an estimate of the energy absorbed by the 
1 6fi band of carbon dioxide in the stratosphere. He shows that with parallel radiation 
about 90 % of the energy is absorbed at the centre of the band, so that nearly the 
whole of the diJBfuse terrestrial radiation of this wave-length will be absorbed in the 
stratosphere. This, however, does not allow for the reduced absorption of carbon 
dioxide when under the low pressure existing in the stratosphere. Elsasser ( 1942 ) 
also believes that almost the whole of the outgoing energy within the 15/6 band is 
absorbed by carbon dioxide in the stratosphere. In figure 17 the shaded area at 
15/4 may be taken to indicate approximately the energy absorbed by carbon dioxide 
in the stratosphere. Since both the amount of carbon dioxide and the total pressure 
will decrease with height, most of the absorption of energy will take place in the lower 
layers of the stratosphere. 

It will be seen from figure 17 that the total energy absorbed by ozone and by 
carbon dioxide in the stratosphere appear to be roughly equal. 

Water vapour. This represents a much more difficult problem. Many things com¬ 
bine to indicate that the absorption is much smaller than was at one time believed 
to be the case: 

(i) The actual humidities measured from aeroplanes and described in § II show 
that the amount of water vapour is much less than was expected. 

(ii) Adel ( 1942 ) has shown that there are moderately transparent regions in the 
atmospheric absorption spectrum even at wave-lengths longer than 16/6, and he 
has obtained solar spectra extending to about 24/6. 

(iii) The effect of low pressure and low temperature in the stratosphere will reduce 
the absorption by a given amount of water vapour. 

Elsasser ( 1942 ) concludes that at heights (which are mthin the stratosphere) 
where carbon dioxide radiates to space (without much absorption by carbon 
dioxide at higher levels), the radiative effects of carbon dioxide are as strong or 
stronger than those of water vapour. 

It does not appear unreasonable to suppose that the energy absorbed by water 
vapour in the stratosphere from the outgoing terrestrial radiation is approximately 
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equal to that absorbed by carbon dioxide or ozone. In figure 17 we have indicated 
this by the wide vertically shaded area, which may roughly represent the absorption 
by water vapour. 

While much more exact information is needed, it is not unreasonable to assume, 
as Lord Cherwell proposed (Lindemann 1919 ), that water vapour, carbon dioxide 
and ozone are of roughly equal importance in the radiative balance of the strato¬ 
sphere, and that the actual equilibrium temperature would depend on the relative 
concentrations of these three gases. 

There is one fact, however, which must always be borne in mind, viz. that the 
temperature of the stratosphere can only change very slowly by the emission and 
absorption of radiation. The total outgoing radiation passing through the strato¬ 
sphere may be taken as averaging about 0*3 cal./cm.^/min., and the total energy 
absorbed by either carbon dioxide or ozone can hardly be more than about 5 % of 
this (while we are assuming that the energy absorbed by water vapour is also about 
the same). Even if it be supposed that all this radiation is absorbed by the layer 
between 10 and 15 km., and that there is no emission of radiation, the temperature 
of this layer would rise only at a rate of about 0 - 6 ° C per day. Actual changes due to 
increased or decreased absorption must be much smaller than this, so that very small 
thermodynamic changes of temperature, due to slow rising and falling currents, may 
have comparable effects. 

Next consider how the observed changes in the conditions in the stratosphere can 
be explained by variations in the relative amounts of the three absorbing gases. The 
concentration of carbon dioxide probably varies very little, and it is fairly safe to 
assume that it remains constant. Far too little is known about the variations in the 
amount of water vapour under various conditions, so that one is forced to neglect 
this though considerable errors may arise in doing so. Even so, the following pheno¬ 
mena are consistent with the hypothesis that an increase in the ozone concentration 
causes a rise in the stratosphere temperature and vice versa. (It should be noted 
that the percentage variations in the concentration of ozone in the lower strato¬ 
sphere appear to be nearly twice as great as the percentage variations in the total 
ozone.) 


(ii) Annual variation of stratosphere temperature 

Figure 18 shows the annual variation of the temperature of the air in the strato¬ 
sphere and the upper and lower troposphere. The values are deduced from over 
2000 ascents, made at ten stations, between the latitudes of 43° N and 68 ° N. 
Further, if the stations are divided into three groups according to latitude, each 
group shows the same characteristics. There is, therefore, very good ground for 
thinking that they are truly representative. Now the earth’s surface is heated by 
solar radiation and, as would be expected, maximum and minimum temperatures 
of the surface occur somewhat after the solstices. The lower troposphere is mainly 
heated from the surface of the earth—^by convexion and condensation of water 
vapour—and its maximum and minimum temperatures again lag behind those of 
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the earth’s surface. Going one step higher, it is found that the upper troposphere is 
heated by the lower troposphere and again there is a further lag in phase. When, 
however, the next step upwards into the lower stratosphere is taken, one finds a 
complete change, for the maximum and minimum temperatures have moved right 
back to the time of the solstices. Now there is every reason for thinking that the 
lower stratosphere is mainly warmed by absorption of outgoing radiation from the 
troposphere and from the earth’s surface, and this radiation will have a maximum 
and a TniriiTr>mr> long after the solstices. If the absorptive power of the air in the 
stratosphere remained constant one would expect to find that the maximum and 
Tnir>imnTr> temperatures would lag behind those of the troposphere. If, however, 
ozone plays an important part in the absorption of infra-red radiation in the strato¬ 
sphere, just such an annual variation of temperature as is observed would be ex¬ 
pected. Since the ozone has a maximum in spring and a minimum in autumn its 
amount will be greater, say, a month before the summer solstice than a month 
after the solstice, and this wiU raise the temperature of the stratosphere before 
the solstice compared with that after the solstice. 



Figure 18. Annual variations of temperature in the troposphere and stratosphere. 


The matter may be looked at in a different way. The temperature of the tropo¬ 
sphere is some 8° C lower at the spring equinox than at the autumn equinox, so that 
the equilibrium temperature of the stratosphere might also be expected to be some 
8® C colder in spring than in autumn (that part of the outgoing radiation which comes 
from the earth’s surface will also be considerably smaller in spring than in autumn). 
In fact, however, the stratosphere temperatures in spring and autumn are almost 
exactly the same. In temperature latitudes there is some 0-080 cm. more ozone in 
the whole vertical depth of atmosphere in spring than in autumn, so that, neglecting 
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any variations in the water-vapour concentration, this appears to have raised the 
temperature of the lower stratosphere some 8° C, i.e. 0*010 cm. of ozone raises the 
temj^erature 1° C (of course much of this ozone is at far higher levels than the lower 
stratosphere and wiU take no part in warming it). 

(iii) Annual variation of the height of the tropopause 

The tropopause is lowest in spring and highest in autumn. This follows directly if 
the hypothesis is accepted that the tropopause is the boundary between an upper 
region whose temperature is governed by radiative equilibrium and a lower region 
whose temperature is governed by the temperature of the surface of the earth and 
the upward transport of heat by turbulence, etc., provided that the phase of the 
annual variation of temperature in the stratosphere is much in advance of that in 
the troposphere. If there were no ozone in the stratosphere and its absorptive power 
remained constant throughout the year, its annual variation of temperature would 
lag behind that of the upper troposphere, just as that of the upper troposphere lags 
behind that of the lower troposphere, etc. This would lead to an annual variation 
in the height of the tropopause having a maximum in summer and a minimum in 
winter. If, however, the presence of ozone leads to maximum and minimum strato¬ 
sphere temperatures at the solstices, one would expect to find the tropopause lowest 
in spring and highest in autumn, as is observed to be the case. 

(iv) Variation with latitude of the temperature in the stratosphere 
and height of the tropopause 

The relatively large amount of ozone found in high latitudes would, on the present 
hypothesis, account for the high temperature found in the stratosphere in these 
regions as compared with that near the equator. On the average of the whole year 
there is about 0*130 cm. more ozone in latitudes 60-70*^ N than over the equator, 
and the temperature of the stratosphere is some 30° C warmer. This would indicate 
that (apart from any effects due to differences in humidity which we do not yet know) 
an increase of about 0*004 cm. of ozone leads to a rise of 1° C in temperature. When 
considering the annual variations of temperature in temperate latitudes it was 
concluded that an increase of about 0*010 cm. of ozone would cause a rise of 1° C. 
This agreement is as good as would be expected in view of the many factors which 
have had to be neglected. The warmer stratosphere will also lead to a lower tropo¬ 
pause in high latitudes. 

(v) Variation of temperature with height in the stratosphere 

The intensity of the terrestrial radiation passing through the stratosphere must 
become gradually smaller with increasing height owing to the downward radiation 
of some of the energy absorbed. If the composition of the stratosphere were uniform 
at all heights one would expect that the temperature would gradually decrease 
with height. Actually, except in very high latitudes, the temperature remains 
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constant with height or slightly increases,* as shown by Dines ( 1928 ) and Samuels 
( 1929 ). It is known that the absolute concentration of carbon dioxide and water 
vapour must decrease with height while the concentration of ozone almost certainly 
increases. This change in the relative amounts of these absorbing gases would tend 
to raise the temperature at the higher levels, so that the absence of a fall of tem¬ 
perature with height is not surprising. It may well be that even at heights as low as 
20 km. the absorption of solar ultra-violet radiation by the ozone also produces 
appreciable warming, though, of course, the main warming produced in this way is 
another 15-20 km. higher. 

It has often been suggested that the difference in temperature in the stratosphere 
in low and high latitudes is due to a general world circulation between the equator 
and the poles which causes the air in the stratosphere to rise slowly near the equator 
and to subside slowly near the poles. It seems difficult to imagine any world circula¬ 
tion of this kind in which the air at a height of several kilometres above the tropo- 
pause in low latitudes will not have risen much more than (and therefore been cooled 
much more than) the air only just above the tropopause. The fact that the tempera¬ 
ture does not continue to fall up to great heights in such a rising current shows that 
some other effect is predominant. Such a predominant effect can only be radiation, 
and if it is necessary to admit that radiation plays no great a part, there seems 
Kttle reason for not admitting that the difference in the observed ozone content 
between the equator and poles is the cause of the difference in temperature without 
postulating rising and sinking currents. 

(vi) Variation of ozone content and meteorological conditions 

The observed variations in the ozone content of the upper air are, at times, large 
and rapid. That these are frequently associated with the passage of ‘ fronts ’ indicates 
that the ozone changes are often due to a change in the ‘air mass’. That the ozone 
content of a given air mass changes only slowly when the air mass changes its lati¬ 
tude seems certain, but whether there are other more local and rapid changes is not 
yet known. The fact that the temperature of the stratosphere can only change slowly 
by the absorption and emission of radiation also shows that the large changes in 
stratosphere temperature which are often observed are certainly due to changes in 
air mass. The general picture would seem to be that the variation in the relative 
concentration of ozone and water vapour control the broad, slow changes of tem¬ 
perature, while the rapid changes both of ozone and temperature found at any given 
place in temperate latitudes are chiefly due to change in the air mass. 

In closing, reference may be made to three fundamental questions asked by 
Simpson at the end of Ms ‘further studies in terrestrial radiation’, viz. 

(a) Why does not the temperature in the stratosphere decrease with height? 

* One must be very careful that an apparent increase of temperature with height is not 
due to smaller ventilation and direct solar heating of the thermometers at great heights. The 
increase, however, seems to be found at night as well as by day, and so there is reason to suppose 
that it is a real effect. 
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(6) Why does the temperature of the stratosphere increase as one passes from low 
to high latitudes? 

(c) Why is the base of the stratosphere higher over equatorial than over polar 
regions ? 

We would like to suggest the following answers to these questions: 

{a) As tentatively suggested by Simpson himself, because the ratio of water 
vapour to ozone decreases with height in the stratosphere, thus compensating for 
the small decrease in the flow of long-wave radiation at higher levels. 

(6) Because, for reasons that are not yet fuUy known, the amount of ozone and 
probably the ratio of ozone to water vapour is greater over the polar regions than 
over the equator. 

(c) Because the temperature lapse due to turbulent mixing of the air has to extend 
to a greater height before the temperature is reached at which the air is in radiative 
equilibrium. 

The humidity measurements in the upper air have been made as part of the work 
of the Meteorological Research Flight of the Meteorological Office, and we are 
indebted to the Director of the Meteorological Office for permission to publish this 
part of the work. We are also greatly indebted to the Officer Commanding, Aeroplane 
and Armament Experimental Establishment, for the assistance that has been given 
at all times, and to the pilots and crews of the aircraft from which the observations 
have been made. 

The measurements of ozone at Lerwick and Eskdalemuir were made at the ob¬ 
servatories of the Meteorological Office, and those at Valentia at the observatory 
of the Meteorological Service of Eire: we would render our thanks to the staffs of 
these observatories for their help and co-operation. 

The whole work has been done in the closest association with the Meteorological 
Office, and we would particularly express our thanks to the Director for his continued 
help and interest. 
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The absorption spectrum of acetaldehyde in the 
vacuum ultra-violet 

By A. D. Walsh, Physical Chemistry Laboratory, Cambridge 
{Communicated by B, O. W, Norrish, F.B.S-—Received 14 November 1944) 

[Plate 1] 

The absorption spectrum of acetaldehyde has been photographed in the vacuum ultra¬ 
violet* Three Rydberg series were found, all leading to the same limit. For the first of these 
no less than sixteen members were observed, enabling the ionization potential to be given 
as 10*1811 ± 0*0007 V. This is the most extensive Rydberg series so far found in polyatomic 
molecides. The excited electron is one of the non-bonding 2pj, oxygen electrons. The nature 
of the electronic transitions responsible for the various regions of the spectrum is discussed. 


The far ultra-violet spectrum of acetaldehyde has been photographed with a 
normal incidence spectrograph designed by Dr W. C. Price. The grating was of glass, 
15,000 lines to the inch, ruled by Professor R. W. Wood. It had a radius of curvature 
of 1 m. The aldehyde vapour was admitted directly to the body of the spectrograph, 
so that the total absorbing path length was 2 m. The dispersion was linear and about 
16*8 A/mm. The light background was a Lyman continuum obtained by the use of a 
modified form of the discharge tube described by Collins & Price ( 1934 ). The plates 
were of Ilford Q emulsion coated on microscope cover-glass slides which could easily 
be bent along the Rowland circle. 

The spectrum starts very abruptly at about 1820 A and, even at high pressures, 
spreads very little to long wave-lengths. It may conveniently be divided into two 
regions: the 1820-1650 A region and the region below 1650 A. 

The first of these consists of three main pairs of bands aU degraded towards short 
wave-lengths. The separations of the first members of the three pairs are about 
1200 cm.“^, though they are not quite equal {^A^ = 1178 cm.”^, 2^3 = 1221 cm.""^). 
The nature of the frequency involvedis discussed below. Of the subsidiary frequencies 
in the 1820-1650 A region, one -*750 cm.-^ and another --350 cm.~^ are the most 
promiuent: the latter may correspond to the 370 cm.~^ frequency found by Noyes, 
Duncan & Manning ( 1934 ) for the near ultra-violet system of acetone and inter¬ 
preted by them as a deformation vibration of the CHg groups about the C=0 
group. The whole vibrational structure of this region appears comphcated and 
difficult to interpret. It is suggested below that two electronic levels are probably 
involved, and this gives some explanation of the complicated structure. The appear¬ 
ance of the analogous bands in acrolein and crotonaldehyde (Walsh 1945 ) supports 
this suggestion. 

All the bands show fine structure on the violet side, consisting of a series of sharp 
Q subheads. A considerable number of these Q subheads were measured; within the 
limits of accuracy of the measurement, they appear to be equally spaced with a 
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separation of about 32 In the formaldehyde spectrum (Price 19356 ), diflFuse- 

ness sets in at 1745 A. In acetaldehyde, the shortest wave-length strong band of the 
1800 A system, falling at 1730 A is stiU sharp, although the weak band following it 
at 1720 A is dffiise. 

As regards the spectrum from 1650 A to shorter wave-lengths, at 1660 A there 
occurs a diffuse doublet, the first member of which is the strongest band in the whole 
spectrum. In the region 1660-1500 A a number of bands occur which appear to be 
vibrational transitions. The separations of these seem to be as complicated as those 
of the 1800A region, although differences --1200 cm.""^ are noticeable. As with the 
1800A system, it is suggested below that two electronic levels are concerned in the 
absorption and give rise to the observed complexities.' 

At shorter wave-lengths the bands begin to crowd together and to decrease in 
iatensity, eventually fusmg into a continuum around 1215 A. These are the cha¬ 
racteristics of Eydberg bands. It was found possible to fit the observed band 
frequencies into three series as follows: 








= 82505- 


= 82475- 


= 82504- 


R 

( 1 ) 

(»+0-30)2’ 

R 

( 2 ) 

(a+ 0-80)2’ 

R 

(a+ 0 - 10 ) 2 ' 

(3) 


The d^ree of accuracy with which equations ( 1 ), ( 2 ) and (3) represent the observed 
frequencies can be seen from tables 1 , 2 and 3 respectively. All three series are very 
good, series ( 1 ) being exceptionally so. No less than sixteen members of this seri^ 
were observed: no Rydberg series for polyatomic molecules has hitherto been 
reported containing more than twelve ob^rved bands. Most of the bands can be 
clearly seen in the enlargement of the region of the limit, and the convergence to an 
ionization potential is quite obvious. The first five members of series ( 1 ) were doublets 
with a separation decreasing to zero in the sixth member. Similar doublets seem also 
to occur in the early members of series ( 2 ). Analogous phenomena occur in benzene 
and butadiene: in benzene (Price & Wood 1935 ) the multiplicity has been shown to 
be electronic in origin. 

The second observed member of series (3) is markedly diffuse. The assignment of 
the first members of seri^ ( 1 ) and ( 2 ) is dealt with below. 

The three series converge to practically identical limits. In seri^ ( 1 ) the extra¬ 
polation to the limit is only over some 350 cm.“^; and the limit is probably accurate 
to ± 5 wave numbers. The ionization potential may therefore be given as 10*1811 ± 
0-0007 eV. This is the most accurate ionization potential so far found in polyatomic 
molecules. It is to be compared with the value 10*3 V determined by electron impact 
(Sugden). 
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In formaldehyde, Price ( 19356 ) observed two Eydberg series leading to the 
ionization potential 10*83 ± 0*01 V. Series ( 1 ) above is closely analogous to series (ii) 
of Price, corresponding members in acetaldehyde being about 5180 cm.”^ to long 
wave-lengths relative to formaldehyde. Series ( 2 ) above probably corresponds to 
Price’s series (i): but Price observed no analogy in formaldehyde to series (3) above. 

MuUiken ( 1935 ) has shown that the lowest ionization potential in these simple 
aldehydes corresponds to the removal of a non-bonding 2py electron from the oxygen 
atom. The fact that a non-bonding electron is here being excited is shown by the 
remarkable absence of vibrational frequencies in the spectrum. Apart from the 
1800 and 1660 A regions, there are no bands that can with certainty be identified as 
vibrational transitions. A similar paucity of vibrational structure has been noted 
by Price ( 19356 ) for formaldehyde and by Duncan ( 1935 ) for acetone. 


Table 1. Showing the observed and calculated frequencies 

OF THE ACETALDEHYDE BANDS OF SERIES (1) 



^obs. 



*^obs. 

J'cale. 

n 

cm.~^ 

cm~^ 

n 

cm.“^ 

cm.“^ 

2 

60,170 

61,761 

10 

81,466 

81,471 

3 

72,358 

73,428 

11 

81,643 

81,646 

4 

76,593 

76,570 

12 

81,777 

81,780 

5 

78,621 

78,598 

13 

81,877 

81,886 

6 

79,763 

79,740 

14 

81,966 

81,969 

7 

80,480 

80,446 

16 

82,033 

82,036 

8 

80,936 

80,912 

16 

82,092 

82,092 

9 

81,241 

81,236 

17 

82,157 

82,138 

Table 

2. Showing the observed and calculated eeequencies 


OE THE ACETALDEHYDE BANDS OF SERIES (2) 



J'obs. 

I'calc. 


^obs. 

J^calc. 

n 

cm.“^ 

cin.“^ 

n 



2 

68,030 

68,426 

6 

80,095 

80,102 

3 

74,742 

74,824 

7 

80,658 

80,671 

4 

77,708 

77,660 

8 

81,050 

81,016 

5 

79,210 

79,213 

9 

81,327 

81,334 

Table 

3. Showing the observed 

AND CALCULATED FREQUENCIES 


OF THE 

acetaldehyde bands of series (3) 



J'obs. 

J'cale. 


^obs. 

^calc. 

n 

cm.~^ 

cm,“^ 

n 


cm.“^ 

2 

54,996 

57,620 

7 

80,334 

80,327 

3 

71,083 

71,085 

8 

80,838 

80,831 

4 

75,998 

75,976 

9 

81,169 

81,179 

5 

78,312 

78,285 

10 

81,407 

81,428 

6 

79,570 

79,555 





Below the ionization potential only diffuse absorption can be observed. Com¬ 
parison with the spectra of methane (Duncan 1934) and ethane (Price 1935 a) 
indicates that this absorption—^because of its location and diffuseness—is due to the 
electrons in the CH and CC bonds. 
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DisctrssiON 

MuIIiken ( 1935 ) has discussed the electromc structures of aldehydes and ketones, 
while their long wave-length electronic transitions have been considered by McMurry 
&Mulliken ( 1940 ) and by McMurry ( 1941 ). Using the molecular orbital notation, the 
relevant electronic structure of the C=0 group in its normal state may be written 

N: ... (ztf {XXfVo^ 

The two electrons in the zt molecular orbital form the first or a G—0 bond and 
the two in the XX orbital form the second or tt C—0 bond. yl represents a non¬ 
bonding lone pair of electrons on the oxygen atom: it is to the removal of one 
of these electrons that the ionization potential found above corresponds. It is the 
yQ and tt electrons that are active in producing the longest wave-length absorption, 
since these electrons are less strongly bound than the other electrons in the group. 
The three lowest possible excited states of the 0=0 group may be represented: 

A: ...{zt)^{xX?yo{)a)> 

B: ...(zt)^(xx)^yo(^)> 

V: ...{zt)’‘{xx){xx)yo- 


The negative superscripts mean that each state is antibondi n g. In .4 a non-bonding 
oxygen electron has been excited to the antibonding orbital (x^): such an anti¬ 
bonding energy level is always associated with a tt bond. In V one of the tt electrons 
has been excited to the same antibonding orbital: similar transitions are prominent 
in the spectra of ethylene and its derivatives. In £ a non-bonding oxygen electron 
has been excited to an antibonding orbital {d) associated with the cr C—O bond. 

The three possible longest wave-length transitions for any simple C=0 group 
are thus: 

N-^B, N-^V, 


Each transition produces weakened C==0 bonding. N-^A is ‘forbidden’ by the 
electronic selection rules. N-^B and are allowed and should therefore be 

much more intense. The transition should be the more intense of the two. 

Acetaldehyde, like all simple aldehydes and ketones (cf. Eastwood & Snow 1935 ), 
has a weak region of absorption around 2900 A (see e.g. Leighton & Blacet 1933 )- 
It seems certain that this is to be interpreted as the N-^A transition of the 0=0 
group. McMurry ( 1941 ), for instance, has calculated the dipole strength of the 
transition to be greater than the observed intensity of the 2900 A region by a factor 
of 35-75 by the atomic orbital approximation and of at least 75 by the molecular 
orbital approximation. By elimination, therefore, the 2900 A region corresponds to 
the forbidden N->A transition. 

The position and intensity of the 1800 A region in acetaldehyde enable it to be 
identified with some certainty as the allowed N->B transition. It cannot be 
identified with the A* F transition since the latter is expected theoretically (a) to 
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have a greater intensity than the observed intensity of the 1800 A region, and (b) to 
lie at wave-lengths lower than 1800 A (McMnrry 1941 ). The diffuse 1745 A region in 
formaldehyde is probably analogous to the 1800 A region in acetaldehyde and may 
also be labelled The 1650 A bands of alcohols (and their analogues m the 

spectra of mercaptans, ethers and thio ethers: Price 19356 ) are probably also due 
to transitions of the type. 

The only system in acetaldehyde that agrees at all well with the predictions of 
McMurry & MuUiken as regards the intensity and position of the transition 

is that at 1650 A. McMurry expects the F transition of aldehydes to he at wave¬ 

lengths less than those of the N -^V transition in ethylene (1630 A, not ^ 1800 A 
as McMurry says). His expectation is based upon a comparison of the energies of 
molecular orbitals calculated for ethylene and modified to take account of the 
polarity of the C=0 group: it presumably therefore only appHes to formaldehyde. 
In acetaldehyde, the red shift consequent upon alkyl substitution may invalidate 
McMuiry’s expectation. This appears to be the case. The formaldehyde analogue of 
the acetaldehyde 1,650A region is at 1560 A: it may be labelled (at least in part) 
F, and its position relative to ethylene agrees with McMurry’s calculations. 
This confirms the assignment of the acetaldehyde 1650 A region as partially F 
in type: its position relative to the N transition in propylene (1720 A) agrees 
with the prediction that AT F for C=C lies at longer wave-lengths than A F 
for 0 = 0 . 

On the other hand, the general position, the intensity and the doublet character 
of the 1650 A band all suggest that it is the first (n = 2) member of the Rydberg 
series ( 1 ). True, this band is considerably off the series, but large disturbances are 
expected for the lower members of Rydberg series in polyatomic molecules. The 
doublet at 1600 A is not likely to be the first member of series ( 1 ), partly because of 
its intensity and especially because its doublet separation is less than the separation 
of the components of the next member of the series: in any case, it is as far from the 
calculated value as is the 1650 A doublet. 

The fact seems to be that the state F maybe classified equally well as a Rydberg 
state or as an intra-valence-shell transition (cf. MuUiken & Rieke 1941 ). This applies 
to ethylene and the alkyl ethylenes (Price & Tutte 1940 ), to the chloro-ethylenes 
(WaMi 1945 ), to butadiene and its derivatives (Price & Walsh 1940 ) and to the 
1650A band of acetaldehyde. In a similar way, the only band in acetaldehyde of the 
right intensity and approximate position to be identified as the first member of 
series (3) is the first band of the 1800 A system, which has already been identified as 
the N-^B transition. It appears possible to classify the upper state B either as a 
perturbed Rydberg state or as an intra-valence shell state. 

The separation 1200 cm."^ found in the 1820-1650 A region may represent the 
C=0 valence vibration reduced by the excitation from its value of 1715 cm."^ in 
the ground state (Hibben 1939 ). It is to be compared with the value 1053 cm.~^ 
found in the near ultra-violet (Eastwood & Snow 1935 ). On the other hand, a recent 
paper by Lawson & Duncan ( 1944 ) gives strong evidence that the frequency is to be 
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ascribed to bydrogen-bending in the metbyl group and not to tbe C=0 valence 
vibration. In that case it is analogous to tbe 1200 jErequency difference found 
in tbe long vrave-lengtb bands of metbyl iodide (Price 1936 ). There, altbougb tbe 
excitation is that of an electron initially localized on tbe iodine atom, tbe excited 
orbital bes partly witbin tbe alkyl group and tbe transition arouses CH 3 
vibrations. Similarly, though in acetaldehyde the 1800 A absorption is due to 
excitation of a non-bonding electron originally locabzed on tbe oxygen atom (see 
later), it is conceivable that the transition may result in CH 3 deformation vibrations. 
Tbe matter, however, is puzzling, for tbe 1200 cm.“^ frequency seems to occur in tbe 
corresponding excited state of acrolein (Walsh 1945 ), where no alkyl groups are 
present. Possibly tbe 1200 cm."^ frequency in tbe 1800 A region of acetaldehyde 
(and in tbe analogous regions of other molecules, except perhaps acrolein) is due to 
C—bending, but in tbe other excited states is due to tbe C=0 valence vibration. 
This fits with tbe fact that formaldehyde (Price 19356 ) shows no vibrational struc¬ 
ture in tbe region analogous to tbe acetaldehyde 1800 A absorption, but shows tbe 
1200 cm.-^ frequency elsewhere in its spectrum. Tbe C=0 valence vibration cer¬ 
tainly occurs strongly in the excited states of formic acid (Price & Evans 1937 ), but 
there its value is between 1400 and 1500 cm.*”^. 

Tbe assignment of tbe 1820-1650 A region as due to a transition within the C=0 
group possibly supports the identification of the most prominent vibrational fre¬ 
quency aroused,, that of --1200 cm.“^, as tbe C=0 valence vibration rather than a 
vibration of the CHg group. Tbe ( 2 ?) excited orbital would have to be particularly 
large to invade tbe CH 3 group: the latter is not so close to tbe oxygen atom as is tbe 
CHg group in metbyl iodide to the iodine atom. However, it is to be pointed out that 
since tbe states B and V are at higher energy levels than state A, they should be 
more antibonding: i.e. tbe C=0 valence vibration should be lower in tbe B and V 
states than in A. If we take tbe 1200 cm.*”^ frequency in .8 as that of tbe C=0 
valence vibration, then we have 1053 cm."^ --1200 cm.”^ and 1200 cm.“^ for tbe 
corresponding frequencies in states A, B and V respectively. Tbe very great reduction 
of these frequencies relative to the C=0 frequency in the ground state (1715 cm."^) 
shows tbe antibonding nature of tbe upper states, but tbe frequency is greater in 
tbe higher energy states. On tbe other hand, Price & Walsh ( 1940 ) found that tbe 
C=C valence vibrations in butadiene ako did not decrease but increased on 
transition to tbe (expected) more antibonding upper states. 

Tbe 1800 and 1650 A bands are tbe only two bands in tbe whole spectrum to 
possess prominent vibrational structure. Tbe only strong bands left unassigned are 
those of tbe 1600 A doublet. These wOl be referred to again in an account to be given 
of the acrolein spectrum. 

Tbe experimental work described here was carried out in 1939-40, war-time 
conditions making earber pubbcation difficult. The author desires to acknowledge 
gratefully his debt to Dr W. C. Price for constant encouragement and help. 
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The absorption spectra of hexatriene and divinyl acetylene 
in the vacuum ultra-violet 

By W. C. Pbice aisfb A. D. Walsh, Physical Chemistry Laboratory, Cambridge 
{Communicated by R. O. W. Norrish, F.R.S.—Received 18 November 1044) 

(Plate 2 ) 


The absorption spectra of hexatriene and divinyl acetylene have been investigated in the 
region 2700-1200 A. In both molecules the longest wave-length regions of absoiption are the 
strongest and these are interpreted as N-^V^ intravalence shell transitions. The spectra 
appear to be consistent with a value of about 8*2 V for the first ionization potential of 
he^triene. C^culations based on certain features of the ^ectra give reasonable values 
for the double-bond resonance integral. Graphs are given which enable the first regions 
of absorption and the ionization potentials of the higher polyenes to be predicted. 

Previous publications (Price & Walsh 1940 , 1941 ) have described the ultra-violet 
spectra of various dienes. This paper is concerned with the simplest open-chain 
triene and with the closely related molecule, divinyl acetylene. 

Hexatriene was prepared by condensing allyl chloride with sodamide in liquid 
anunonia (Kharasch & Sternfeld 1939 ). Its absorption in the ultra-violet starts 
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with a pattern of bands in the region 2520"-2100A, which are slightly degraded 
towards short wave-lengths. The stronger bands of the pattern can be arranged in 
two progressions with differences of about 1610 cm.~^ (see table 1 ). 


TABIiE 1. PrOGBESSIONS IN THE 2520-2100 A BAKD SYSTEM OF HEXATRIENE 


I 

V cm.“^ 

dv cm.“^ 

I 

V cm.“^ 

Av cm.-^ 

difference 

between 

progressions 

10 

39,750 

1620 

7 

40,977 

1626 

1227 

9 

41,370 - 

1610 

6 

42,603 

1615 

1233 

6 

42,980 

1610 

5 

44,218 

— 

1238 

3 

45,690 

— 

— 

— 

— 

— 


The recujnring difference of ca. 1615 cm.“^ is no doubt largely a valence vibration 
in the double bonds. The differences between the progressions 1230 cm.~^) may 
correspond to a mode of vibration of which only one quantum is excited, but we 
consider this unlikely and think that the more plausible explanation is that at least 
two types of hexatriene are present which differ only in the way in which they are 
bent. With each is associated a slightly different electronic energy of excitation 
which results in the vibration pattern corresponding to one isomer being displaced 
relative to that of the other. A fuller discussion of this is given later^ 

At 1900 A another absorption system starts. Both sharp and dififiise bands are 
present superimposed on a background of continuous absorption which at high 
pressures spreads to long and to short wave-lengths. This system has a maximum 
at 1750 A. There are present a few pairs of bands separated by about 330 cm.“^ 
= 326, A^ = 360 and A^ = 313 cm.“^). These differences are probably analogous 
to the frequency difference of ca, 350 cm.”^ observed in butadiene. At the lower 
pressures continuous absorption sets in below 1400 A. This is due to absorption by 
the basic single GC and CH bond electrons and is to be compared with the absorption 
shown by ethane or hexane. At somewhat higher pressures there occurs in the region 
between about 1650 and 1500 A a number of weak though rather sharp bands which 
resemble the Rydberg bands of butadiene (Price & Walsh 1940 ). These conform 
approximately to the Rydberg formula 

= 66723 - El(n -F 0-90)^ (1) 

bands being observed for = 5, 6 , 7 and 8 and continuous absorption setting in 
below the limit. The ionization potential to which this corresponds is 8-23 ± 0-05 V. 
While the series on its own cannot be regarded as adequate evidence for this ioniza¬ 
tion potential, we hope to check it by direct electron impact determinations. It is 
supported by the following considerations. It is in rough accord with the way, for 
the molecules ethylene, cis butene 2 , butadiene and ;ffy-dimethyl-butadiene, the 
ionization potential determined spectroscopically decreases with increasing wave¬ 
length of the first absorption maximum. Also, as shown later, it enables a rough 
value of the right order of magnitude to be obtained for the resonance integral, fi. 
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Discussion 

Hexatriene has six ‘tt’ electrons which occupy in pairs the three orbitals X 2 > Xs* 
We may assume that it is these electrons, being the least strongly bound, that 
give rise to the lowest energy (longest wave-length) transitions. As far as the n 
electrons are concerned, the electronic structure of the normal state of hexatriene 
may be written 

N: 

In a ^ries of recent papers Mulliken ( 1939 a) has shown the importance for con¬ 
jugated molecules of intra-valence-shell transitions arising from the transfer of a 
TT electron from a bonding to an antibonding molecular orbital. These transitions 
he labels There are three antibonding orbitals (written thus: x) corresponding 

to the three bonding orbitals so that the low-energy levels may be pictured as in 


Xi 


X2 




Xs 


X% 


Xi 



1-671 y? 
M20/? 

0-449 

0-449 

M20y^ 

1-671/? 


Figure 1. Energy level diagram for hexatriene. 


figure 1 . The heights of the energy levels have been given by Hiickel ( 1937 ) in terms 
of a parameter /? called the "resonance integral’. They are ± 0 * 455 ;ff, ± 1 - 43 ^ and 
± 1*91^. These values are only approximate, since Hiickel made the over-simplifica¬ 
tion of assuming all the CC distances equal. In fact, yff varies with the length of the 
link, and since hexatriene consists of alternate long and short links, we should use 
long- and short-link resonance integrals. licnnard-Jones ( 1937 ) calculates the short 
links to be 1-34 A and the long fi nk s to be 1-42 A, With these values he derives the 
orbital energies as ±15-7, +39*2, ±58-5 kcal. In order to facilitate comparison 
with Hiickel’s values, we may express the results as multiples of where is the 
short-link resonance integral calculated by Lennard-Jones as - 35*0 kcal. This gives 
± 0*449^, ± 1-12^ and ± l-67)ff for the orbital energies. 
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For an open-chain polyene the energy let-els are non-degenerate, and if there are 
n double bonds the number of possible V states must be n^. In the case of hexatriene 
these are 

\ = ?dxlXzX2i Vs = ?SX2XsXi> 

Vi = TiXaXa^'^ = )dXsi}dX2’ ^ = )iX2?dXi, 
yT = XiXl)&Xz\ V&^XiXIt&Xa^ y2 = Xi7&‘)&Xi- 

The only other upper states we need consider are Rydberg (i?) in type. Since the 
longest wave-length transition is expected to be F, this transition is most pro¬ 
bably to be identified with the system in the neighbourhood of 2500 A. This is in 
agreement with the value of about 1615 cm.“^ found for the excited double-bond 
frequency which is undoubtedly reduced somewhat relative to its value in the 
ground state. The latter is not known exactly but it must be greater than 1650 cm.”^, 
which corresponds to the unconjugated double-bond frequency. According to the 
simple scheme of figure 1 the transitions and N-^V^ would both be expected 

to occur at the same wave-lengths. However, MuUiken's revised calculations show 
that the analogous transitions m butadiene are well separated. It is not possible to 
say whether or not the 1750 A absorption is to be associated with one or both of 
these. Neither can it be affirmed that any of the other NV transitions actually occur, 
as these would be expected to be at shorter wave-lengths in regions where there is 
much stronger general absorption due to electrons in basic single bonds. 

The position of the first regions of absorption in hexatriene, butadiene and 
ethylene is roughly in accord with the values of their lowest antibonding energy 
levels: 0-449>^, 0-674yff and respectively. This supports their interpretation as 
mainly F in type, though the hexatriene 2500 A absorption is also partly Ryd¬ 
berg in type as the n = 2 member of the Rydberg series ( 1 ) is predicted to be in the 
same neighbourhood. A smnlar conclusion has been reached in the case of butadiene 
and ethylene. 

The assignment of the first absorption region in hexatriene as may be 

supported by showing that it yields reasonable values for yff. Using Mulliken’s figures, 
the frequency of the transition in butadiene should be 

(2x 0-674^) + €, (a) 

where e is the electronic interaction constant which varies according to the environ¬ 
ment of the TT electrons. From Lennard-Jones^s results, the energy of the N 
transition in hexatriene should be 


(2 x 0-449y?) + e, ( 6 ) 

where e is now the electronic interaction constant for hexatriene. It will not be the 
same as the electronic interaction constant for butadiene. It may be assumed that 
^ has appreciably the same value in hexatriene as in butadiene, since the C=C 
distances are closely similar. Lennard-Jones in fact gives the same values of for 
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the C=C bonds in both molecules. In order to eliminate e as far as possible we 
ought to compare hexatriene with a^-dimethyl-butadiene, so surrounding the 
electrons with the same framework of carbon atoms and their associated electrons. 
Here the N-^Vi transition occurs at about 45,600 cm.“^ (Carr, Pickett & Stticklen 
1943 ). In hexatriene it is at 39,750 cm."“^. Hence we may get a value of y? by elimin¬ 
ating e from the two expressions (a) and ( 6 ): 

45,600-39,750cm.-i = 2(0-674-0-449) |yd] 
i A *34 1 = cm.“^ or 37 kcal. 

This value is only approximate because of the uncertainty of in the two mole¬ 
cules, the maximum error being about 1000 cm.”*^ or 3 kcal. Hiickel gave the 
approximate value of 20 kcal. per mole for y?. Lennard-Jones, taking into account 
the * energy of compression’ of the links due to the resonance, gives yd as 36 kcal. for 
a bond length of 1-34A. MuUiken, Rieke & Brown ( 1941 ), considering also the 
efiEects of hyper-conjugation, give 45 kcal. for a bond length of 1*33 A.* 

We may also get a value of from the difiFerence in ionization potentials of hexa¬ 
triene and ydy-dimethyl-butadiene, making the assumption that this difference is 
equal to the difference in bonding energies in the two molecules. Strictly, we should 
use a^-dimethyl-butadiene, but since the ionization potential of this is not known 
we use that of the /dy compound (which is possibly a few hundredths of a volt higher) 

8-67 - 8-23 = (0*674 - 0-449) ] yd j, 

1 A -34 1 = 1*96 V or 15,900 cm.~^ or 45 kcah 

The fact that this result is of the right order of magnitude supports the value of 
8*23 V for the first hexatriene ionization potential. 

In the series of conjugated open-chain molecules ethylene, butadiene and hexa¬ 
triene, the ground state of the least strongly bound electron rises progressively with 
increasing conjugation. A graph of first ionization potential plotted against number 
of carbon atoms (figure 2 ) shows a smooth curve, the extrapolation of which enables 
the lowest ionization potential of octatetraene to be predicted as 7-8 V. Similarly 
the ^-> 1 ^ transition shifts to longer wave-lengths with increasing conjugation. 
Kgure 2 also shows the smooth curve obtained by plotting the of the 
transitions against the number of carbon atoms. Prom this graph for 
in octatetraene may be predicted to be at about 35,000 cm.-^ (2860 A). This is not 
far from the value (38,000 cm.“^) predicted by MuDiken’s approximate calculation 

^ Note added in proof. Dr G. A. Coxilson (private coimnunication) has pointed out that 
it would be more satisfactory to express the energy levels and interpret the spectrum in 
terms of the parmeter y which takes account of the overlap of neighbouring tt atomic 
orbitafe (s^ MuUiken, Bieke and Brown 1941 ). In terms of y, Coulson gives the Xz snd Xz 
energy levels as — 0*404y and 4-0*506y. Tor the first NV transition therefore we should 
write (0-404 + 0-606)y instead of 2 x 0-449yd, i.e. 0-910y instead of 0-898yd. The change is only 
of the order 1 % and the results for y would be approximately as above for yd. 
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(Mulliken 19396 ).* Extrapolation of this curve shows that colour will develop when 
about sixteen carbon atoms or eight conjugated double bonds are present, in 
agreement with a well-known fact. 



FiGmsE 2 

A graph of first ionization potential against of (figure 3) is very close 

to a straight line which must mean that the same causes which determine the drop 
in ionization potential determine the shift in the firequency. K both these effects 

were solely due to changes in bonding energies, then the shift in the transition 
would be expected to be twice the shift in ionization potential. In actual fact the 
ratio is only 1 - 2 : 1 —^that is, the NVi transition moves about 1-2 V to long wave¬ 
lengths for every 1 V drop in ionization potential. For an NV^ frequency of 34,000 
cm.~^ predicted for oetatetraene the graph indicates an ionization potential of 
7-72 V in agreement with a value of 7*8 V obtained from figure 2 . The graph also 
agrees in predicting ionization potentials between 6 and 7 V for those conjugated 
polyenes that absorb in the visible. Table 2 tabulates the results from which these 
graphs have been drawn. 

* Note added in proof. Calculations by Kovner { 194 a, 1944 ), following the methods of 
Sklar ( 1937 ), yield 2470 and 3120 A for the wavelengths of the transition in hexatriene 
and oetatetraene respectively. There is a numerical slip in these papers, the hexatriene 
theoretical resxilt being given as 2570 instead of 2470A. 
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N-+Vj "Omax cm"' 

Figtjbe Z 


Table 2 

N -> Vi first ionization 

Vxnax. potential 

molecule cm.“^ V 

ethylene 61,400 10*45 

butadiene 47,700 9-02 

hexatriene 39,760 8*23 


The terminal vinyl groups of hexatriene may be either cis or trans with respect to 
the central ethylenic nucleus. 


CH==CH 

CH,=CT \h=CH, 


CH==CH, 

ch=6h 


Figube 4. cis and trarhs forms of hexatriene. 


Farmer, Laroia, Switz & Thorpe ( 1927 ) thought they had found evidence of two 
forms which they took to be cis and tram, EJiarasch & Stemfeld ( 1939 ) gave as 
their opinion that there was no satisfactory chemical evidence for the existence of 
two forms. Because of the resonance between the three double bonds, the single 
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bonds which, separate them should take on a certain fractional double-bond character 
* - + 

(i.e. resonance occurs to a* structure such as CHg—CH=CH—CH=:CH—CHg). The 

requirement for any isomeric form of hexatriene with a tt electron on each carbon 
atom is that aU the six carbon atoms should be coplanar. This leads to the following 
possible isomeric forms which are labelled by an extension of the system of nomen¬ 
clature used by MuUiken {1942). The relation of the two adjacent double bonds to 
the single ^s' (partially double) bonds is first given, and following this the relation 
of the two outer double bonds with respect to the central double bond. It appears 
likely that the more extended forms are more stable in the gas phase at room tem¬ 
peratures, the more contorted forms being more stable in the liquid and solid phases 


cis forms 

I. s-trans, s-trans, cis 




CH=GH. 


CH=( 


II. 8-trans, s-cis, cis 

CH, 

CHt=CH 


trans forms 

IV. s-trans, s-trans, trans 

CH2=:CH 

\ 

CH=CH 

\h==CH2 


V. s-tra7is, s-ciSf trans 
CHs==CH 




;=CH 


III. cis 

CH2=CH 
CH, \h 
CH—CH 


VI. 8~cis, s-ds, trans 
CH, 

\!H=CH 

\ 

CH 

(6. 


Figube 5. Possible s-cie and s-tram forms of hexatriene. 


at low temperatures. This is true in the case of butadiene which appears to be mainly 
tram at room temperatures but mainly cis at — 80 ° C (Rasmussen, Tunnicliffe & 
Brattain 1943). If repulsion between the double bonds governs the form, then we 
should expect forms I and IV to be most stable in the gas phase, and it is quite 
probable that the two sets of progressions obtained for the 2600--2200 A absorption 
region are associated one with each of these forms. Mulhken (19396) shows that the 
transition is expected to be more intense for the most extended structures of 

conjugated polyenes than for the more compact structures. For example, tram 
stilbene is known to have a more intense transition than cis stilbene, as 

MuUiken & Rieke (1941) have pointed out. Further, it can be shown that 
transitions are much stronger than N -> or transitions, particularly m the 



190 


W- a Price and A. D. Walsh 

ease of trans hexatriene and to a lesser extent in the case of the cis form. According 
to Mnlliken’s calculations, if hexatriene were entirely s-trans, tranS) then 

wotdd be forbidden and etc. would be very weak. Cis hexatriene 

permits N-^V^ (though weakly compared with and shghtly raises the 

intensity of 1^, V^, etc. Thus m either form the iV'-> F transitions are weak except 
for This fact makes it unlikely that the strong diffuse region in the neigh¬ 

bourhood of 1750A is predominantly iV'-^F in character; more probably it repre¬ 
sents a transition to a Rydberg upper state perturbed by a weak N->V transition. 
Certain intensity anomalies are associated with this particular absorption, namely, 
that it appeared relatively more strongly in the earlier spectra obtained with the 
freshly prepared material (figure 7 (i), plate 2) than in the photographs taken at a 
later date (figure 7 (ii), plate 2 ). Thus it may in part be due to a more volatile impurity 
such as a partially hydrogenated hexatriene which was eventually pumped off. 

The spectrum of divinyl acetylene 

Divinyl acetylene was prepared for us by the method of Nieuwland, Calcott, 
Downing& Carter ( 1931 ). Thefarultra-violetspectrumof divinyl acetylene resembles 
in many ways that of hexatriene. It starts slightly to long wave-lengths relative to 
hexatriene. At 2560 A (see plate 2 ) there begins a progression of three strong diffuse 
bands separated by about 2040 cm.~^ 

(41,100-39,065 = 2035, 43,140-41,100 = 2040om.-'i). 

This vibration is without doubt a symmetrical carbon-carbon valence vibration 
localized mainly in the triple bond. There is also a trace of faint diffuse bands 
accompanying the stronger ones at a distance of ca. 1400 cm.“^ to the short wave¬ 
length side. These probably represent a symmetrical carbon-carbon valence fre¬ 
quency localized mainly in the two double bonds. The next main region of absorption 
is in the range from 2040 to 1700 A, where there occurs a number of diffuse bands 
superimposed on a background of continuous absorption. The absorption maxima 
of th^ bands are separated by distances of 2000-2500 cm."^, which presumably 
s^ain reprint a valence vibration, this time mainly in the triple bond. The absorp¬ 
tion in this region is considerably weaker than that in the 2600-2200 A neighbour¬ 
hood, At siffl shorter wave-lengths weaker diffuse absorption bands occur, merging 
into continuous absorption below 1400 A, probably arising from the excitation of 
eleokons in CC and CH bonds. Certain anomalies were observed in the divinyl 
acetylene photographs according to the time they were taken. The spectrum of the 
fr^hly prepued material is shown in figure 6 (i), plate 2 , After a lapse of several days 
tile material gave a spectrum as in figure 6 (ii), plate 2 . It can be seen that the fresh 
material gave additional bands in the region 2200-2100 A and also below 1700 A. 
These changes may be due to the evaporation of an impurity more volatile than 
divinyl acetylene, likely bodies being those formed by the hydrogenation of one or 
both of tiie double bonds. The bands occurring below 1700 A are obviously Rydberg 
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Figure 6 . The spectrum of divinyl acetylene. 
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Figure 7. The spectrum of hexatriene. 
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bands, very similar to those found for acetylene (Price 1935 ), and they lead to an 
ionization potential of '-10-5V which is probably to be associated with an alkyl 
acetylene. 

The electronic structure of divinyl acetylene is similar to that of hexatriene except 
that an additional tt electron is located on each of the two central carbon atoms. 
These electrons we may call electrons in distinction to the electrons of the 
central bond which are present in hexatriene. The electrons have orbitals whose 
axes are parallel to those of the n electrons on the outer four carbon atoms which 
may also be called tt^ electrons. Conjugation occurs between the six electrons 
exactly as for hexatrienOj except that the four middle carbon atoms are now linear. 
The 7Ty electrons, having orbitals perpendicular to those of the rr^ electrons, do not 
conjugate with them. The similarity of the first regions of absorption in hexatriene 
and divinyl acetylene shows that the electrons are involved in these transitions 
which are therefore probably NV-y^ in character. In both molecules appears to be 
the most strongly absorbing of all the excited states. 

This work was carried out in 1940 and its publication has been delayed by war-time 
conditions. We wish to thank the Department of Scientific and Industrial Research 
for financial help. We are also indebted to Dr E. H. Farmer for advice on the pre¬ 
paration of hexatriene, to Dr R. R. Smith for preparing the specimen of divinyl 
acetylene and to Dr C. A. Coulson for valuable criticism. 
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Quantum electrodynamics with dA^jdx^ = 0 

By T. S. Chang, Ph.D., Central University, Chungking, China. 

{Communicated by Prof. P. A. M. Dirac, F.B.S. — Received 5 December 1944) 

The quantization of the electromagnetic field subject to == 0 being the four- 

potential) developed in an earlier paper is reviewed, and a proof of the relativistic invariance 
of the commutation relations left out in the earlier paper supplied (§ 2 ). The Poisson brackets 
of at two different points in space are worked out for the vacuum case (§3). 

If, instead of considering a field of matter, one considers explicitly different particles 
interacting with the electromagnetic field, such a theory gives us field equations which 
differ slightly from the equations of Dirac, Fock & Podolsky. By imposing a condition on 
occurring in nature, the Maxwell equations remain satisfied (§ 4, 6). Finally, it is shown how 
the equation dA^jdXj^ = 0 can be brought into the new electrodynamics of Dirac and how, as 
a consequence, the longitudinal part of the field can be eliminated (§ 6 ). 

1 . Iotrodxtction 

In an earlier paper (Chang 1944 ), it is shown that for fields of which the field equations 
are deduced from varying a Lagrangian subject to auxihary conditions, it is possible 
to choose expressions for the conjugate variables and the Hamiltonian so that the 
field equations are brought into canonical forms and thus can be quantized in the 
usual way. As an application of this theory, we have quantized the Maxwellian 
field subject to 

idA^dx^) = 0 , ( 1 ) 

where A^^ is the four-potential and a:^ the vector {it, x, y, z) (the velocity of light c 
being taken to be unity for convenience). In so doing we find it necessary to intro¬ 
duce a new dynamical variable ■f(o) which behaves as a scalar and acts as the con¬ 
jugate variable to By imposing initial conditions for ‘ijr occurring in nature, the 
expected value of P(q) can be made always zero, and we find to our satisfaction that 
the Maxwell equations hold for ijr occurring in nature. 

The scheme of quantization then employed followed closely a method due to 
Weiss ( 1936 ). At the time of writing, it was not reahzed that in his method there is 
no proof for the relativistic invariancy of the commutation relations. It may be 
thought at first sight that the quantities and w in his theory are general curvilinear 
co-ordinates, and that by letting"te; change from the ^-co-ordinate of an observer to 
the i-co-ordinate of another observer, the invariancy of the commutation relations 
with respect to changes in w will supply the desired proof. However, if and w 
are arbitrary curvilinear co-ordinates, the commutation relations will change as w 
changes, as can be seen from the following argument. Let be a surface on which 
the commutation relations of the canonical variables are given. By using the field 
equations we may determine the Poisson bracket between an observable 0 and its 
derivative along an arbitrary direction a at a point Q outside /S, which accordingly 
is in general not zero. Now if the commutation relations will not change with w 
with and w as arbitrary curvilinear co-ordinates, we may choose w without 

[ 192 ] 
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damaging the field equations in such a way that the direction a at Q lies in the surface 
w = constant containing Q, and thus the above-mentioned Poisson bracket must 
be zero. This is obviously a contradiction. 

The relativistic invariancy of the commutation relations can, however, be easily 
proved in the present case by proving them to be invariant for an infinitesimal 
Lorentz transformation, following a method due to Heisenberg & Pauli (1929). 
The details of the method need of course some changes, since their conjugate vari¬ 
ables and those here are defined differently. In the following, we shall give the 
various Poisson brackets for the case of vacuum in a form which exposes explicitly 
their relativistic characters. 

In § 2 we shall give a summary of the results in the previous paper. In § 3 we shall 
work out the Poisson brackets between the A's for vacuum. § 4 will give a modified 
form of the equations of Dirac, Pock & Podolsky (1932). In the new set of equations, 
dA^jdx^ is zero, while in the original theory of Dirac, Pock & Podolsky it is not. § 5 will 
give the quantum electrodynamics with each of the charges taking a separate time 
co-ordinate and with dA^jdx^ equal to zero. The field equations will be shown to 
coincide with those in § 4 . § 6 will discuss how the equation dA^jdx^ = 0 can be 
introduced into the new electrodynamics of Dirac (1942), which introduces negative- 
energy states for photons during the second quantization, and how, as a conse¬ 
quence, the longitudinal part of the field can be eliminated. 


2 . Summary or earlier results 

As is well known in quantum mechanics, if we assume the Schrodinger equation 

M{dijrldt) == 

the equation of motion for observables q not containing time t explicitly is 

M{dqldt) = [q,Hl (2) 

where [q, H] denotes qH — Hq. Let q^, denote the dynamical variables of the 
matter-field and ,1 A^ those of the electromagnetic field. Let x be the vector 
{it,x,y,z), X be {x,y,z) and let suflSixes v,... run from 0 to 3 , r,^,... from 1 to 3 . 
Let us take H to be the integral over x, y, z of 


1 IdA^dA, dA^dA,\ 
dx^ dx^ dx^J 


+ Pi 




( 3 ) 


where is the Hamiltonian for matter and will be assumed to consist of a term 
depending on the matter-field only and another term which may be written as 
Assuming at a^o = 0 

[P(^(a:o,x), A,(a:o,x')] = -M^5(x-x'), 

[P(^(a;o,x), P(,,(a;o,x')] = [A^(a;o,x), A„(a;o,x')] = 0, 

t The parenthesis of in P(^) is introduced to indicate that fi is not a tensor sufiSix. It will 
be dropped when no confusion arises from so doing. 
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and corresponding relations for the matter-field, we find from the equations of 
motion (2) that they hold for all subsequent Xq. It is easy to see that the equations 
of motion for the electromagnetic field are 

p 1 

47r\9a:o dx^J’ 

1 ( 5 ) 

idA^/dx^) = 0 , 

UA^ + 477-(3P(o)/3a:^) = - (□ s d^jdxM. 

It follows therefore that P^g) is a scalar and P(r) the Orth component of a tensor 
We shall not go into the field equations for matter and shall be contented with 
assruning that they are such as to make 


We obtain from (6) and (6) 


{dj^ldx^) = 0. 

□P(„) = 0. 


( 6 ) 


Thus assuming that for ^ representing states that can occur in nature 

P{0)f = ^ ^ 


( 7 - 1 ) 


at Xq = 0, which is equivalent to 

Pi,)f = {-5,+ (?P<r)I^^M = 0 ( 7 - 2 ) 

at Xg = 0, we have P(g)rjr = 0 for all subsequent Xg. Hence for rjr representing states 
occurring in nature, the Maxwell equations are satisfied. 

It remains to prove the relativistic invariancy of ( 4 ). It is hardly necessary to 
point out that in so doing we must study the commutation relations between 
Ap P(„), as a whole. If in a certain Lorentz frame we are given ( 4 ), 

{A (or P), p (or g)] = 0 , 

and the usual value of g„j], etc., for points with the same Xg, it is in fact possible 
to prove them to retain their form in an infinitesimal Lorentz transformation, by 
using the field equations and the transformation properties of A, P, p, q. The 
proof is very similar to the work of Heisenberg & Pauli, apart from the difference 
that owing to the difference between the transformation characters of JJ,.) and ^ioh 
we have to write out in the present case the various Poisson brackets item by item. 
The writing out of such a proof does not present anything interesting and will thus 
be left out- 

Excluding the part which involves the matter only, (3) is the 00th component 
of the tensor 




195 


Quantum electrodynamics .with dA^ldx^=0 
Its Orth component has the property 

= -^^AJ,x){ovP^,{x)), jV3^(*o,x')cZx']. 

At this point it is necessary to note that the tensor satisfying 

8^;,^ . fiA^ BAA 

dXp ~~ ^^\dx^ dx^j 

is not the part in T*^ involving and -P(o) only, but a different tensor 

^>4 _p (AJA\(AJA] 

dx^ ^ dXj, 4c7r\dxj^ dx^)\dx^ dx^j IQn ^^dxj^ dXg^)\dx^ dx^J' 

which, just as 7*^, is not symmetrical between [i and v. 

To proceed further, we introduce a transformation 

+ - i/* + i/(ffc(*o*o - (8-1) 

+ e-«fcx)^| (_/+^- Ji)) + S Wfc]) > (8-2) 

^*( 0 ) = ( 8 * 3 ) 

' wj'#4KT*-5W.-.] + e-».[|/6 + E W*])^ (8.4) 

where if denotes + (i;f+i| + ifc|)^, the vector (ift, fcg? ^s)? quantity 

k^x^, k/^, k^^^ three mutually perpendicular unit directions, and /’s functions 

of the time x^. By choosing / properly as functions of Xq, the equations (6) can be 
satisfied. The properties of/are; (i) they are constants of motion in case of vacuum 
and (ii) they satisfy at all Xq 

= -.27rMkoH^J(k-^k^ 

[f^,M =[/-,/-]-0, I ^ ^ 

as can be easily proved. In terms of/, the part in H involving the field only becomes 

t It must be noticed that the symbol k stands sometimes for the vector k^ and sometimes 
foT+iUrK)^. 
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3. Commutation relations in vacuum 

Let us consider the case in which= 0, so that the /’s are all constants of motion. 
By means of the relation 

we may transform (8) into 

^ + (10-1) 
^< 0 ^ = ^ J (“ ^) ^ dk[ei«a* + ]. (10.2) 

Evidently a and b are functions off and their derivatives to k^. From them we get 

- K(^atl^K) + = 0. 

From them and (9), we get 


M.ctiP] = 0, 

= - 7 TMh^kd{k--k!), 

Kkil = k') + r^^l{k, ¥), 

= 7r«ia(k-k') {3$^^-ik^kJk^)^ 

= Oj = — rrMd{k.—k'), 

= ~'^(K^ISkg—kgdjdkf)kd{k — k'), 

= - TThkiididk,) M(k- k'), = o, 

[a+6+] = [a-6-] = 0, etc. 




( 11 - 2 ) 

(11-3) 

(11-4) 


L” J - L". ,0 j = u, etc. 

S a^J^raS^a h ^ ^ tT’ characters of the right-hand sides 

vecter’th r ’ as scalars and 6+ 6" as 

are Lore^ltZ^r -lations between the a’s^'and 0’s 
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With the help of (8), (9) or (10), (H) we can work out the Poisson brackets between 
and at two different points. The algebra is elementary and is therefore left 


out. The results are 

( 12 - 1 ) 

[A^{x),^,ix')] = ^M^^A{i), ( 12 - 2 ) 

[A,{x), P^ix’)] = lMS,,^^A{i), (12.3) 

[Aoix), PJa:')] = - ^M^Aii), (12-4) 

Al), (12-« 

[J^„)(a;),i^o)(a;')] = [i^o)(*).W)] = 0, (12-6) 

where = {x—x')^ and zl(|) is the scalar 

(13) 


^ being + expected, the right-hand sides of (12-1), (12-2), ... are a tensor, 

a vector, etc., respectively. 

Let us introduce into the right-hand sides of (12) a A-modification, by which we 
mean we replace a function <p{^) by +A)+—A)}, where A is a constant 

time-like vector with — iA^ > 0. If we want this A-modification, all we have to do is 
to retain (8) and replace (9) by 

[f^k^fvk'] — — 277&*A^^cos(i;A)<J^^^(k—k'), except when /4 = 1 and v - 0 , (14-1) 

sin (jfcA) ^(k-k'), (14-2) 

[/^/■^] = [/-/-] = 0. (14*3) 

Thus if we retain (10), we introduce a factor cos (^A) in the right sides of (11-2) and 
(11*3) and replace the right-hand side of (11-4) by cos (jfcA) plus an extra 

term 

— Trhkk^ A^ sin {kX) ^ (k—k'). (14* 4) 

The non-vanishing [f^,fo] can be made zero by a transformation from / to some 
other amplitude functions. 

t The following properties of A{^) 

i ■^A(i) = - 2 A, (^) = - 4 m 5(5), 

^ 5/6 \ ^ 5 o /|^==0 

which follow from the definition will be used ia this paper. 
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If we choose E in vacuum to be 

(47r)-'^ Jfc^<ik[cos (ijA)]“^ { — ihX^ sin QcX) [cos (^A)]~^/f /o“^ 

+s +2/o+ u +2/f/f^ -frm. 

2,3 

which goes into the last formula in §2 as A-> 0 , the equations of motion ( 2 ) give 
precisely ( 5 ) with = 0 , which is equivalent to / == constants. It is true that by 
adding to J? a term playing the role of — in (3), we get from (2) the field equations 

( 6 ), but then the equations for matter becomes rather complicated and their rela¬ 
tivistic characters no longer obvious. We shall see later on (§ 6 ) that such diflftculties 
disappear when we introduce negative energy states into ( 8 ). 


4. Modified Dirac-Fock-Podolsky eqxjatioks 

Let us introduce for each of the material particles present a time co-ordinate 
i being the sufl&xfor theparticle. Following Dirac, Fock & Podolsky ( 1933 ), we assume 
the field variables to be functions of t, x, y, z and the times ..., Let us assume 
the field equations 



(16-2) 

■where x^) are the co-ordinates of the ith particle and thus functions of f only, 

denotes (x—z^)^ and dz^dt^. It is easy to see that 

Lzs\3A^ + 47T(9Po/9a:^), 

(16-1,2) 

ig S 47J-Pg + e^A [i^), 

(16-3) 

are integrals of motion, i.e, their derivatives to P vanish for ali i. Thus, assuming 
Li and to be zero for some values of and for all ir, they are zero always. 

We shall, in fact, make this assumption, and hence we have 

dA^ldx^ = DA^ + 4:7T{dPoldz;) = 0 . 

(17) 

Another integral of motion is 



(16-4) 

which vanishes if Pj = Pg = Pg = 0 . 


Let us define P^(x;= ^ 

47t \9a:Q dx^ J 

(18) 
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differentiation being taken at constant .... Let us introduce the abbreviation 
F'{t,x) for F{t,yi-, p- = t^ = ... = t). Then it is easy to prove from (15), (17) that 
P^, Ay satisfy the foUovping equations: 


^~4:n\dxo dzj ’ 


-fo + A(P'r)-i^iPo) = 0, 


dXy 


-Jr 




(19) 


with 


jj, = S S{s. - x»(f»)), = {vi, vi, v% i ). 

i 


( 20 ) 


Identifying —AniP'^ and {dA^jdx^—dAJdx^)' to be the electric and magnetic fields 
we see that the Maxwell equations are satisfied if Pq and —jo + i^Prl^^r) ^lero at 

^ = 0. Since and are integrals of motion, it is sufficient to assume and 

to be zero for ^ = 0, for all x and for a particular set of values of — ^ 

are already assumed, as we have actually done, it suffices to assume that is zero 
for all X and a particular set of ....f 

If we perform a A-modification on the right-hand sides of (15), we get corresponding 
integrals of motion and equations corresponding to (19). They wiU not be written out. 


5. Dudtjction of the above field equations in quantum 

ELECTRODYNAMICS WITH dA^/dx^ = 0 

In this section we shall study quantum electrodynamics with dA^jdx^^ == 0 and 
with each of the material particles present taking a separate time co-ordinate. 
We start by forming Schrodinger equations of the form 

( 21 ) 

and deduce therefrom the field equations. For completeness, we shall insert a few 
words on the relations between equations of the type (21) and operator equations. 

Let pjg be observables in a Schrodinger picture, and let us write 
^ 0 , 0 , ...j ^ being a unitary matrix. Arranging the observables in the Heisenberg 
picture to coincide with the corresponding ones in the Schrodinger picture at 
fi- z= = ... = 0, we have for observables in the Heisenberg picture 

Pi\p,... = ( 22 ) 

t. It seems that a possible weaker assumption is to assume Lg and dLJdx^ to be zero for 
^ = 0, all X, and a given set of t\ ..., but from (17), aLg = DPg = 0, so the two assumptions 
are the same. 
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the t’s in the parenthesis 
explicitly. Evidently 


being introduced to show that ps may depend on 


Hi W 




3 / 5-1 


and hence ~ 

where {dpsjdt^)^ denotes differentiation to P' which pg contains explicitly. If 
in ( 21 ) = ■■.ps,2s)> may follow ( 22 ) and let .. be 




and obtain — (23-1) 

In the following we shall meet quantities of the form p{'P-,T^, ...) which 

aredefinedas/5irJt_...pg(Ti, T^, ...)/Sii_j 2 ^.... Inthisnotationp^i i&p{P,t^, 

and the operator in (21) ...; 0 , 0 , ...). Obviously pCJP-, T^, ...) 

satisfy 

M^-^^=p(T; t)Hi^^,,.-Hy^...p{T; t). (23-2) 


If some of the jT’s happen to be some of the ^’s, (23*2) takes a suitably modified form, 
which need scarcely be written out. 

For convenience of discussion, let us confine the material particles to Dirac 


electrons. We have from § 2 

M{dfldt) = f, (24-1) 

= — ie'^Ai — afipf — e'^Af) — (24-2) 

where is the part of the Hamiltonian involving the field only and A'^^ is A^ taken 

at the tth particle. Let us perform the transformation 

q*{t) = (24*3) 

(24*4) 

so that we have M{di/r*ldt) = (24-6) 

At this point, we introduce and replace the above equation by 

( 25 ) 


This procedure has been given in Dirac’s book (Dirac 1935 ) and is repeated here for 
completeness. ISTeedless to say, we confine the domain of W by the condition 
(o;^—a ;?‘)^>0 (all i, J), for beyond that and J?*?' do not commute and the con¬ 
dition of integrabihty of (25) is not satisfied. The different A^{P, x^) in commute 
according to ( 12 - 1 ), as explained in Dirac’s book. 

t This is the opposite of an assertion in Chang ( 1944 ), which says that in (21) should be 
a dynamical variable G'ji .. It is wrong, as can be seen from the above. 
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As we have mentioned above, in ( 21 ) is meaning that the 

in in (25) must play the role of that t (or those t) which contains ex¬ 
plicitly. Thus writing- 4 *(iSx^‘) in as Jcilx5(x—x^)^*(;f^x), we conclude 

that the dependence of x) on t^ must be of a similar nature. We can introduce 
accordingly an operator A^(^,x; ...) which at = i^ — reduces to 

A*(^,x). In a similar way we introduce Po(^,x; From the equation 

(23-2), it follows that 

[A^{x^ t\t\ ...), ^,(a:'; t\t\ ...)]ot[A^{x; t\t\ ...), Po(rr'; t\t\,.)-\ 

does not change with if for a given f^, ... they are c-numbers, and so remains to 

be given by the right-hand sides of ( 12 ). In the same way, we see that the com¬ 
mutation relations for of matter are the same as those for (p^)^, With 

these commutation relations, it is a simple matter to deduce from (23) the desired 
field equations. We get in this way precisely equations (15-1) and (15*2) for and 
Pq with vj replaced by —af. The integrals of motion given in (16) can be proved 
directly by means of (23). For example, in showing that is an integral, we note 

...)+i:e^J(^0] + [47rPo+2’e#^(fO. •••)] = 0. 

where the first term is the derivative to of those t contained explicitly in 
and must not be forgotten. 

The operator equations (17) will be assumed, since this can be done without 
contradicting the commutation relations. On the other hand, it is impossible to 
assume the operator equation = 0 . Obviously the right thing to do is to assume 
for W representing states occurring in nature L^W = 0 for all x and for an arbitrary 
set of values of .... With that, the Maxwell equations are satisfied for states 
occurring in nature. 

One can also introduce the A-modification here. Assuming that J.*(^, x) commute 
according to ( 12 ) with A-modification and retaining all the other features of the 
theory, we get field equations (16) also with A-modification. Before introducing 
A-modification, we may take over equations ( 8 ), (9) in § 2 to this place, the/’s being 
now functions of .... With A-modification, (9) is to be replaced by (14). 

6 . dAJdx^ = 0 m Dirac’s new electrodynamics 

Let us see how the equation dA^jdx^ — 0 can be brought into Dirac’s new 
electrodynamics (Dirac 1942 ). In this electrodjmamics, we have two functions, 

- -0 Q'lid J^^(x; .,.), satisfying sbtfl = t^= ... = 0 

[M,M]=^[N,N]^0. (26) 
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Applying the general remarks in the above section to this place, we see that (26) 
holds for any .... Let 

A^{x] t\t\ ...) = M^(x-, t\t\...)+NiJ,x + X-, t\t\...), (27) 

and let, as before, 

-a^(p^-e^A?)-(28) 
with denoting rA^(<^ x; ...)^(x—x^)dx. From (23), we get 


8 Ji),(a:+A) _ 
dt<' " 


{& = x-x% , 


(29) 


of which a solution is 

lf„(a:+A) = ^AiffMP+ M%x + X), 

iJti 

N,ix) = &r Am^f,dti + Nl{x). I 

j J -00 ^ 


(30-1) 


Using this solution, we find that in the domain for W, i.e. in the domain where 
(at*—a;^+ A)®>0, (+ if izl—izl>0, — if izl—i^<0), A^(a;^; P-,...) is independent of 
i’-,..., ... and is at the limit A approaches zero equal to [A^ (retarded) 

+A^ (advanced)] at the point x^, apart from additional terms if® and iV®. (A®> 
is the potential produced by the jth particle.) The independence of A^{x^\ <^, .••) 

from .... is necessary in order to ensure a^, x^ to remain as functions 

of only. 

Another solution of (29) is 


Jlf/* + A) = iSe’ f*' A(i^)vf,dtf+M<^/x + X),' 

j J — CO 

N,{x) = f'' A(^nv^,dp- + Nl{x). 

j J —CO ; 


(30-2) 


Here again in the domain for W, A^{x‘^; P ,...) is independent of P, 
As A approaches zero, this becomes however 


S A® (retarded) + ^[A® (retarded) —A^^ (advanced)]. 

i*¥j 

According to Dirac ( 1938 ), this A should appear in the equation of motion for the 
ith particle. 

The commutation rules for A are obviously 

[A^(a:; A,{x'; t\ ...)] = -Md^A\x-x’) 

for all P,P,..., where A^ denotes the A-modification of d, as defined above. 


(31) 
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To introduce dAJdx^ = 0 into the theory, let us retain (27), (28) and assume 
instead of (26) 


[N^{x; t\t\ ...), •••)] = -iMA^,{x^x'), [i\r,iV^] == [M,M] - 0 , (32) 


where for shortness we let -‘MA^j,{x—x'), —MA^p{x — x') denote the right-hand 
sides of ( 12 * 1 ) and ( 12 - 2 ), and Ap^= —A^p, App^O. Equations (29) are then 
replaced by 


dM^{x + X) dN,ix) 
di^ dt^ 


ie^vtA^M% 


(33) 


and their solutions are given by (30*1) or (30*2) with an extra term in 

each of the right-hand sides. Since the value of this term vanishes in the domain 
for W, the above remarks on J[^(a;^; ^^,...) in the domain for W remain valid. 

The commutation relations for A are evidently 

[A^{x^ t\t\ ...), A,{x'^ t\t\ ...)] = ^UA%{x^x% (34) 

and the equation of motion 

dA^jdti = eh}lA%,{S-). 

Here one can assume not only dA^jdx^ = 0 , but also 

{dM^jdx;} = {dN^ldx;} = o, (35) 

since both dM^jdx^ and (dN^/dx^) are integrals of motion and the equations (35) do 
not contradict the commutation relations. So far, there is no Pq yet. Let us introduce 
Po, Mp, Np{x] f^, satisfying 


Po(*; ■■■) = Mp(x; t\ ...)+Np{x+X; P-,...), 

[Np(x; t\ ...), My-1\ ...)] = -iNy ...), Mp{x'-, ...)] = 

[JVp, Mp] = [M, M] = [N, N] = 0. 


(36) 


We deduce as usual commutation relations between A and P and equations of 
motion for Np, Mp. Obviously we may have 


□ilf^+47r(0Jfp/9a:^) = □iV),+47r(ajyp/3a;^) = 0 (37) 

and must assume for W occurring in nature 

{47r[Jlfp(a:)+ Np{x +A)]+ Se'^A^E^)) ?P = 0. (38) 

Dirac ( 1942 ) introduced relativistically annihilation and creation operators ^ 
which are connected with his N and in a simple way. Let us see if this connexion 
can be retaiued here. When there is a photon present, we let its wave functions 
consist of five components (xA^ |>, <a:Po |> satisfying 

|> = n{xAi, 1 > + {xP^ 1 > = 0 . 


(39) 



204 T. S. Chang 

When there are many photons present, we let the wave function satisfy 


^ {x^p\x^p^, ....ajMS... |> = 0 , 

— l> + 4^l> = 0 . 


p being one of five sumbols A^, P„ or simply p and P. In Dirac’s original paper, 


{x'{x") =-iA{x'-z"), 

while here we shall assume 

{x'p'\x'p'') = -iAp.^.,{x’-x”). 


(40) 

(41) 


A justification of this similar to that of (40) from equation {2-14) in Dirac cannot 
be easily found, but it may be expected to be right on account of the facts that as 
functions oix' and p' it satisfies (39) and that (x'p' | ir"p"> is the complex conjugate 
of I x'p'). Generalizing (41), we have 


x^p’^, ... x^p'^ I 


x^up2uy « {^iY[u\)-^EA.Xpa{x^-x°‘)A ^ph{x^ — x^) 


in which are some permutations of 1, 7 ^ + 2, ... and the summation is 

taken over all permutations. 

One can then introduce in exactly the same way as the in Dirac. 

We obtain 


itpLy-ixyixfi = 
di,^ldx^ = diydx^ = 0, 

□ la,^+47r(3g,,p/3a:^) = MHxpl^^p) = 0., 


(42) 


This allows us to connect the ^’s with M, N by 


N, = (W^p, = 

Np = mHh, jfp = (P)*4W ^ ^ 

Owing to (42), we must on passing to momentum representation replace (3-1) 
in Dirac by 

etc., where, following Dirac, the right-hand side is summed over the two vectors 
{±ik,1ci,k^,ks), say k^ and kj^. Thus M+N{x+X) can be put as (10) except that 
here we have a factor (2)-*, a summation over the two vectors kj, k^ and that in terms 
containing exp —i{kx), x is replaced by a:-F A. As a result, if we write the right-hand 
sides of (8-1-3) as 

^pifk>x)+Y^{M,x), 

we get the following expressions for and P^: 

pji ^^■^p(/*i> ^ » + A), 


(44) 
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the first term being M, and the second N(x + \), The commutation rules for/, in 
contrast with (14), are simply 

= [/^/”] == 0. (45) 

' Let us try to eliminate/o=^ and/f‘= on passing to Schrodinger equations (25). The 
method is entirely analogous to that in a similar piece of work performed on the 
theory in §2 (Chang 1944 ). We start with remarking that from the self-adjointness 
of the field we have 

/ltkI)®“^*^^+/ol-kIl) = “/olkD^/lC-klD 

Atkl) “/aT-kll) = f% (kl) . 

with V indicating the adjoint of v and (kl), (kll) the vectors ki, kn. Let us take a 
representation in which cj, cj defined by 

^k = (^/2) {/otkl) +/l(-kll) +/ot-kIl) +fi (kj)}, 

^k = (J) {/otkD+/l(--kll)”"/ot-kII) ^/l(kl)> 

Cj = l/(2)^(/o‘^jjj)e"’^*i^'~/l(_kjI)), 

for various k’s are diagonal. The 6 ’s are self-adjoint operators and the c's constants 
of motion. From (38), we get for W occurring in nature equations of the form 

= = (48) 

where the y’s will not be written out. Using this representation, all the terms in 
A{x; ...) containing or //= can be grouped into 6 ’s or self-adjoint operators 
which commute with all c’s and all 6 ’s except one and can thus be represented by 
something times 9/06. 

Evidently the Schrodinger functional is of the form 

...), (49) 

where S^(x) is the square root of d{x). After substituting (49) into (25), multiplying 
by n^d^{ ) 5^( ) and integrating over all the 6 ’s, all the terms of the form 9/36 are 
dropped out and the 6 replaced by y’s. Inserting y for 6 and zero for 9/36, we find 
that the terms in Aj^{x; ^^,...) containing/o=^ or reduce to the A-modification of 

(50) 

where A-^{i) = 

A-Hi) = dA-HOm^- 

t The A-modidcation of is i[(a;o--Ao) ^(§* + A) + (icS-h Ao) ^(S*—A)]. 
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Thelongitudinalpartofx^) is given by putting a; = = 0 

in the A-modification of (50), and is accordingly simpler. As a check, one notes that 
though, as given by (50), does not behave as a vector, it satisfies (17) with p 0 
given as -( 47 r)“^i 7 eM(g^). Further, one may note that when — ... and 

A = 0 , as given by (50) reduces to the last term only and Aq to the value (i/4)i;’e^/^’ . 
Thus the longitudinal part of A*( 0 ,x,.) in the Hamiltonian jff*^( 0 ) is zero and the 
summation of the longitudinal part of —ie^A3'(0,x^) over i (1/4) jr'^'K The 

reason why we have (1/4) Z instead of the usual (1 /2) is that if we investigate (24-1), 
we shall find that an amount (1/4)27 is in and this amount was absorbed in 
W through the transformation (24-3,4). 

The above elimination of the longitudinal part of A*(^^, x^) is independent of 
Gibb’s ensemble; with respect to the operator c’s and hence without invalidating the 
result (50), we may impose on W occurring in nature the condition = cJiP = 0. 
With this, the longitudinal part of the field is completely simplified. 

A similar elimination of the longitudinal part of the field in the theory of § 6 can 
also be performed, but this does not lead to simple results when A^ 0 , owing to the 
unpleasant (14). When A = 0 the static part in is again (50). 

For the transverse part of the field in the present section, we have nothing to add 
to Dirac’s paper. We shall not discuss them except remarking that his equation 
(15) must now be replaced by 

= /*!?' = 0, (* = h or hi)- (61) 

Before concluding this paper, it must be mentioned why we have not tried to 
produce a theory with each of the charges taking a time co-ordinate along Weiss’s 
method. Using this method, we must consider x*, ^4^, etc., changing in the space 
formed by ..., with t, x as parameters. There is no trouble arising from the 
requirement that x» must be a function of only, for x^ can be made a function of 

only by introducing proper constraints and initial conditions for W occurring in 
nature. Such a theory has no tmdesirable features except that the commutation 
relations caimot be made symmetrical between the particles, arising from the fact 
that they usually change in form in a transformation among the f s, a point discussed 
already in the introduction. For this reason, such an attempt is abandoned. 

In conclusion, the writer wishes to thank Professor Dirac for his kind encourage¬ 
ment. 
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The thermal decomposition of hydrogen peroxide vapour 
By Robert C. Mackenzie and Mowbray Ritchie 
{Communicated by J. Kendall, F,R.S.—Received 10 November 1944) 


The decomposition of hydrogen peroxide vapour at pressures less than 1 mm, in silica 
vessels has been investigated, maiidy at 80® C, but also over the temperature range 15-140° C. 

Oxygen at low presstires was found to have no appreciable influence on the rate of decom¬ 
position; water vapour retarded the rate slightly. The reaction was predominantly a surface 
one. In one vessel, the decomposition was bimolecular with respect to the peroxide pressure, 
the rate being given by ^[HaOal^/CH-bEHaO])^: in another, the bimolecular reaction of the 
final stages at low peroxide pressures was preceded by one of order approximately 0*7 at the 
high pressures. 

Higher pressures of oxygen and nitrogen retarded the decomposition appreciably. At 
higher pressures of water vapour, a pronounced periodicity in rate was evident. 

The apparent heat of activation over the temperature range investigated was not constant, 
being calculated as 4200 cal. from rates at 15 and 70° C and 8400 cal. from rates at 80 and 
140° C. On the assumption that the lower value more nearly represents the surface reaction, 
the velocity of decomposition, calculated for 1 mm. pressure of peroxide at 50° C by the 
theory of absolute reaction rates, was 0*70 x 10^® mol.cm.~2 gec.-i, in agreement with the 
experimental value of 0-76 x 10^® mol.em.-2 sec.-^. 


While the thermal decomposition of hydrogen peroxide in solution has been in¬ 
vestigated by many workers, as far as has been ascertained only three communica¬ 
tions have appeared which deal with the corresponding decomposition in the vapour 
phase. All three support the conclusion that the reaction is heterogeneous, the rate 
being markedly influenced by the nature of the containing surfaces. Hinshelwood & 
Prichard ( 1923 ) found the reaction to be unimolecular on glass, but the rates of 
Elder & Rideal ( 1927 ), non-reproducible on glass, were, on quartz, best expressed as 
a zero-order reaction inhibited by the product oxygen. Elder & Rideal found that 
at 85° C the rate of decomposition became zero when approximately 20 % of the 
peroxide initially present had decomposed; to obtain an ‘infinity’ pressure reading 
corresponding to complete decomposition, it was necessary to heat to a considerably 
higher temperature. Kistiakowsky & Rosenberg ( 1937 ) reported, however, no 
cessation of reaction short of complete decomposition on a quartz surface, and no 
inhibition by oxygen was observed. 

Hydrogen peroxide is regarded as an intermediate of importance in several 
reactions which involve hydrogen and oxygen (e.g. the thermal combination of 
hydrogen and oxygen, the photosynthesis of hydrogen chloride in the presence of 
oxygen), where the mechanisms proposed depend partly on the behaviour of the 
peroxide present. In such systems the amount of peroxide is usually very small. 
In view of the apparent lack of agreement concerning the heterogeneous decom¬ 
position, and the possible application to these other reactions, the thermal decom¬ 
position of peroxide vapour at relatively low pressures (less than 1 mm.) has here 
been investigated for silica vessels. 
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Experimental PEOCEDtrRB 
Preparation of peroxide 

The hydrogen peroxide employed was obtained from sodium peroxide and dilute 
sulphuric acid by distillation methods based on that of Kilpatrick, Reiff & Rice 
( 1926 ). 

A final fraction of some 6-8 c.c., of 80 % purity or over, was finally concentrated 
by farther distillation in vacvx>, with connexion to a concentrated sulphuric acid 
bulb D as shown in figure 1 . In this way concentrations of peroxide up to 100 % 
cotdd be obtained, the fihal volume of liquid being usually from 1 to 2 c.c. The 
product was normally kept sohd by a carbon dioxide-ether freezing mixture. 

The molar percentage of peroxide in such preparations was determined by titra¬ 
tion with potassium permanganate solution, previously standardized by sodium 
oxalate. For the more concentrated solutions a special pipette was employed, 
‘aged’ by previous contact with the solution so that no appreciable decomposition 
occurred during the transference of the sample to a weighed amount of water in a 
tared vessel. Immediate reweighing and titration followed. The final fractions 
distilling over had a tendency to collect in droplets on intervening cold surfaces, but 
the most concentrated liquid did not appear to be much more viscous than water, 
in accordance with the measured viscosities of Maass & Hatcher ( 1920 ). The most 
concentrated samples appeared quite stable in the receiver in which they were 
collected by distillation, but, if transferred to another vessel, decomposition at once 
commenced, as shown by the appearance of gas bubbles originating at the walls of 
the vessel. On evacuation by oil pump, samples of approximately 99 % purity 
showed little gas evolution, but at 96 % or less such decomposition was more in 
evidence. On reducing the temperature of 99 % samples to - 80° 0, the liquid froze 
readily; with 90-95 % samples no crystallization occurred unless the vessel was 
tapped or disturbed, when solidification took place immediately. For concentra¬ 
tions less than 95 %, such solidification became increasingly difficult, in agreement 
with the observations of Maass & Herzberg ( 1920 ). No explosive tendency was 
observed during any of the above-described manipulations. 

The thermal decomposition 

The apparatus employed is shown in figure 1 , and was constructed entirely of 
soda-glass with the exception of the transparent silica reaction vessel V. Apiezon 
grease L was used on such taps and ground joints as were unavoidable. Receiver G 
contained the peroxide, normaUy kept solid at -80°C; on melting, vapour was 
mtroduced to the vessel F via the tap and the capillary tubing with the ground 
]omt J, Its pressure being recorded by the Bourdon spring gauge G, movement of 
the pomter of which was observed against the eyepiece scale of a telescope. The 
garge was calibrated by means of dry air, at pressures recorded by the standard 
mercury manometers and M^. These manometers also served for measurement of 
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pressures of other gases introduced into the reaction vessel, when the pressures 
employed were in excess of those which could be read directly from the gauge. The 
gauge itself was water-jacketed at 26° C, the temperature remaining constant within 
0-1 ° C for any one run. Except in the series of experiments on temperature variation, 
the reaction vessel was immersed in a covered water thermostat at 80° C, again with 
variation of less than ±0-l°C. For higher temperatures, an electrically heated 
furnace system was used, the temperature being controlled by a hand rheostat to 
within 0*3° C. 



Oxygen, nitrogen, hydrogen and carbon dioxide were obtained from cylinders, and 
after suitable purification were stored in glass bulbs attached to the apparatus. The 
reservoir E contained the purest distilled water obtainable, suitably boiled out 
under reduced pressure in the apparatus itself. 

In an experimental decomposition, the entire system was first evacuated by oil 
pump, the vessel and gauge being subjected alone to further evacuation for 45 min., 
during which time the freezing mixture was removed from the reservoir C. Tap 
to the concentrated sulphuric acid container D was opened immediately the peroxide 
became liquid, this tending to remove any water vapour formed by decomposition. 
Taps Jg and were then closed and tap opened to remove any accumulated 
oxygen from the reservoir. When after a few minutes all gas had been removed, taps 
?5 and Tg were closed, the zero reading of the gauge noted and tap to the vessel 
and gauge opened. The movement of the pointer was observed, and wh^n the 
required pressure had been reached, taps T-^ and Jg were closed, the gauge reading 
observed and the time noted. Pressure readings were then taken at frequent 
intervals. The ‘infinity’ reading corresponding to complete decomposition was 
observed after several hours, usually overnight. On re-evacuation, the zero reading 
of the gauge was rechecked. 

The above procedure was suitable for the introduction of vapour up to 1 mm. 
pressure, which is approximately the maximum vapour pressure of 98 % molar 
peroxide at room temperature (Maass & Hiebert 1924 ). When other gases required 
to be added to much higher pressures, any water or peroxide vapour was removed 
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from the connecting tubing by oil-pump evacuation for 11 min., and the second gas 
introduced slowly into the reaction vessel, the pressure in the gauge jacket beir^ 
allowed to morease simultaneously so that the gauge pointer remained more or less 
in the zero position. The pressure of added gas was then calculated from the mercury 
manometer readings. The time taken to perform the entire operation varied with 
the amount of gas introduced but was normally 4-7 min.: thereafter pressure changes 
in the reaction vessel were recorded as above. In view of the small volume of the 
connecting capillary tubing, no correction was considered necessary for the vapour 
swept back into the vessel on the secondary introduction of gas. The volumes of the 
reaction vessels used were 31-35 and 21-75 ml; special experiment showed that any 
decomposition occurring in the connecting tubing and gauge could have only a 
negligible effect on the pressure change observed during a normal determination. 

With daily experiment, in which a 96% sample was melted and refrozen as 
required, the final concentration at the end of 3 weeks was 94%; the preservation 
of the sample by the methods described was thus effective. 

Three Bourdon gauges were used in all, the sensitivity in each case being found 
to be independent of the presstues in the reaction vessel. The actual sensitivities 
were 23-0,27-0 and 54-1 telescope scale divisions per millimetre: itwas foundpossible 
to read such scale division to the nearest tenth of a division, which gave the smallest 
observable pressure change as approximately 0-004, 0-004 and 0-002 mm. respec¬ 
tively. In all decompositions a smooth curve was drawn through the points obtained 
by plotting pressure against time, and from this curve pressures could be determined 
fairly accurately to the nearest 0-002 mm. 


Results and discussion 

It should be stated that in the first runs carried out with the large reaction vessel 
no increase in pressure was observed even after several hours. After several attempts, 
however, increases in pressure became apparent, and after several more became 
satisfactorily reproducible. With the smaller vessel, the first few results were again 
erratic, but again on repetition reproducible results were attained. Regreasing of 
taps did not normally produce appreciable irregularities; the initial results are 
regarded as s 3 Tnptomatic of the ‘ ageing ’ of the silica surfaces. Apparently irregular 
results were sometimes obtained during the various series, these being largely due to 
decomposition of the vapour during introduction to the reaction vessel, as appeared 
when the ‘infinity’ pressures were examined. 

The normal equation for the decomposition of hydrogen peroxide indicates that 
2 vol. peroxide vapour should give rise to 2 vol. water vapour and 1 vol. oxygen. In 
relation to the initial pressure of peroxide, the pressure should therefore increase by 
60 %, on the assumption that no condensation and no adsorption of reactant or 
products takes place. At the pressures involved condensation may be disregarded. 
The composition of the liquid in the reservoir being known, use was first made of the 
results of Giguere & Maass ( 1940 ) to give the composition of the vapour over the 
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liquid. If no adsorption phenomena were in evidence and if no appreciable decom¬ 
position occurred during the experimental manipulation involved, then the observed 
pressure increase should correspond to the calculated vapour pressure above the 
liquid. Two sets of experiments were performed. In the first, the normal determina¬ 
tion, a known pressure of vapour was introduced to the reaction vessel at a fixed 
temperature and the decomposition allowed to proceed to completion, when the 
final pressure was recorded. In the second a small tube containing phosphorus 
pentoxide was temporarily sealed to the system (adjacent to the ground joint J), 
with a view to absorbing aU the water formed; in this case the final pressure (of 
oxygen) ought to be one-half of that of the peroxide originally introduced. 

In carrying out such experiments one comphcation became evident. Immediately 
after the introduction of vapour to the vessel, the pressure decreased shghtly before 
the normal increase due to decomposition ensued. This decrease, normally small and 
of short duration, is discussed below. The procedure adopted was to extrapolate the 
smooth decomposition curve back to zero time, the resultant pressure value being 
used in the calculations. In table 1, ^>0 the initial pressure observed immediately, 
on closing the entry tap to the vessel, p^ the extrapolated initial pressure and 
the ‘infinity’ pressure. The initial molar percentage of peroxide in the vapour is 
given as [HgOal^. 


Table 1 

Vessel volume = 31-35 ml. Temp. = 82*0° C. 

Molar concentration of H 2 O 2 in the solution = 78*4 %. 

Molar concentration of HgOg in vapour {according to Gigu^re and Maass) = 39*0 %. 
normal determination PgOs determination 


Po 


Pa, 

[H 2 O 2 ].. 

Pq 

Pa, 

[H 2 O 2 I 

mm. 

mm. 

mm. 

% 

mm. 

mm. 

% 

M8 

1*15 

1*37 

38 

0*93 

0-20 

43 

0*97 

0*94 

1*23 

37 

0-90 

0*16 

36 

0*96 

0*91 

1*07 

35 

0-75 

0*15 

40 

0*92 

0*89 

1*06 

38 

0-61 

012 

39 


mean = 37 mean = 39*5 


In view of the relatively small difference between the experimental values and 
those of Gigu^re & Maass, it was concluded that the manipulation involved does lead 
to the introduction of vapour to the reaction vessel, of essentially the same com¬ 
position as that above the solution, and that for such conditions the pressure changes 
may be used to follow the rate of decomposition. As shown above, however, the 
initial adsorption though small is not inappreciable, and it is advisable to consider 
it in more detail. 

The actual shape of the experimental pressure-time curve in its initial stages will 
be determined by two main factors, the decrease due to adsorption and the increase 
due to decomposition. In general such adsorption must be attributed to both 
peroxide and water, but the amount of peroxide adsorbed will, after adsorption 
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equiKbrium is attained, decrease as the concentration of peroxide in the gas phase 
decreases on decompositioi^, while that of the water present will increase con¬ 
tinuously as the product concentration increases. Results soon showed that the 
decomposition was not a zero-order reaction; the greater the relative amounts of 
peroxide to water, the greater will be the initial rate of increase of pressure and the 
closer the observed rate to the theoretical rate required. 

With the purest peroxide obtainable, a small initial decrease could be detected 
indicating adsorption of H 2 O 2 itself on the surface. This decrease was so small that 
the usual method of extrapolation gave a value pj very little different from the 
initial Pq. The experimental initial rates in this case must be very close to the ‘ideal ’ 
values. When, however, the final Pa, pressures are considered, it is obvious that the 
measuredPc© would be slightly greater than the ‘ ideal ’ value, referred to pQ, because 
of the complete decomposition of the initially adsorbed layer, if all the water formed 
during the course of the reaction were to remain unabsorbed in the vapour phase. 
The adsorption of water which must be assumed to take place will tend to give a 
lower Pa,; the actual value recorded will depend on these two opposing tendencies. 
Experiment showed that the purest peroxide obtainable (99*8~100*0 %) as found by 
permanganate analysis, when introduced to the reaction vessel at 0-3 mm. pressure 
gave at 80° C apparent percentages of slightly over 100, viz. 101-0, 101*5. Here 
again only a small error is involved in the extrapolation method in spite of the 
adsorption possibilities. 

In general, the vapour used in the majority of the decomposition experiments 
contained, initially, varying amounts of water. Even in the case of the dilute (39 %) 
vapour of table 1, however, the initial decrease was observed only for 2 or 3 min. 
in a decomposition requiring over 100 min. The observed rates will here be lower 
than the true rates, even with the extrapolation, but after the initial stages, the 
rate will approximate closely to the true rate, because the water formed will not alter 
appreciably the relatively large concentration of water already present. The infinity 
value as already shown in table 1 is somewhat low. On the other hand, pure peroxide 
will show a closer approach to the true initial rate values, but the infinity value will 
be somewhat high. By selecting an initial concentration between these two extremes, 
the initial rates might be expected to be on the low side, but the later rates and the 
infinity values ought to be sensibly correct. In practice, an 85 % vapour (from 96 % 
liquid) gave an initial decrease of 0*01 mm. for a final pressure change Poo 
0*45 mm.; in view of the smallness of the adsorption effect, it is believed that the 
rates as obtained by the short extrapolation are not appreciably in error. 

Variation of pressure of oxygen 

Since the results of Elder & Rideal were best expressed by an equation involving 
mhibition by oxygen, rates were determined for a certain initial peroxide con¬ 
centration with and without the addition of 8*3 mm. oxygen, this amount being 
much larger than the amount of oxygen produced during the decomposition. Results 
are given in table 2, where P is the total pressure. 
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Table 2 

Vessel volume = 31-35 ml. Temp. = 82*2° C. [HgOg]^ = 80 %. 
experimental values values from smoothed curve 


t 

P 

t 

P 

[H.O,] 

[H 2 O] 

min. 

mm. 

min. 

mm. 

mm. 

mm. 



(a) initial [O 2 ] 

= 0*0 mm. 



0 

0-693 

0 

0-693 

0-554 

0*139 

5 

0-711 

5 

0*716 

0-508 

0-185 

10 

0-737 

10 

0-738 

0*464 

0*229 

15 

0-759 

15 

0*759 

0*422 

0-271 

20 

0*778 

20 

0*778 

0*384 

0*309 

25 

0-793 

25 

0-794 

0*352 

0*341 

30 

0-808 

30 

0*809 

0*322 

0*371 

40 

0-830 

40 

0*831 

0-278 

0*415 

51 

0-848 

50 

0-848 

0-244 

0*449 

62 

0*867 

60 

0-862 

0-216 

0*477 



(b) initial [Og] 

= 8-3 mm. 



0 

0*689 

0 

0-689 

0*550 

0-139 

4 

0-711 

5 

0-712 

0-504 

0*185 

10 

0-734 

10 

0*734 

0-460 

0*229 

16 

0*756 

15 

0-755 

0*418 

0*271 

20 

0*774 

20 

0*774 

0*380 

0*309 

25 

0*789 

25 

0*790 

0*348 

0*341 

30 

0*804 

30 

0-805 

0*318 

0*371 

40 

0*822 

40 

0*827 

0*274 

0*415 

53 

0*845 

50 

0*843 

0*242 

0*447 

77 

0-874 

60 

0*857 

0-214 

0-475 

88 

0*882 






Comparison of the concentrations attained after the various time periods shows 
that the added oxygen had no effect on the rate of decomposition for these con¬ 
ditions. The small amount of oxygen gas here produced during a run therefore does 
not require to be considered in the expression for the rate of reaction. 


Variation of pressure of hydrogen peroxide 

It was desired to measure the rates at different pressure of peroxide, while other 
factors, including the pressure of water vapour, remained constant. Experiments 
were performed with initial total pressures ranging from 0-6 to 1-2 mm., which gave 
an approximate 3:1 variation in pressure of peroxide for the pressure of water 
vapour chosen. Rates were determined from the pressure-time curves for this water 
vapour value; these are considered accurate to approximately 0-0005 mm./min. 
Results are given in table 3, 

As shown by column 5, the rate is proportional to the square of the peroxide 
concentration here concerned. The calculated rates were obtamed from the equation 
jRcaic = 0*055[H202]^; the ratios of the final column show that the variation of rate 
with [HgOg] concentration is adequately represented in this way. 
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Table 3 

Vessel volume = 31*35 ml. Temp. = 82*0° C. Partial pressure of water vapour = 0*350 mm. 


Pa 

[H202 ]to 

[H 2 O 2 ] 

rate 




mm. 

0 / 

/o 

mm. 

mm./min. 

iB/[H202]2 

-^calc 

■^calc/^exp 

1*150 

82 

0*800 

0*0350 

0*055 

0*0352 

0*99 

1*140 

70 

0*790 

0*0350 

0*056 

0*0343 

1*02 

1*050 

68 

0*700 

0*0265 

0*054 

0*0270 

0*98 

0*785 

84 

0*435 

0*0102 

0*055 

0*0102 

1*00 

0*741 

84 

0*391 

0*0088 

0*058 

0*0084 

1-05 

0*740 

80 

0*390 

0*0085 

0*056 

0*0084 

1*01 

0*650 

77 

0*300 

0*0052 

0*058 

0*0050 

1-04 


Variation of pressure of water vapour 

Experiments were carried out, first with no added water vapour and then with 
approximately 1, 3, 5 and 10 mm. added vapour. Rates were determined at a con¬ 
stant pressure of hydrogen peroxide. The results, with the exception of the 10 mm. 
run which was abnormal and will be discussed later (p. 220), are given in table 4. 

Table 4 


Vessel volume = 31*35 ml. Pressure of HaOg = 0*400 mm. 


temp. 

[HjO] 

•^exp 

jRcalc 



mm. 

mm./min. 

mm./min. 

•^calcZ-^exp 

82*1 

0*284 

0*0085 

0*0086 

1*01 

82*2 

1*281 

0*0065 

0*0066 

1*01 

82*2 

3*289 

0*0047 

0*0042 

0*89 

81*7 

5*289 

0*0029 

0*0029 

1*00 


The higher the concentration of water vapour, the lower is the rate; calculated 
rates were obtained from the expression . 

^caic = 0-0094/(1 +0-15[H20])2. 

The ratios of the last column show that the retarding eiffect of water vapour is 
satisfactorily expressed in this way. 


The general rate equation 

The above dependence of rate on the pressures of peroxide and water may be 
combined ia the form 

d 

^caic = - 0*060[H20,?/(1 + 0-15[H20])2, 

where the umts are millimetres and minutes. This equation was then applied to 
several complete decompositions throughout their course. The results are given in 
table 5. 
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The agreement between the calculated and experimental rates in all cases is 
satisfactory, and there seems no doubt that the equation applied does represent the 
rate of decomposition for the conditions in question. The experimental rates in the 
initial stages are somewhat lower as a rule than the calculated rates, in agreement 
with the previous considerations of adsorption. The fluctuations observed near the 
completion of a decomposition are no doubt due to the difficulty of accurately 
determining the rate of the very slow reaction in these final stages. 

For water-vapour pressures less than 1 mm., the denominator (1-l-0*15[H2O])^ 
may be replaced by (l + 0*30[H2O]) without loss of accuracy; velocity coefficients 
may then be obtained for such conditions as follows. 

Let a be the original amount of reactant H 2 O 2 at time ^ = 0, a; the amount trans¬ 
formed at time t (i.e. the amount of water formed), and c the amount of water 
initially present at i = 0. 

rrn dx kia — xY 

-S° l + i(c + i) ' 

On integration h = ~Y~— a ^ 

t{a — x) a t 

A straight line should then be obtained by plotting xjt{a — x) against 

1/^ —loga/(a—a;); 

the slope of the line will be ab/{l + d(c4-a)}, and the intercept on the xlt{a — x) axis 
will be ka/{l -f- b(c -f a)}. From these values k and b can be calculated for that experi¬ 
ment. This method for the pressures in question is somewhat sensitive to experi¬ 
mental error. In the following table 6, k has been calculated from the integrated 
equation by taking 6 = 0*30 for one experiment. 

The variations in k thus obtained are well within the experimental error, as was 
shown by choosing arbitrary values of x and calculating for k = 0-0556 and 6 = 0*30 
concentrations and total pressures at the corresponding times throughout the run. 
The curve obtained by plotting these calculated total pressures against time was 
practically identical with the experimental curve. 

Theoretically the general rate equation above is applicable to a bimolecular 
surface reaction retarded by one of the products, and can be derived in the usual 
way by assuming a weakly adsorbed reactant and a more strongly adsorbed product, 
the rate being proportional to the square of the amount of reactant on the uncovered 
surface. Although such a type of reaction has been predicted theoretically, as far 
as has been ascertained, no exactly similar reaction has been reported. The thermal 
decomposition of nitric oxide on platinum (Bachman & Taylor 1929), strongly 
retarded by oxygen, has been expressed by the equation 

dx _^k{a—x)^^ 
dt X ’ 

here the theoretical term {l + bx)^ has presumably approximated to an x term by 
reason of the very strong adsorption of oxygen under the experimental conditions. 
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It might be expected that at higher pressures of peroxide, with greater saturation 
of the surface, a zero-order reaction might become predominant; this is then in 
agreement with the results of Elder & Rideal, where, however, it would now appear 
that water and not oxygen is the main retarding product. The question of much 

Table 5 


Vessel voliime = 31*35 ml. 


£ 

P 

[HA] 

[HA 




min. 

mm. 

mm. 

mm. 

■^exp 

-^calc 

Pc&lc/^e: 



(a) initial [H202],» = 68*0 %; temp. = 80*0° C 


0 

1*050 

0-715 

0-335 




5 

MOO 

0-615 

0*435 

0*0175 

0*0201 

1*15 

10 

1*140 

0-535 

0-515 

0*0136 

0*0148 

1*09 

15 

M70 

0-475 . 

0*575 

0*0115 

0*0116 

1*01 

20 

1*196 

0*423 

0*627 

0*0090 

0*0090 

1*00 

25 

1*215 

0*385 

0*665 

0*0073 

0*0074 

1-01 

30 

1*230 

0*355 

0*695 

0*0064 

0*0063 

0-98 

40 

1*255 

0-305 

0-745 

0*0046 

0*0046 

1*00 

50 

1*275 

0*265 

0*785 

0*0034 

0*0034 

1*00 

60 

1*290 . 

0-235 

0*815 

0*0027 

0*0027 

1-00 

80 

1*311 

0*193 

0*857 

0*0018 

0*0018 

1*00 

100 

1*322 

0*171 

0*879 

0*0011 

0*0014 

1*27 

160 

1*349 

0*117 

0*933 

0*0008 

0*0006 

0*75 



(b) initial [H 2 O 2 I 

. = 80*0<%; 

temp. — 80*0° C 



0 

0*740 

0*590 

0*150 




5 

0*780 

0*510 

0*230 

0*0140 

0*0146 

1*04 

10 

0*810 

0*450 

0*290 

0*0114 

0*0112 

0*98 

15 

0*835 

0*400 

0*340 

0*0088 

0*0088 

1*00 

20 

0*854 

0-362 

0*378 

0*0070 

0*0071 

1*01 

25 

0*870 

0*330 

0-410 

0*0060 

0*0058 

0*97 

30 

0*884 

0-302 

0-438 

0*0048 

0-0048 

1*00 

40 

0*905 

0*260 

0-480 

0-0036 

0*0036 

1*00 

50 

0*920 

6*230 

0-510 

0*0027 

0*0028 

1*04 

60 

0*933 

0*204 

0-536 

0*0022 

0*0022 

1*00 

80 

0*951 

0*168 

0*572 

0*0014 

0*0014 

1*00 

100 

0*964 

0*142 

0-598 

. 0*0009 

0*0010 

1*11 



(c) initial = 84-0 %; 

II 

GO 

»-« 

o 

O 



0 

0*741 

0-622 

0-119 




5 

0*781 

0*542 

0-199 

0*0146 

0*0167 

1*14 

10 

0*815 

0*474 

0*267 

0-0125 

0*0125 

1-00 

15 

0*843 

0*418 

0*323 

0*0098 

0*0096 

0*98 

20 

0*863 

0*378 

0*363 

0*0075 

0*0077 

1*03 

25 

0*878 

0*348 

0*393 

0-0063 

0*0065 

1*03 

30 

0-890 

0*324 

0-417 

0-0052 

0*0056 

1*08 

40 

0*912 

0*280 

0*461 

0*0041 

0*0041 

1*00 

50 

0*930 

0*244 

0*497 

0*0032 

0*0031 

0*97 

60 

0*944 

0*216 

0*525 

0*0024 

0*0024 

1*00 

80 

0*963 

0*178 

0*563 

0*0019 

0*0016 

1-07 

100 

0-974 

0*156 

0*585 

0*0010 

0*0012 

1*20 
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{d) initial [HgOg]^ = 77-0 %; temp. = 81*5° C 


0 

0*650 

0*500 

0*150 




5 

0*682 

0*436 

0*214 

0*0105 

0*0107 

1*02 

10 

0*705 

0*390 

0*260 

0*0082 

0*0085 

1-04 

15 

0*725 

0*350 

0*300 

0*0070 

0*0068 

0*97 

20 

0*741 

0*318 

0*332 

0*0058 

0*0055 

0-95 

25 

0*754 

0*292 

0*358 

0*0045 

0*0046 

1*02 

30 

0*766 

0-268 

0*382 

0*0040 

0*0039 

0*98 

40 

0*785 

0*230 

0*420 

0*0028 

0*0028 

1-00 

50 

0*800 

0*200 

0*450 

0*0024 

0*0021 

0*88 

60 

0*811 

0*178 

0*472 

0*0018 

0*0017 

0*94 

70 

0*820 

0*160 

0*490 

0*0014 

0*0013 

0*93 

90 

0*832 

0*136 

0*514 

0*0010 

0*0010 

1*00 



(e) initial [HgOglm = 84*0 %; 

temp. = 81*5° C 



0 

0*367 

0*308 

0*059 




5 

0*382 

0*278 

0*089 

0*0052 

0-0045 

0*87 

10 

0*393 

0*256 

0*111 

0*0040 

0*0038 

0*95 

15 

0*402 

0*238 

0*129 

0*0034 

0*0033 

0*97 

20 

0*410 

0*222 

0*145 

0*0027 

0*0028 

1*04 

30 

0*424 

0*194 

0*173 

0*0023 

0*0021 

0*91 

40 

0*436 

0*170 

0*197 

0*0018 

0*0016 

0*89 

50 

0*445 

0*152 

0*215 

0*0015 

0*0013 

0*87 

60 

0*452 

0*138 

0*229 

0*0012 

0*0011 

0*92 



(/) initial [HgOa], 

= 82*0 0/^; 

temp. = 80*0° C 



0 

1*150 

0*944 

0*206 




5 

1*245 

0*754 

0*396 

0*0290 

0*0305 

1*05 

10 

1*305 

0*634 

0*516 

0*0198 

0*0209 

1*06 

15 

1*345 

0*554 

0*596 

0*0148 

0*0156 

1*05 

20 

1*377 

0*490 

0*660 

0*0118 

0*0120 

1*02 

25 

1*400 

0*444 

0*706 

0*0097 

0*0097 

1*00 

30 

1*425 

0*394 

0*756 

0*0078 

0*0076 

0*97 

40 

1*460 

0*324 

0*826 

0*0055 

0*0051 

0*93 

50 

1*485 

0*274 

0*876 

0*0040 

0*0036 

0*90 

60 

1*503 

0*238 

0*912 

0*0028 

0*0027 

0*96 

70 

1*516 

0*212 

0*938 

0*0022 

0*0021 

0*95 

80 

1*527 

0*190 

0*960 

0*0018 

0*0017 

0*94 


Table 6 

Vessel volume = 31*35 ml. Temp. = 80 * 0 ° C. Initial pressure of HaOa = a = 0*715 mm. 
Initial total pressure — c + a— 1*050 mm. Initial pressure of HgO = a =: 0*335 nom. 


t 

X 

a—x 

1 X 

1 a 

-log- 

t a—x 

k 

min. 

mm. 

mm. 

t {a — x) 

20 

0*292 

0-423 

0*0346 

0*0263 

0-0555 

30 

0*360 

0-355 

0-0337 

0*0233 

0*0550 

40 

0-410 

0*305 

0*0335 

0*0213 

0*0552 

50 

0*450 

0*265 

0*0340 

0*0199 

0*0566 

60 

0-480 

0*235 

0*0337 

0*0185 

0*0564 

80 

0-522 

0*193 

0*0337 

0*0166 

0-0570 

100 

0*544 

0*171 

0*0318 

0*0143 

0*0542 

160 

0*598 

0*117 

0*0319 

0*0113 

0*0553 


mean h = 0*0556 
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higher oxygen pressures is referred to later (p. 222 ). The observation of these workers 
that reaction ceased after 20 % decomposition, a phenomenon not observed in any 
of the present experiments, is perhaps to be explained on the assumption that the 
large amount of water present so reduced the surface available for decomposition 
at the temperature concerned that a measurable rate was not attained. Their initial 
rates are some ten times less than that expected on the basis of the general equation, 
applied per unit apparent surface of the containing vessel; this again is not in 
disagreement with the above assumption. 

The temjperature coefficient and the absolute rate of reaction 

Several experiments were carried out over the temperature range 15-137® C, the 
rate at the higher temperature being so rapid that any further accurate measurement 
above this temperature became impossible for the concentrations and apparatus 
employed. Reaction rates were determined as before at a fixed partial pressure of 
hydrogen peroxide. The pressures of water vapour present were not exactly the 
same in each experiment, and the rates were accordingly corrected by applying the 
general equation. Such corrections were, however, small in all cases. Results are 
given in table 7, where the last column gives the rates corrected to [HgO] = 0-745 mm. 
It is then apparent that the temperature coefficient is in general small, but not 
constant over the range considered. After conversion from millimetre units to 
molecular concentrations for each temperature, the apparent heat of activation was 
calculated in the usual way as 5500 cal. for the range 15-82® C and as 8400 cal. for 
the range 82-137® 0. It is possible that at the higher temperatures a gas-phase 
reaction was becoming appreciable; if so, the apparent heat of activation for the 
surface reaction will be somewhat less than the lower figure. 

Table 7 


Vessel volume = 31-35 ml. [HgOa] = 0*320 mm. 


temp. 

■®exp 

i?corr 

temp. 


■jKcorr 


inin./min. 

mm./min. 


mm./min. 

mm./min. 

16 

0-0013 

0*0010 

99 

0*0095 

0*0095 

50 

0-0027 

0*0025 

111 

0*0115 

0*0115 

60 

0-0020 

0*0018 

120 

0*0146 

0*0142 

70 

0-0030 

0*0029 

137 

0*0210 

0*0208 

82 

0-0060 

0*0049 





Evaluation was attempted of an equation deduced from the theory of absolute 
reaction rates for a bimolecular surface reaction inhibited by one of the products, for 
comparison with th^ rate as experimentally determined. The equation derived 
theoretically for such a reaction is (Glasstone, Laidler & Eyxing 1941 , p. 386) 



Thermal decomposition of hydrogen peroxide vapour 

where V = rate of reaction, 

S = total number of possible sites adjacent to any reaction centre, 
Gg = concentration of reactant in the gas phase, 

Cg — number of reaction sites per sq.cm, of surface, 

Cg^ = concentration of inhibitor in the gas phase, 

= partition function of activated complex, 

Fg = partition function of reactant for unit volume, 

/g = partition function for reactant centres, 

= heat of activation at 0 ° K, 
h = Boltzmann’s constant. 
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Because of the small inhibition by water the term may be neglected. 

By substituting Fg for a non-hnear polyatomic molecule (cf. Glasstone et al. 1941 , 
p. 374) we obtain 


F = 


8 Vi/ A(8>r*)*(87r>ABO)(2™)>(iI')« 


where <r, 0 * 1 , are symmetry numbers of reactant and activated complex respectively, 
B and C are the three moments of inertia of the reactant, m is the mass of a 
reactant molecule, and h is Planck’s constant. 

Wither = (jj (Glasstone 1941 ,p. 180);/i “/^(p. 387); /S = 4,(7^ = 10^® (p. 374); 
A = 33-2 X 10-^0, B = 33*5 x 10“«^, 0 = 2-7 x 10“^® (Lu, Hughes & Gigu^re 1941 ); 
m = 34/6-06 x lO^S; fc = 1-37 x IQ-i®; i? = 2, h = 6-55 x 10“27^ the calculated rate 
for hydrogen peroxide becomes 

^aic = - ^ ys ^ sec- 1 . 


If the experimental heat of activation were constant over a wide range of tem¬ 
perature, this might be substituted for Eq. As shown above, however, the apparent 
heat of activation decreases with decreasing temperature, the heat of activation of 
the surface reaction being considered to be somewhat less than 5500 cal. Assuming 
the lower rates to be more representative of the surface reaction we may then 
consider the rate at 50® C with activation energy as derived from the data at 15 and 
70® C, viz, 4200 cal. The calculated rate at 1 mm. peroxide pressure is then 
0-70 X 10^^ mol.cm.”^ sec.-^. 

With neglect of the effect of water vapour as before, the experimental rate at 
50° C is 0-026[H202]^ mm./min. in the reaction vessel of 31-35 ml. volume and 
54-0 sq.cm, apparent surface. Expressed in the appropriate units for 1 mm. peroxide 
pressure, this becomes 0-76 x 10 ^® mol.cm.*"^ sec.~^, in excellent agreement with the 
theoretical value. 
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The rate of reaction at higher ^pressures of water vapour 

The experimental rates of table 4, showing the effects of alteration of water- 
vapour pressure, are in satisfactory agreement with the general rate equation up to 
5 mm, water vapour. When, however, the water-vapour pressure was increased 
to 10 mm. for the same initial peroxide concentration as before, a pronounced 
periodicity appeared in the curve relating the total pressure to the time of decom¬ 
position. For an initial peroxide molar percentage of 75, at temperature 81-8° C, 
pressure readings were recorded every minute; part of such observations are shown 
graphically in figure 2 . 



Figxjbe 2 


Here a periodic decrease in total pressure is to be observed, which is of course 
contrary to the normal increase due to the decomposition. The magnitudes of such 
decreases and of the increases which follow and precede them are much greater than 
any variations arising from irregularities in the thermostat temperatures; at the 
pressure involved, the increase in the time period 42-44 min. would correspond to 
a temperature change of 1 * 6 ° C, far outside the thermostat variation. 

A similar experiment at 120 ° C showed essentially the same phenomenon. Such 
behaviour was also observed at somewhat lower pressures of water vapour although 
it became less pronounced as the water vapour pressure decreased; in the range 
5-7 mm. water vapour, the magnitudes of the pressure variation were of the order 
of experimental error. Periodic variations in the rate of decomposition of hydrogen 
peroxide have been previously reported for solutions decomposing at a mercury 
surface (Bredig & Weinmayr 1903 ), but in the vapour phase a mercury surface has 
shown no such periodic action (Elder & Rideal 1927 ). 

The present example is of unusual interest in that an actual decrease in pressure 
is recorded, corresponding to an apparent negative rate of reaction. At the relatively 
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high pressure of water vapour employed, the amount of water adsorbed on the 
vessel walls will be much greater than in the normal decomposition at the low 
pressures previously discussed. Since there is no evidence of complex formation 
between water and peroxide in the mixed vapours (Elder & Rideal 1927 ), it is 
probable that the periodic effect is not due to a gas-phase reaction but is, as before, 
dependent on the conditions at the surface. 

The effect of added water is normally to reduce the rate of reaction by factors 
representing the decrease in surface available for the adsorption and ultimate 
decomposition of the peroxide. It might be thought possible that at 10 mm. water- 
vapour pressure, the number of available reaction centres would become neghgible 
and the rate be then not predictable on a statistical basis. The 'average’ rate, 
however, as given by a smooth curve drawn through the means of pressure is slightly 
higher than that expected according to the relation holding for lower pressures. This 
latter curve is indicated by the discontinuous curve of figure 2 . It would appear, 
therefore, that the main mechanism remains as before but is partly obscured by 
some factor related to the high water content. If the added water merely covers 
more of the active areas of decomposition, there is no obvious reason why the rate 
should depart from the normal in the uncovered areas. The periodic variation must 
then be connected with the areas covered by water; on this basis, the total rate 
should, in the initial stages at least, be above that expected by the general formula, 
in agreement with the result obtained. 

As far as the increases in pressure of figure 2 are concerned, these cannot be 
entirely due to peroxide decomposition, because the summation of all these increases 
over only the first 60 min. of a run showing an increase of pressure for at least 2 hr., 
is greater than that expected from the total amount of peroxide initially present. 
They must be accounted for by a non-equilibrium condition involving the expulsion 
of water from the surface. 

The pressure decreases may arise in two ways. First, adsorption of water and 
peroxide may be expected to occur eventually on areas which have been cleared as 
above; secondly, peroxide may be removed from the gas phase by solution in the 
multimolecular surface layer which water vapour has been considered to form at 
higher pressures (Brunauer i 944 )« 

The decomposition of peroxide in aqueous solution is regarded as involving largely 
the presence of solid-liquid surfaces, e.g. at dust particles and vessel walls (Rice 
1926 ). In these cases the above solution layers must be concerned. If the reaction is 
truly a solid surface phenomenon, then separation of peroxide from the solution 
must take place. This, however, is a matter of some difiSculty as shown by the 
degree of supercooling which such solutions show. Once such separation has begun, 
crystallization becomes rapidly complete; although the two cases axe not exactly 
parallel, the view may be presented that the adsorption of peroxide from the water 
layer to the sohd surface of the vessel is a somewhat similar phenomenon, which, 
once begun, rapidly builds up a surface concentration of peroxide considerably 
greater than that due to ordinary adsorption of peroxide on a surface free from water. 
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The ensuing decomposition of this peroxide aggregate may well be of the nature of 
an incipient explosion, with a heat ejBFect resulting in the expulsion of water and 
possibly some peroxide from the surface. In normal aqueous solution such heat 
effects would be largely dissipated by the large volume of water present, although the 
tendency for concentrated peroxide solutions to explode has already been recognized. 


The effect of oxygen and other gases at higher pressures 

In view of the possibility that some gas-phase reaction may be present even at 
80"^ C as indicated by the change in temperature coefficient, and because hydrogen 
peroxide is found in small amounts in certain gas reaction systems of much higher 
total pressure, some experiments are here quoted in which the pressures of peroxide 
and water remained as before less than 1 mm., while various other gases were added. 
The satisfactory application of the general rate equation to previous results had 
justified the conclusion that the small amounts of oxygen then formed during a 
decomposition had no effect on the rate constant, as already indicated also by the 
data of table 2 for 8*3 mm. added oxygen. Results obtained at higher pressures of 
oxygen, nitrogen, carbon dioxide and hydrogen are given in table 8. 

Table 8 


Vessel volume = 31*35 ml. Temp. = 82*2 C. [HgOl = 0*27 mm. 


[H*OJ 

[OJ 

[N*] 

mm. 

mm. 

mm. 

0-400 

— 

— 

0-400 

8-3 

— 

0-400 

102-2 

— 

0-400 

169-2 

— 

0-400 

— 

4-3 

0-400 

— 

13-5 

0-400 

— 

37-8 

0-400 

— 

62-9 

0*400 

— 

76-3 

0-400 

— 

471-6 

0-600 

— 

— 

0-600 

— 

— 

0-600 

— 

— 

0-600 

— 

— 


[H,] 

[CO,] 

2Zlp 

mm. 

mm. 

mm./min. 

— 


0-0075 

— 

— 

0-0075 

— 

— 

0-0040 

— 

,— 

0-0030 

— 

— 

0-0075 

— 

— 

0-0071 

— 

— 

0-0072 

— 

— 

0-0057 

— 

— 

0*0055 

— 

— 

0-0021 

— 

— 

0-0245 

2 

— 

0-0220 

10 

— 

0-0205 

— 

11-4 

0-0222 


For oxygen and nitrogen there is little appreciable change in the pressure increase 
below 10 mm. added gas, but above such pressures a progressive decrease in the 
pressure increase is to be observed, which is approximately the same for like pressures 
of added gas. It seems unlikely that nitrogen can be involved in any chemical reac¬ 
tion which could produce such effects: more probably some physical phenomenon 
is concerned, either alteration of the surface by adsorption or decrease of diffusion 
of peroxide to the wall. The adsorptions of nitrogen and oxygen on quartz at equal 
pressures are approximately the same; so also are the diffusion coefficients of a 
peroxide molecule diffusing through like pressures of these gases. The results for 
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nitrogen can indeed be numerically accounted for by substitution of the factor 
(1 -f 0*15[H20] -h 0-002[N2])^ for the denominator of the general rate equation. On 
the other hand, calculation shows that the diffusion hypothesis is tenable only if the 
fraction of peroxide molecule impacts which result in adsorption and decomposition 
were of the order 

The retarding effect of carbon dioxide is not unexpected, by reason of the known 
greater adsorption as compared with that of oxygen or nitrogen. The decreased rate 
of pressure increase in the presence of hydrogen is more probably due to some 
chemical reaction in which the pressure does not show the normal increase due to 
peroxide decomposition alone. 

Change of reaction vessel 

The reaction vessel was replaced by a sihca vessel of the same cylindrical shape but 
of approximately two-thirds the volume (21*74mL). After several attempts results 
became reproducible: an example is given in table 9. Here the initial percentage of 
peroxide in the vapour as calculated from the infinity reading is approximately 
170 %, whereas experiments with the larger vessel carried out immediately before 
the change of vessel gave 98-99 % as expected from the concentration of the reser¬ 
voir peroxide. The results were, however, reproducible and the effect seems genuine. 

Table 9 

Vessel volume = 21*74 ml. Temp. = 83*0® C 

t (min.) 0 1 2 5 7 11 21 30 46 52 oo 

P (mm.) 0*756 0*830 0*896 1*010 1*057 1*121 1*170 1*212 1*243 1*261 1*412 

If we consider only the rates during the first 10 min., assuming that the initial 
pressure of 0*756 mm. represents 98 % peroxide and neglecting the small amount of 
water formed during that time, we find the rates to be no longer represented by the 
bimolecular law but to be more nearly proportional to where n = 0*7 

(table 10), 

Table 10 

Vessel volume = 21*74 ml. Temp. = 83*0° C 


t 

min. 

[H 2 O 2 ] 

mm. 

^exp 

mm./min. 

infirm 

[HgOal/E 


1 

0*607 

0*134 

2*75 

4*5 

5*3 

3 

0*388 

0*085 

1*77 

4*6 

6*1 

5 

0*193 

0*060 

0*62' 

3*2 

5*3 

7 

0*138 

0*045 

0*42 

3*1 

5*6 

9 

0*063 

0*030 

0*13 

2*1 

4*8 


It is evident from the percentage peroxide as calculated from the ‘infinity’ 
pressure that considerable adsorption of peroxide must occur on the surface of this 
particular vessel for the given conditions. If the surface were fuUy saturated an 
apparent order of zero would be obtained irrespective of the true order of the reac¬ 
tion; the results above are interpreted as indicating a partial approach to such a state 
of affairs. 
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It would be expected, however, that towards the end of the decomposition such 
saturation would no longer be in evidence and that the rate should then be of an 
apparent order much closer to two. Working from the infinity reading 1-412 mm. the 
corresponding HjOa and H 2 O pressures may be calculated from the recorded pres¬ 
sures over the time interval 16—66 min. (table 11). 


Table 11 


Vessel volume = 21-74 ml. Temp. = 83-0° C 


t 

min. 

[HjOJ 

nnn. 

li 

E 

mm./min. 


15 

0-46 

0*63 

0-0140 

16 

25 

0-36 

0-70 

0-0066 

20 

35 

0*32 

0-73 

0-0040 

26 

45 

0*28 

0-75 

0-0028 

28 

55 

0*24 

0-78 

0-0020 

29 

65 

0*22 

0*79 

0-0016 

30 


With neglect again of the possible small effect of the relatively small alteration 
in water-vapour pressure, it appears, as shown by the last column, that in the later 
time stages the reaction is approximately represented by the bimolecular law. 
With a retarding effect of water of the same magnitude as in the larger vessel, the 
velocity coefficient in the bimolecular range is then approximately 1-24/30 = 0-041 
in this smaller vessel of apparent surface area 42 sq.cm, as compared with 0-060 for 
the larger vessel of 64 sq.cm.; the rates per unit area are satisfactorily concordant 
and demonstrate again the surface nature of the reaction. 


The authors desire to express their thanks to the Carnegie Trust for a Scholarship 
awarded to one of them (R. C. M.), during the tenure of which part of the above work 
was carried out, and to the Moray Fund Trustees for provision of certain apparatus. 
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An experiment on the mechanism of superconductivity 

By J. G. Daunt and K. Mendelssohn, Clarendon Laboratory, Oxford 
{Communicated by F. E, Simon, F,R.S.—Received 3 January 1945) 

The Thomson coefficient of superconductive lead has been determined by a direct experiment 
and found to be zero (<4x V/deg.). It has been concluded from this result that the 
electrons engaged in a superconductive current remain energetically at absolute zero. The 
apparent electronic specific heat of a superconductor is assumed to be due to an excitation 
of electrons from the lowest state. The magnetic data suggest that this apparent specific heat 
is proportional to T®. 

A purely empirical model of the electronic term system for a superconductor has been 
suggested in which a small energy gap (^10“^ eV) separates the upper limit of the Fermi 
distribution at absolute zero from a continuum of higher states. The frictionless transport 
of electrons is supposed to be due to metastable states within the gap in which energy cannot 
be dissipated. In such a model the number of superconductive electrons at absolute zero has 
been calculated to be of the order of 10”® of the number of atoms. 

Attention has been drawn to a peculiar sifnilarity between the frictionless transport in 
superconductors and that in liquid helium u. It has been concluded that the cause for both 
phenomena may be essentially the same—an aggregation of freely mobile particles of zero 
thermal energy which follows similar rules irrespective of the nature of the particles involved. 

The phenomenon of superconductivity has defied theoretical interpretation since 
its discovery nearly 35 years ago. The total experimental material so far available 
is very considerable and has led to a fair knowledge of its phenomenology, the 
thermodynamical and electromagnetic aspects of which have been brought into a 
fairly rigorous system by the work of Gorter & Casimir ( 1934 ) and F. & H. London 
( 1935 )- spite of these advances all attempts at an explanation of the nature of 
the phenomenon have proved unsatisfactory. The experimental evidence suggests 
that the phenomenon is purely a matter of the particular system of free electrons, 
and that the periodic field of the metal ions merely serves as a suitable container 
whose properties are independent of the temperature. Moreover, the low character¬ 
istic temperature of the phenomenon indicates that the responsible mechanism 
involves only a small energy change. This points to the fact that superconductivity 
originates from some process of electron interaction. This is evidently the reason 
why the otherwise satisfactory theory of electrons in metals offers no indication of 
the occurrence of superconductors, since either electron interaction or the inter¬ 
action between electrons and the periodic field of the lattice is largely neglected in 
the fundamental assumptions. 

A different line of approach to the problem is offered by experimental work, 
carried out under the assumption of such a hypothetical process of electron inter¬ 
action, with the object of obtaining some additional information on the structure of 
the electronic energy spectrum of superconductors which may contribute to an 
elucidation of the mechanism. In this connexion the thermal properties of the 
electrons deserve particular attention. 

[ 225 ] 
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It is well known that the total specific heat of a metal in the superconductive state 
is considerably larger than can be accounted for by the vibrations of the crystal 
lattice, except at temperatures very near absolute zero. This excess specific heat 
must therefore be ascribed to the free electrons present. Furthermore, near the 
transition point, i.e. that temperature at which the metal passes from the normal into 
the superconductive state in zero magnetic field, the total specific heat of the super¬ 
conductor is greater than that of the metal in its normal state, and consequently the 
excess specific heat must be caused in one way or another by the presence of super¬ 
conductive electrons.* This fact has quite naturally been interpreted as indicating 
thermal interaction between the crystal lattice and the superconductive electrons 
which, it has been suggested, may contribute to the total specific heat in the same 
manner as the atoms in a sohd (cf. Burton et ah 1940 , p. 298). 

On the other hand, to attribute a term of the specific heat to a system of super¬ 
conductive electrons, implying thermal interaction with the lattice, appears some¬ 
what incongruous, for the phenomena of zero resistance and persistent currents, 
salient features of the superconductive state, emphasize the complete lack of inter¬ 
action between the electrons taking part in these currents and the lattice. It seems, 
indeed, extremely difficult to postulate interaction for the purpose of transfer of 
heat between the electrons and the lattice and to assume at the same time that when 
the superconductive electrons move through the lattice in a supercurrent, no energy 
is exchanged. The latter fact, however, cannot be disputed in view of the great 
number of experiments which demonstrate beyond doubt that the electrical resist¬ 
ance of a superconductor is zero. 

It is therefore interesting to try to determine the specific heat of the superconduc¬ 
tive electrons separately in a more direct way than by the usual calorimetric measure¬ 
ments which reveal only the total amount of heat taken up by the metal. The 
magnetic method employed by us previously (Daunt & Mendelssohn 1937 ), while 
eliminating the specific heat of the crystal lattice gives again no indication whether 
the ‘superconductive specific heat’ is actually taken up by those electrons which 
take part in the supercurrents. 

A more direct indication of whether or not the electrons in these currents are 
capable of taking up heat will be aJfforded by a determination of the temperature 
distribution in a superconductive wire the ends of which are at different tem¬ 
peratures. It is clear that if an exchange of thermal energy takes place between the 
superconductive electrons and the lattice, this temperature distribution must change 
with the direction of motion of the electrons in the superconductor. An experiment 
of this kind amounts to the determination of the Thomson heat of the super¬ 
conductor. 

No differentiation can be made between individual electrons except by attributing a certain 
number of them to a certain set of energy states. Throughout this paper we use the term 
superconductive electrons ’ simply for those electrons which are capable of carrying a resist- 
^ce-free current. That such macroscopic currents really exist and are not merely simulated 
by the magnetic effect of electron spin has been shown by Kikoin & Gubar ( 1940 ). 
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The difference between the Thomson heats of two metals is simply related to the 
thermoelectric power between them by 

<r,~cT,= T^, ( 1 ) 

where cti and cr^ are the Thomson coefficients for the metals 1 and 2 and e the thermo¬ 
electric power between them. The determinations of the thermoelectric force between 
superconductors which have already been made (Borelius, Keesom, Johansson & 
Linde 1931 ) do not, however, permit conclusions as to the absolute value of the 
Thomson *heat of any one superconductor to be made, since the observed fact that 
the thermoelectric force between two superconductors is zero does not exclude the 
possibility, as is shown by equation ( 1 ) above, that the Thomson heat in all super¬ 
conductors has the same but finite value at finite* temperatures. We have therefore 
made a direct determination of the Thomson heat in a wire of superconductive lead 
through which a persistent current was passing.f 

Method 

The experimental arrangement consisted of a ring of lead wire of 1*4 mm. dia¬ 
meter and 18 cm. circumference, attached at opposite ends of a diameter to two 
copper vessels containing liquid hehum. A diagrammatical sketch of the apparatus is 
given in figure 1 . On one side of the lead ring, halfway between the helium vessels, 
the bulb of a gas thermometer was attached. In making attachments to the wire, 
both here and at the copper vessels, autogeneous welding was employed to avoid con¬ 
tamination of the lead, and care was taken to see that the diameter of the wire suffered 
no diminution in the process, since this would affect the value of the persistent 
currents. The bulb of the gas thermometer had a capacity of 7-5 c.c. and was filled 
with helium gas. Variations of the temperature of the bulb were observed by mea¬ 
suring the pressure of the gas with the butyl-phthalate manometer {M), connected 
to the bulb by a fine german-silver capillary (Mendelssohn & Pontius 1937 ). The 
copper vessels were enclosed in a vacuum jacket immersed in liquid hydrogen, and 
a temperature gradient was maintained in the lead ring by allowing the helium in 
the vessels to boil under different pressures. 

Helium was liquefied in the two copper vessels by the expansion method. The 
temperature of the upper vessel was then reduced by pumping off the helium through 
a strong pump, through a device which has previously been described in detail 
(Mendelssohn 1936 ), whereby the temperature can be automatically maintained 
constant to at least 0 * 001 °. The lower helium vessel was allowed to boil at atmo¬ 
spheric pressure, the evaporating gas being collected in a gasometer. It was found 
necessary to supply heat to this lower vessel by means of a heating coil in order to 
compensate for the loss of heat to the upper and colder vessel. If no heat was 

* In accordance with the third law of thermodynamics, cr must disappear at absolute zero. 

f The experiments were carried out before the war and the first result was briefly men¬ 
tioned in a letter to Nature (Daimt & Mendelssohn 1938 ). 
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supplied, gas from the gasometer would flow back into the lower helium vessel, and 
being inadequately precooled, it would cause a rapid evaporation of the liquid. The 
temperatures of the two vessels were deduced from measurements of the helium 
vapour pressure in them. 



to pump and 
constant pressure device 

to gasometer 

heater wires 
to h.v. pump 

cap 

dewar vessel 
liq;uid II2 
vacuum jacket 


li(yjid He 

lead rihg 

gas thermometer 
bulb 

heating coil 
lic^uid He 


PiGUBE 1. Experimental arrangement for the determination 
of the Thomson heat in a superconductor. 


The filling of the gas thermometer was made when both helium vessels were at 
4-2 K. After fi lling , the taps and were closed so that the gas thermometer bulb 
communicated only to one limb of M, the dead space at room temperature being 
17 c.c. The other limb was coimected to the 4-61. bottle shown in figure 1 which was 
thermally shielded and effectively maintained the pressure constant on this side of 
the manometer. In the particular experiment described in this paper the thermo¬ 
meter was filled to a pressure of 26 cm. of Hg at 4-2° K, and the upper heHum vessel 
was mamtamed at 3-05° K, the lower one being at 4-2° K. The temperature of the 
thermometer bulb was therefore approximately 3-6°K. In order to calculate the 
temperature changes of the bulb per cm. deflexion of the manometer, corrections 
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were applied both for the dead volume and the pressure change, but the errors due 
to thermal diffusion and to the departure of the gas from ideal conditions were 
neglected, as only small temperature differences were considered. Under these 
conditions the temperature change per cm. change of pressure difference on the 
manometer was 1*2 x 10 ~^ degree. As the error in the average value of a number of 
measurements of pressure difference was about 0*25 mm., the maximum sensitivity 
of the instrument to temperature changes was 3 x 10 “^ degree. 

Persistent currents were set up in the lead ring by bringing up an electromagnet, 
generating a field greater than the threshold field over the whole area of the ring, so 
that the lines of force cut the lead ring normally, and then removing it. The existence 
of a strong persistent current running in the ring was readily tested by a simple 
magnetometer. Observations of the temperature in the bulb were made while these 
persistent currents were switched on and off. 

E/BSIJLTS 

The lead ring was cooled in zero magnetic field and then the temperature of the 
helium vessels was kept constant. Figure 2 shows the reading of the gas thermometer 
pressure in M after it had settled previously to a constant value of 5*25 cm. At 



Figube 2 . Temperature changes at the setting up of persistent currents in the lead ring. The 
figures at the ordinate are cm, butylphthalate. The pressure range plotted (5-7 cm.) corre¬ 
sponds to about 0*2 cm. Hg at a mean pressure of 26 cm. Hg. 

minute 2 the magnetic field was switched on and off, thereby starting a persistent 
current in the ring. During this process the ring became for a moment normally 
conducting and Joule heat was developed for a short time. This is clearly shown in 
the figure where at minute 3 the pressure difference rose to 6*7 cm., indicating an 
abrupt rise in temperature. As time went on (minutes 6-9) the thermometer settled 
down again to a temperature corresponding to a pressure difference of 5*25 cm. At 
minute 9 the magnetic field was again switched on and off but in the reverse direc¬ 
tion. By doing this a persistent current was induced in the ring in the opposite 
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direction to the previous one. Here again an abrupt rise in temperature occurred 
owing to momentary Joule heating, and by minute 13 the pressure difference had 
again settled down to 5-25 cm. The circles about each plotted point indicate the 
probable error in reading. The graph also demonstrates the speed with which the 
system, including the gas thermometer, responded to changes in temperature. The 
pressure difference of 5*25 cm. was maintained without change for a further 25 min. 
after minute 15. This shows not only that the temperature distribution in the ring 
remained unchanged but indicates as well the constancy of the whole arrangement 
and particularly of the vapour pressure regulator. 

It is 
that n< 

occurs when a persistent current is established in it or when the direction of this 
current is reversed. That means that wdthin the error of measurement the coej0&cient 
of the Thomson heat in superconductors is zero. 

The sensitivity of our determination of the Thomson heat was calculated in the 
following way. If tr is the coefiGlcient of the Thomson heat in a metal, the equation for 
the distribution of temperature along a wire of this metal is 


clear from the above result and from many similar confirmatory experiments 
) permanent change in the distribution of temperature along the lead wire 


AT ^ 


( 2 ) 


where A is the cross-sectional area of the wire, K its thermal conductivity, i the 
current flowing and dT/dx the temperature gradient. Let AT the difference in 
temperatme at the middle of the wire caused by a change of i from i = 0 to i = i 
then, if <r is small, one obtains from ( 2 ) ^ 


~ ( 3 ) 

where 2 ^ and T^ are the temperatures at the ends of the wire of length 1. 

The value of the intensity of the persistent current can be obtained from Silsbee’s 
( 1916 ) rule, i.e. 

i = 6 rir<,amp., ( 4 ) 

where is the threshold field in gauss corresponding to the highest temperature at 
which any part of the ring is maintained, and r the radius of the wire. In our case 
rig lor 4-2 ^ IS 550 gauss and consequently i = 190 amp. 

Putting in the values given earlier for the various parameters and taking as the 
(Bremmer & de Haas 1936 ), then from ( 3 ) 


O' = 3*1 X 10- 


T volts/degree. 




^ temperature was observed for a change in i from 
temperature minimum detectable change in 

that the maximum value of <r could not be greater than 4 x 10-» V/degree. This upper 
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limit is 500 times smaller than the value of the Thomson ooef&cient of lead just 
above the transition point (Borelius et al. 1932 ). A very rough estimate of the 
Thomson coefficient which might have been caused by the number of superconductive 
electrons calculated below and the apparent electronic specific heat at 4^ K gives a 
value a thousand times larger than the observed upper limit. 

Discussion 

The fact that the Thomson heat of a persistent current is zero, allows certain 
conclusions to be drawn regarding the transfer of thermal energy between the crystal 
lattice on the one hand and the superconductive electrons on the other hand. It 
clearly shows that no heat is given out or taken up by the electrons in the persistent 
current. This leads to an important conclusion. 

Assume that at absolute zero a persistent current is started in a superconducting 
ring and then warmed gradually. From the results it must be concluded that the 
electrons taking part in this current remain in the same thermal state they had at 
absolute zero, since they have had no opportunity of taking up thermal energy.* 
This means that the electrons which carry the persistent current remain energetically 
at absolute zero although the metal as a whole is raised to finite temperatures. In 
the phenomenon of superconductivity one therefore deals with translatory move¬ 
ment of electrons in the lowest state of thermal energy which retains its pecu¬ 
liarities at temperatures above absolute zero because no interaction exists between 
the electrons engaged in this movement and the rest of the metal. 

On the other hand, as the temperature of the ring is raised, the strength of the 
persistent current continually decreases, and it is reasonable to ascribe this decrease 
of the ‘ current threshold’ with increasing temperature to a decrease in the number 
of superconductive electrons. The electrons which leave the state of lowest thermal 
energy during warming up will regain thermal interaction with the lattice and must 
then take up a certain amount of energy, jE/, which can be regarded as an excitation 
energy. This excitation is spread out over a temperature interval from absolute zero 
to the transition point, and it must contribute to the total specific heat of the 
substance in this temperature interval. This contribution, Ogj, is 

0^ = +E^, ( 6 ) 

where N is the number of excited electrons per mole of the substance at the tem¬ 
perature T. By thus regarding the observed excess specific heat as being due to an 
excitation process from a state which is not in direct thermal interaction with the 
rest of the substance it is unnecessary to postulate any thermal interaction between 
a system of superconductive electrons taking part in persistent currents and the 
lattice. Such an interpretation of the electronic specific heat of superconductors 

* The possibility that the electrons during this process of warming up change in and out 
of the persistent current and take up energy while they are not in the current, can evidently 
be excluded in view of the fact that such a process should cause a Thomson heat. 
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Tin.a been suggested by us previously (Daunt, Horseman & Mendelssohn 1939 ) in 
connexion with magnetic determinations of the thermal data, and it is sustained by 
the observation of zero Thomson heat. 

It is unfortnnately not possible without a more detailed picture of the mechanism 
of superconductivity to make any accurate evaluation of the energy E (which of 
course is a function of both N and T) occurring in the above eqnation. The value of 
E will clearly depend not only on the distribution of energy levels occupied by the 
superconductive electrons but also on those available to the excited electrons. 
One can, however, predict merely by thermodynamical considerations what the 
electronic specific heat of the superconductive state, as represented by equation ( 6 ), 
must be. In a previous paper (Daunt, Horseman & Mendelssohn 1939) have 
derived, making the simplifying assumption that the threshold curves are parabolas 
(a fact well borne out in practice for most superconductors), an interesting relation 
between the threshold field at absolute zero, jHq, the transition temperature, ?]., the 
atomic volume, F, and the coefficient of the Sommerfeld electronic specific heat, y, 


flo ^ /27r 

T.sly VF* 


(7) 


By substituting the value of y given by equation (7) in the formula for the elec¬ 
tronic specific heat of the superconductive state, which has been derived pre¬ 
viously (Daunt, Horseman & Mendelssohn, 1939 ), one gets 



( 8 ) 


This result, giving the specific heat of the superconductive electrons as a 
function, is of interest, and is borne out by calorimetric experiments on tin (Keesom 
& van Laer 1938 ). The existence of such a relation between the threshold curve and 
the specific heat of a superconductor was suspected by Kok ( 1934 ), who found it 
necessary, however, to treat them as independent functions. 


The energy spectrum of a superconductor 

The whole mechanism of superconductivity as revealed by the experiment 
described in this’paper seems to imply the existence of a gap in the energy distribu¬ 
tion between the lowest state occupied by the superconductive electrons and the 
higher states to which they can be thermally excited. A tentative and empirical 
model of such an electronic energy spectrum which would be in accord with our 
experimental result is given in figure 3. A continuous band of energy states (A) is 
divided by a gap (e) from another band of higher states (J 5 ). The width of the gap 
can be estimated from the transition temperature of superconductors as being of 
the order of 4x 10 ~^ eV. At absolute zero A is filled and is occupied completely. 
There are no electrons in B and no unoccupied states in A . That means that the gap 
forms the upper limit of the Fermi distribution function (figure 4 ). A magnetic field 
splits up the states which form the limits of the gap, narrowing it down until it 
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closes when the upper limit of A and the lower limit of B overlap. The field strength 
at which this occurs is the threshold field. Energy quanta smaller than e cannot 
result in an increase of thermal energy of the electronic system; energy supplied by 
a field smaller than the threshold field results in a current, but the kinetic energy of 
such a current cannot be dissipated unless the gap is bridged. The resistance-free 
current is thus composed of electrons in the metastable states near the lower limit 
of the gap. When the field is removed, these states disappear without dissipation 
of energy. The assumption that B is completely unoccupied at absolute zero is 
strongly supported by the observation that at low temperatures the electronic 
entropy of a superconductor is practically zero (Daunt, Horseman & Mendelssohn 
1939 ), i.e. that there are no electrons in states contributing to a Sommerfeld specific 
heat. 


B 


e * '^iOleV 

sL 


A 


Figubb 3. Suggested 
term system for a 
superconductor. 



Figxjbe 4. Position of the gap at 
the upper limit of the Fermi 
distribution. 


As the temperature is raised, electrons from A are lifted over the gap into B, and 
in each case the excitation energy has to be supplied. The experiments indicate that 
as B fills up, the magnetic field necessary to bridge the gap decreases until at the 
transition point it becomes zero. When this temperature is reached, the gap is 
permanently bridged and the phenomenon of superconductivity has disappeared. 
The progressive bridging of the gap with rising temperature is due to the increase 
in the proportion of heat quanta which are large enough to lift electrons from the 
lower into the upper band, until at the transition point the gap has become in¬ 
significant. This conception agrees well with the observed fact that the change of 
state at the transition point is a gradual one (of the second order) and does not 
involve a latent heat. On the other hand, when the gap is bridged by the threshold 
field below the transition point, small energy quanta can be taken up, the absorption 
of which was formerly prevented by the gap. A redistribution of occupied states 
occurs which manifests itself in a latent heat of transition. 

The shape of the specific heat curve depends on the density of states above and 
below the gap and on the change of popizlation of these states with temperature. 
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As pointed out in the preceding section, nothing can be said aboxit these questions 
without further assumptions. It may, however, be possible to deduce detailed 
features of the suggested term system from an analysis of the experimentally deter¬ 
mined specific heats. Closely connected with this problem is the question whether 
the redistribution of occupied states is completed at the temperature at which the 
electric resistance reappears. Any such rearrangement will be reflected in the 
specific heat above the transition point, but calorimetric measurements are un¬ 
fortunately not very sensitive for small electronic redistributions. We have found, 
indeed, that certain indications of a more gradual change between superconductive 
and normal state are given by the broadening of the transition region in alloys 
(Mendelssohn 1935 ) and even in pure lead (Daunt 1939 ) as well as by the increase 
of the thermal conductivity of lead above the threshold field (Mendelssohn & 
Pontius 1937 ). Such a redistribution may also be the reason for the unexplained 
change in the thermoelectric forces of superconductors above the transition point 
(Keesom & Matthijs 1938 ). Lastly, one may ask what would happen if the gap were 
near but not coincident with the upper limit of the Fermi distribution. It seems 
possible that one may encounter in such a case an anomaly in the specific heat 
without disappearance of the electrical resistance. Perhaps this type of term system 
which lies half-way between that of a superconductor and that of a normal metal 
is responsible for the peculiar anomaly in the specific heat of beryllium found by 
Cristescu & Simon ( 1934 ). These authors suggest that the small heat content 
(0-5 X 10 ~^RT) indicates the electronic character of this anomaly. Its temperature 
{ 11 °K) is just above the highest known transition point of an element. 

It must be emphasized that the picture given here does not constitute a * theory ^ 
of superconductivity since we caxmot give any theoretical reason for the existence 
of a term system as that represented in figure 3. If it really exists, it will most likely, 
as we have pointed out above, be caused by electron interaction.* We have merely 
tried to construct an electronic energy spectrum which is in accord with the experi¬ 
mental results of this and previous work. The conclusion we reach is that a super¬ 
conductor is a metal in which the upper limit of the Fermi distribution at absolute 
zero is marked by a gap in the energy spectrum. 

The number of superconductive electrons 

It appears from our empirical model that the number of superconductive electrons 
must be that number which can be maintained by a magnetic field in metastable 
states within the gap without closing it completely. This number is evidently highest 
at absolute zero and decreases with increasing temperature until at the transition 
point the last superconductive electron disappears. The filling of the gap corresponds 
to the transformation of the superconductive phase of the metal into the normal 
phase by the application of the threshold field. An estimate of the number of super¬ 
conductive electrons at absolute zero can therefore be made by equating the total 

• * grateful to Dr H. Jones for drawing our attention to a paper by Brillouin ( 1934 ) 

m winch the possible existence of such gaps, although of higher energy, is indicated. 
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energy ATI oi the phase change, which is given by the number of superconductive 
electrons times the energy difference of the gap with the difference of free 

energy AF between the two phases. The latter has been shown (Gorter & Casimir 
1934 ) to be a function of the threshold field. Thus 



ATJ — AF [y=o), 

(9) 


nkT - 
nhl,- , 

( 10 ) 

or by substituting from (7) 

yTc 

4:k’ 

( 11 ) 


where n is the number of superconductive electrons. By making use of the well- 
established experimental values of and y, the following approximate values are 


obtained for n: 




lead 

6xlO-*iV^o> 

mercury 

2 X IO-^Nq, 

tin 

2 xlO-*JVo, 

thallium 

1 X 10 -Wo, 

niobium 

4 X 




where Nq is Avogadro’s number. We must thus conclude that the number of electrons 
which are capable of frictionless transport is only about one-thousandth or less of 
the number of atoms. 

The number of superconductive electrons affects the depth A to which a magnetic 
field can penetrate into a superconductor (Becker, Heller & Sauter 1933 ; F. & 
H. London 1935 ) 

where e, m and c have their usual significance. This depth, if calculated with our 
estimate of n, comes to about 10 “^ cm. in lead. 

Experiments on thin lead wires carried out in this laboratory (Pontius 1937 ) 
have indeed shown that the magnetic threshold value begins to be affected at dimen¬ 
sions below 5x 10 “^ cm. Calculations by von Laue ( 1938 ; of. Burton et aL 1940 , 
p. 307) based on these experiments lead to a value of 2 x lO”® cm. for A. More recent 
work by Appleyard, Bristow, H. London & Misener ( 1939 ) on evaporated mercury 
films also indicates a depth of penetration of --2 x 10 “^ cm., whereas this depth 
would be of the order of 10 ”® cm. if n were equal to Avogadro’s number. Our rela¬ 
tively low values for n and high values for A are possibly due to the crude nature 
of the approximation for A ? 7 . 

Superconductivity and liquid helium 

We have recently drawn attention to a striking similarity between the phenomeno¬ 
logy of superconduction and that of liquid helium n (Daunt & Mendelssohn 1942 ). 
This analogy is strengthened by the results of the present work. The superconductive 
electrons which remain energetically at absolute zero have their counterpart in 
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'superfluid’ helium atoms, occupying the lowest energy state. The existence of such 
thermally unexcited helium atoms has been demonstrated by us directly (Daunt & 
Mendelssohn 1939 a, 6), when we could show that an increase in concentration of 
these superfluid atoms by surface transport resulted in a 
decrease of temperature.* This suggests that the anomalous 
specific heat of liquid helium n can also be explained as being 
due to an excitation energy which is required to lift helium 
atoms from the lowest energy state over a gap in the energy 
spectrum into a band of overlapping states. We can therefore 
propose a term system for a helium atom (figure 5 ) which is 
very similar to that suggested for a superconductor (figure 3 ), 
except that the band A is replaced by a single state.f Again, 
it implies that particles in the ground state are unable to 
dissipate energy quanta which are too small to bridge the gap. 

The action of an external force can therefore result here, as in superconductors, 
in the phenomenon of frictionless transport. 

In this connexion F. London’s (1938) attempt to explain liquid helium ii in terms 
of the Bose-Einstein condensation phenomenon deserves particular attention. He 
finds that the original model which refers to an ideal gas does not provide for the 
discontinuity in the specific heat which has been observed in liquid helium. The 
discrepancy is explained by the fact that the interaction between the helium atoms, 
unaccounted for in the ideal gas, will affect the density of the lowest energy states. 
By working backwards from the observed specific heat of helium and trying to find 
a modification which produces a similar specific heat function in his theoretical 
model, F- London (1939) concludes that the density of the lowest states must be 
decreased. Schiff (1941), working under similar assumptions, actually suggests a 
gap of 1eV between the lowest state and a continuum of excited states, Landau 
(1941) arrives at a similar conception by a different theoretical approach. It is also 
worthy of note that the population of the lowest state worked out by F. London 
from his model (1939, figure 7 , cr = 6) is practically identical with the temperature 
function of the number of helium atoms transferred in the frictionless transport 
observed by us in helium n films (Daimt & Mendelssohn 1939a, figure 4, p. 445). 

The similarity of our models for superconductivity and liquid helium is a direct 
consequence of the similarity of the observed phenomena and indicates, as we have 
suggested when first drawing attention to this fact (Daunt & Mendelssohn 1942), 
that we are faced with a special form of aggregation of matter which follows similar 
rules irrespective of whether the particles in question are electrons or atoms. We can 
describe it quite generally as the aggregation of freely mobile particles of zero 
thermal energy. It seems reasonable to speak of an 'aggregation’, although neither 
in helium nor in superconductors are we entitled to speak of an increase in spatial 
order at the appearance of the new state. Its fundamental phenomenon, that of 

More recent observations by Kapitza { 1941 ) have confirmed oxir result, 
t In the liquid as a whole we will again have a s&t of ground states. 
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frictionless transport, is evidently a manifestation not of the existence of a separate 
phase in co-ordinate but in momentum space.* However, when applying external 
forces, as for instance a magnetic field to a superconductor or gravitation to liquid 
helium ii, the frictionless state reacts to this force as an independent aggregate, the 
particles of which do not exchange energy with the rest of the substance.f 




Figxjbe 6. (a) Electronic entropy of lead, (b) Entropy of 
liquid helium under saturation pressure. 

It is interesting to compare the entropy diagrams of the two phenomena since they 
afford a direct measure of the change in the state of order with temperature. In 
figure 6 we give the electronic entropy of lead as derived from our magnetic experi¬ 
ments, and the entropy of liquid helium under saturation pressure as given by 
W. H. & A. P. Keesom (1934). Again, the similarity is striking. Approaching from 
high temperatures there is a sudden drop but no discontinuity in the entropy when 
the first unexcited particles appear. The concave shape of that part of the curves 
which corresponds to the frictionless state indicates the bridging of an energy gap, 
and the similarity of the curves suggests that there may also exist a certain similarity 
in the density of states in the neighbourhood of the gap. J 

A short comparison between the corresponding effects in superconductivity and 
liquid helium n has been given in our first communication; a detailed discussion of 

* F. London has \ised the term ‘ condensation in momentum space ’ for his particular model 
based on Bose-Einstein statistics which is, however, as he points out, not applicable to 
superconductivity. 

t (Note added in proof. The analogy of superconductivity and the A-phenomenon in helium 
has since been discussed in some detail (Mendelssohn 1945 ). It has been concluded that in 
both systems frictionless transport is caused by a diffusion of particles in thermally unexcited 
states under their zero point momentum. The effect of external forces is merely that of 
changing the momentum distribution in co-ordinate space). 

J In order to obtain absolute values for the entropy we have extrapolated the curve for 
helium from the lowest experimental value at 1*3® K to absolute zero. We then arrive at the 
remarkable fact that the entropy of liquid helium i follows in first approximation a straight 
line which, when continued below the A-point, intersects the temperature axis at absolute 
zero. It is therefore in striking resemblance with the Sommerfeld electronic entropy of the 
normal electrons. This similarity, while it may be quite accidental, seems worth mentioning 
in connexion w'ith the above considerations. The entropy under saturation pressure is in the 
region under consideration a near approach to the condition of zero external pressure. 
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the phenomenological similarity must be left to a later date. The advantage as well 
as the danger of such analogies is apparent in H. London’s (1939) treatment of the 
heat conduction of liquid helium n in which he compares the process with the cir¬ 
culation of electricity in a thermoelectric circuit. This analogy can be made closer 
by substituting a super-conductor for that metal which represents the superfluid 
helium flow, thus fulfilling the stipulated condition of zero Thomson heat. However, if 
one goes a step further and considers as in helium a circuit entirely of superconductive 
metal, part of which is rendered normal by a magnetic field, the analogy does not 
become perfect since no corresponding co-existence of normal and anomalous phase 
exists in liquid helium. One must therefore not expect, in spite of the general 
similarity, to find for each effect a completely corresponding one in the other 
phenomenon. 

At first sight it may appear strange that particles obeying Fermi-Dirac statistics 
and particles obeying Bose-Einstein statistics should both aggregate in a similar 
way in the frictionless state. However, it has been pointed out by Lindemann {1932) 
that the two types of statistics refer each to a very much ideahzed case, and that the 
rigorous treatment of a set of particles as they occur in reality requires modifications 
to be introduced which may make a clear distinction between Bose-Einstein and 
Fermi-Dirac statistics somewhat illusory. He mentions in particular the facts that 
Bose-Emstem statistics deal with an ideal gas and that Fermi-Dirac statistics 
ignore the existence of mutual potential energy. As has been seen these are probably 
the main reasons why the theories have failed so far in explaining rigorously super¬ 
conductivity and liquid helium ir. The experimental evidence seems to show that 
the two systems, that of the free electrons and that of the helium atoms, indeed, 
resemble each other to a much larger extent than the different statistics applied to 
them appear to justify. 


COITCLXTSION 

The main conclusion at which we arrive as the result of the present experiment is 
the fact that the electrons in a persistent current are always energetically at absolute 
zero. We feel therefore justified in describing the phenomenon of superconductivity 
as due to a particular state of aggregation of freely mobile particles—^in this case 
electrons—^which has no thermal energy although the substance as a whole has a 
finite temperature. This aggregation results in a separate phase, however, only in 
momentum and not in co-ordinate space. Going a step further and trying to devise 
an electronic energy spectrum which would be in accord with the outcome of this 
and previous experiments we have tentatively suggested that a superconductor 
may be characterized by a gap in the energy spectrum which coincides with the 
upper limi t of the Fermi distribution and that the existence of such a gap leaves no 
alternative for freely mobile particles when subjected to external forces but to be 
lifted into metastable states in which no dissipation of energy is feasible. 

There exists a striking similarity between the phenomena of superconductivity 
and liquid helium n which leads us to believe that they are caused by very similar 
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mechanisms. In both cases our experiments have revealed the existence at finite 
temperatures of freely mobile particles—electrons and helium atoms respectively 
of zero thermal energy. It also has been shown that in both cases the characteristic 
phenomenon of frictionless transport is caused by these thermally unexcited 
particles. We conclude therefore that the particular state of aggregation of electrons 
which gives rise to superconductivity is a more general phenomenon which is shared 
by helium atoms. It has to be pointed out that the evidence advanced by us so far 
for the existence of such a common mechanism is very fragmentary and can only 
serve as an indication of the lines on which progress in a solution of the problem 
might be made. A more thorough treatment of this question, which must involve 
the discussion of much experimental material, lies outside the scope of the present 
paper. 
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A new instrument for solving spherical triangles 

By Bkyan H. C. Matthews, F.R.S. 

{Received 30 January 1945) 

[Plate 3] 

A simple calculator for solving the equation of a spherical triangle is described. This was 
designed for use in celestial navigation by amateur yachtsmen. It is much more rapid to use 
than the tables commonly employed. It can be made to be accurate to ± of arc in calcu¬ 
lating zenith distance, and so is suitable for any navigation to the usual standards of accuracy. 

Computation is based on Ohm’s law and effected by two potentiometers, each having two 
moving contacts. These are set by dials marked in angle to make resistances represent the 
appropriate derivations of latitude, decimation, hour angle and zenith distance. When 
one of these is unknown, if the potentiometers are balanced the fourth resistance gives the 
solution. Sources of error and their avoidance in practical construction are discussed. 

It can solve any Epherical triangle for a body above the observer’s horizon for declinations 
and latitudes up to about 80°, but for zenith distances less than 30° its accuracy is limited. 

The instrument is robust, portable and about the same weight as a book of nautical five- 
figure tables. 


All methods of celestial navigation to determine longitude or a line of position 
require the solution of a spherical triangle relating the following four angles: (1) the 
hour angle between the meridian of the observer and that of the heavenly body 
observed; (2) the observer’s latitude; (3) the declination of the body observed; 
(4) the zenith distance of the observed body. 

This is commonly effected by solution of the following equation or some trauB- 
formation of it: 


hav. hour angle 

hav, zenith distance —hav. (difference co-latitude and polar distance) 
sin co-latitude x sin polar distance 


(I) 


The accuracy required is at least to V of arc and five-figure tables are commonly 
employed; owing to the subtraction of haversines in the right-hand numerator, 
logarithmic tables of angular functions cannot be used throughout, and a return to 
natural functions must be made for this subtraction; 

Many instruments have been made to solve spheribal triangles without the use of 
tables, but none of reasonable size for use in practical navigation have approached 
the accuracy of five-figure tables. These instruments may be divided into three types 
by the principles on which they are based: 

(1) Three-plane graphical methods, such as the armillary sphere or skeleton globe 
of the seventeenth and eighteenth centuries; various instruments using arms and 
quadrants swinging in three planes are aU variants of this basic construction. 

(2) Plane graphical methods, often employing stereographic projection of the 
globe. Astrolabes and their modem descendants containing stereographic networks 
fall into this class, as also do methods employing geometric constructions and stereo- 
graphic scales carried out either on paper or by pivoted links. 
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(3) Slide-rule methods. Logarithraic scales of angular derivations have been used 
to effect the multiplication or division required, but the right-hand numerator to 
be subtracted in natural functions makes slide-rule methods complex. 

All the above methods require very long scales for accuracy. In methods (2) and 
(3) the scales are not linear, so that verniers cannot be easily employed; to read to 
1' of arc this must occupy about J mm.; this requires a scale nearly 3 m. long: more¬ 
over, a very high accuracy of construction is required to give and maintain in use 
the requisite accuracy in the solution. 

A fourth principle, that of representing the quantities of the above equation by 
physical properties other than length and computing in terms other than length, 
had not, as far as the author is aware, been explored or used for this purpose. After 
exploring many such methods and evolving several working but inconvenient 
instruments, a method has been developed of solving spherical triangles by means 
of a simple electrical instrument. This is easy to construct and capable of high 
accuracy; it weighs little more than a book of five-figure tables, and is readily port¬ 
able. 

This instrument was designed with the needs of the amateur yachtsman in view, 
but its accuracy is such that it is suitable for all navigation to the usual standards of 
accuracy except for bodies near the observer’s zenith; there appears no reason why 
the principles used could not give a very much higher accuracy for special purposes; 
accuracy to one second of arc might be approached in an enlarged version of the 
present instrument. 


PEmCIPLB 

The above equation may be transposed to read: 

1 - cos hour angle _ cos (latitude ± ^declination) — cos zenith distance 
sec latitude cos declination * 

* Subtract if both north or south. Add if one north the other south. 

If four resistances be made proportional to the four parts of this equation (see 
figure 1) and connected as a Wheatstone bridge whenever the bridge is balanced, 
a/6 = cjd and the four angles to which these resistances are related must form a 
spherical triangle. The appropriate resistances can be set either 

(а) using rheostats with linear disposition of resistance and cosine, secant, or 
1 - cosine scales of angle; 

(б) using linear scales of angle and cos, sec, etc. disposition of resistance, a con¬ 
venient form being a helix of uniform wire. 

However, when the arrangement of figure 1 is used as the basis for a practical 
computing instrument a number of difficulties arise due to five current-carrying 
contacts and the resultant asymmetry of the bridge with regard to contact resistance 
and other sources of error. 
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These errors can be minimized and removed as zero errors if the symmetrical twin 
potentiometer arrangement shown in figure 2 is used. This has been used in the 
practical constructions described below, and the electrical accuracy of this arrange¬ 
ment is easily made sufficiently great for the present purpose. 



Figxire 1. Wheatstone bridge arranged to solve spherical triangles. 



Figure 2. Twin potentiometers for the solution of spherical triangles. 

PbAOTICAL COKSTE.X7CTIOK 

The two potentiometers {see figure 3) are made up of 10 and 25 turns of resistance 
wire; contacts are carried on the drums to be seen in figures 4 and 5, plate 3; these 
drums are fixed to nuts on a central threaded shaft of the same pitch as the wire 
so that the contacts follow the wire as they are rotated. 

The drums (4 in. diameter) have spiral scales marked on them: drum 3 has a secant 
scale (secO° — 1 = 10turns, secGO'^ = 2 = 20turns): drums 1, 2 and 4 carry cosine 
scales (cos 0° = 1 = 10 turns), the scale on 4 is continued above 90° to accommodate 
hour angles in excess of 90°. 

This gives 270 cm. of scale between 30 and 90°, an average of 45 mm. per degree, 
sufficient for reading to of arc; the secant scale is more open than this. 

The right-hand quotient in equation (II) requires subtraction of the cosines of 
two angles to give the appropriate resistance for substitution in the potentiometer. 


I6-2 
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This can be effected by two contacts on. the same rheostat as at c in figure 1; but for 
symmetry the circuit of figure 2 used with the method shown in figure 6 of setting 
a single contact to the difference of two angular derivations is to be preferred. The 
movable contact D indicates its position on a scale L by an index N ; this scale is 



Figure 3. Diagram of the electrical arrangement of a practical instrument. 
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Figure 6. Diagram of method of subtracting cosines. 

itself movable and indicates its position on a fixed index P placed so that with both 
indices coincident the resistance DT is zero. With a cosine scale disposition, if the 
subindex N be set to an angle on the scale and P to angle 6°, the resistance D Y will 
be proportional to cosa°—cosfi*^. In the practical construction (figure 5) the drum 
1 drives a slightly smaller drum by friction, the latter carries the contact and a 
subindex, this is moved against the friction to set it to latitude ± declination and 
the two drums are then rotated together to set the main index to zenith distance. 

The latitude and declination are set on the two central drums, it is immaterial 
which is set on which drum, for latitude and declination can be transposed in the 
divisors of equation (II); the greatest accuracy is achieved if the greater be set on 
the secant drum (3). A push button closes the circuit, and a switch short-circuits a 
resistance in the galvanometer circuit when full sensitivity is required on approaching 
the balanced position. By bringing the circuit to balance, the hour angle is obtained 
if the zenith distance be known or the zenith distance if the hour angle is known. 
The instrument in figures 4 and 5 is rather roughly constructed but gives a zenith 
distance within 1' of that calculated, for zenith distances 30-90°; below this it is 
limited by the closing of the scale which can only be read to about 5' from 5 to 10°; 
this is not a serious limitation, for bodies near the observer’s zenith are not com- 
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monly used in position line navigation. The other scales accommodate latitude or 
declination to 70° and can be carried further if required; but secants beyond 80° 
could not be added easily, owing to the rapid increase of the secant towards infinity 
as 90° is approached. The closing of the latitude, declination and hour angle scales 
at small angles is not a source of inaccuracy in zenith distances determined, for 
reasons discussed later. 


Accuracy 

The principles used in the above instrument are capable of solving spherical 
triangles to a high accuracy. The sources from which errors may arise are considered 
below, and the error that will result in the zenith distance computed by the present 
instrument being in error is given numerically for each; as the tolerance varies 
with the settings of all scales that given is for the settings giving the greatest error. 

(1) Electrical errors 

To avoid these the precautions are those usually taken in setting up a potentio¬ 
meter: 

{a) Accuracy of balance depends on the sensitivity of the galvanometer used. 
For + of arc in zenith distance between 30 and 90° the galvanometer must show a 
deflexion with about 1/10,000 of the applied voltage; with 3 V applied a 0-0-5 full- 
scale miUiammeter of 100 ohms resistance, or 0-6 milliammeter of 10 ohms, gives 
this sensitivity. * 

(b) Change in the specific resistance of the wire does not alter the fraction of the 
battery e.m.f. at the potential contacts; the twin potentiometer circuit of figure 2 
is therefore free from temperature errors arising directly from uniform heating of 
one or both wires. Non-uniform heating will produce errors. The greatest wiU occur 
if one half of a coil is hotter than the other half; this will move the electrical centre 
relative to the scale centre. If this difference were 10° C, the greatest error in zenith 
distance would be about 0-01' (for constantan wire). A second-order temperature 
effect relating to correction for contact resistance at the current contacts is con¬ 
sidered below. 

(c) Thermo-electric effects at the contacts can be avoided by suitable choice of 
metals and giving the contacts a large heat capacity; special precautions would be 
necessary in a high-precision instrument, but with the present instrument, even with 
settings giving current ratios 1:6 (the maximum possible), they are only detectable 
if the circuit is closed for half a minute, and produce no detectable effect with 
normal operation. For copper constantan contacts (nearly the worst possible) 6° C 
difference at the contacts would give about error at 60° zenith distance. 

(d!) Contact resistance at the galvanometer contacts can be neglected as they 
carry no current when the circuit is balanced. Resistance at the current contacts 
is important but can be completely corrected as a zero error when using finear 
rheostats provided it remains constant, any variation being reduced in significance 
as the resistance of the circuits is increased; with a resistance of 30 ohms to repre- 
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sent cos 0° in the present instrument it requires that the contacts be kept clean by 
use to prevent its appearance. These contacts r.equire careful design to avoid errors, 
but 10 % change in contact resistance (0*03 ohm) would not produce an error as 
great as 0*5' in zenith distances 30—90°. The correction of a constant contact resist¬ 
ance as a zero error assumes that it is equivalent to a fixed length of the potentio¬ 
meter wire. Any large change in the specific resistance of the wire with temperature 
would lead to an error (second order) in this correction; this is avoided by the use of 
wire with a low-temperature coefS.cient of resistivity. If other temperature require¬ 
ments (6) are met this error is negligible. 

(e) Lead resistances (figure 2) ZX, ZY, MA, MB, can be made very small and 
taken out as zero errors. 

(/) Inductance and capacity do not affect static balance and may be neglected. 

(2) Representational accuracy 

(а) Scales, Assuming all the above electrical requirements for accuracy are met, 

accuracy in computation will depend on the true representation of the functions of 

angles in terms of resistance. Scales of the required accuracy can easily be made by 

printing or photography from a computed large master scale; by making the scale 

for each turn start from a fixed line on the drum, errors do not accumulate from turn 

* 

to turn. An error of | mm. in placing a scale mark can give an error of approx, 
at 60° zenith distance in the present instrument. This could be reduced by increasing 
the size or the number of turns. 

(б) Physical dimensions. The two potentiometers need not be of the same dia¬ 
meter, for either side of equation (II) may be multiplied by a constant without 
affecting the relationship or its electrical representation; each must, however, be 
of uniform diameter, a taper of 0-3 mm. (0-012 in.) in 10 turns of 9 cm. diameter 
would move the electrical centre 0-36 mm. from the scale centre and this would give 
a maximum error of about 0-45' of arc in zenith distance. It is thus clear that no 
unusual constructional accuracy is necessary to reach an accuracy ± in zenith 
distance. Concentricity of contacts and drums with the wire is also necessary but 
would have to be grossly inaccurate to produce an error of \\ 

(c) Wire must be uniform in diameter and specific resistance; special wire speci¬ 
fications allow ± 0*1 % tolerance, variations of this order for 2 or 3 in. are immaterial, 
but a taper with the diameter changing by 0-05 % between the ends of the potentio¬ 
meters would move the electrical centre about 0-4 mm. and could give maximum 
errors of 0-8' in zenith distance. Taper of this order does not seem to be common in 
wire drawing; no such errors have been found in wires tested. In a high-precision 
computor attempting to reach ± Y, lack of uniformity in the wire would probably 
be the limiting factor. 

[d) Wear, To minimize local change in resistance caused by wear in those 
parts of the wire most used, small diameter wires are avoided. Tolerance will 
be as in (c). 
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(3) Overall accuracy in computing 

The closing scales of declination and latitude approaching 0° do not lead to an 
error in zenith distance readings because they are a reflexion of the decreasing rate 
of change of the cosine and secant with angle. If they are set within \ mm. of the 
correct scale position the error in zenith distance contact position must be less than 
this, since the ratio of cos (latitude ± declination) — cos zenith distance to cos declina¬ 
tion or latitude is always less than unity, particularly when latitude ± declination 
is large. The error resulting from incorrect setting of latitude or declination drum by 
J mm. is always less than Y of arc; and under most conditions of setting the tolerance 
is much greater than this, because only the difference of the two cosines, viz. 
cos (latitude ± declination) — cos zenith distance, is computed and then added to 
1 — cos (latitude ± declination) (which is given and therefore has no error) by the 
subindex on the scale to give 1 —cos zenith distance. 1 — cos zenith distance will 
thus always have a higher percentage accuracy than that of the computation. 

Similar considerations apply to the closing hour angle scale near 0°; zenith dis¬ 
tances can be determined to + Y bodies very near the observer’s meridian, 
provided the zenith distance is more than 30°. 

Combination of errors. Apart from the improbability of all errors acting in the 
same sense, addition of errors to produce an error greater than 1' in zenith distance 
is highly improbable because they cannot all simultaneously have their maximum 
value discussed above. As an example, the maximum error from errbr in reading 
the zenith distance index will occur at zenith distance = SO'’ and latitude ± declina¬ 
tion = 0; if now the declination and latitude are small, 0-20'’, the effect of their own 

. T j 1 cos declination or latitude „ r . /r n 

rmssetting is divided by —;--= 7 approx.; this factor falls 

to 4 for declination and latitude 60'’, but any error from missetting the hour angle 

index is divided by- =—which now equals 4. All errors are 

cos declination cos latitude ^ 

further reduced as latitude ± declination increases. 

Range. It might appear that the range of this instrument would be limited by the 
fact that ajb cjd for the twin potentiometer only holds while b and d are respec¬ 
tively greater than a and c. However, with the quantities derived from any spherical 
triangle of a body above the observer’s horizon this is always the case. (In rare 
instances, if the latitude is small and the declination and hour angle both large, it is 
necessary to set the latitude on the declination drum and vice versa to leave 
working room for the second contact.) The instrument can therefore solve all 
triangles within its range of latitude and dechnation. 

Use eob Sumkeb method 

The instrument may be used to determine hour angles for laying down position 
lines, using two assumed latitudes to make two determinations. The resultant position 
line has the same accuracy as that obtained by determining zenith distance and 
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laying down the position line intercept at right angles to the azimuth, i,e. ± of 
zenith distance, Por, although in high latitudes the quantity cos (latitude ± declina¬ 
tion)—cos zenith distance is multiplied in computation to give 1 — cos hour angle 
and any eirors also magnified in terms of minutes of longitude, the error of the 
position line in nautical miles remains the same owing to the decreasing size in miles 
of units of longitude. Azimuths of approximate accuracy can be rapidly determined 
by changing the assumed latitude by 1°, rebalancing the instrument, and reading 
off the change in zenith distance. Since the azimuth measured from east or west 
equals sin““^((Jzenith distance/<Jlatitude), the azimuth can then be read from a 
small graph on the case of the instrument; this is accurate to + 1° approx., which 
is sufficient to lay down the intercept on a chart. 


position lines if intercepts 
are both same^ense 



Figtxre 7. Method of laying down position lino without determining azimuth. 

Alternatively the position line can be laid down accurately without determining 
the azimuth by the method shown in figure 7. Two zenith distances for two assumed 
latitudes are read from the instrument as above and two intercepts obtained from the 
sight of the body observed. With these intercepts as radii two circles are drawn on the 
chart centred at the two assumed positions; tangents to the circles are then drawn. 
If both intercepts are towards or away from the body the outer pair of tangents are 
drawn, if one is towards and the other away, the inner pair of tangents are drawn. 
These are the position lines, and one of the pair is rejected, depending on whether the 
body is east or west of the observer. In practice this full construction is unnecessary; 
two short arcs can be struck and the correct tangent only drawn. 

If a more accurate azimuth than that given by the methods above is required, this 
may be obtained by transposing the angles to which the indices are set; by setting 
the latitude and declination indices (drums 2 and 3) to latitude and observed alti¬ 
tude, the zenith distance index to polar distance (drum 1), and the subindex to the 
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difference between latitude and altitude, when the galvanometer is balanced the 
hour angle scale gives the azimuth. It is also possible to determine Great Circle dis¬ 
tances and courses by setting the scales to the appropriate quantities. 

Speed in working is far greater than when using tables to give equal accuracy. 
A zenith distance or hour angle is determined in less than half a minute, and a second 
one with slight change of latitude is obtained in a few seconds more. Moreover, if 
a result is in doubt and has to be checked, the angles are standing a;t the indices for 
immediate reference, whereas to check a result calculated by tables a number of 
tables must be consulted, making a check take as long as the original calculation. 

If non-linear rheostats and linear scales are used in the bridge circuit in figure 1 it 
becomes impossible to take out the contact resistance as zero error, because a given 
change of zero produces a different change of resistance at different parts of the 
scale while the contact resistance is a constant. This can be overcome by using 
resistances of high absolute resistance so that contact resistance becomes a negligible 
portion of the whole. With linear scale disposition, the separate setting for latitude ± 
declination can be ehminated and this contact set via gearing from the main 
latitude and declination settings. 

The above difficulty in correcting contact resistance does not arise if, in the 
circuit of figure 2, only that portion of the rheostat on which contact C (hour angle) 
travels is made non-linear, because G is not a current-carrying contact. This can be 
used to give a linear hour angle scale so that addition and subtraction of time and 
longitude or right ascension can be carried out by a subindex on drum 4 in the same 
way as the subtraction of cosines described above. The resistance at hour angle 
= 120® or 180® can be used to represent sec 0® so that the non-linear portion of the 
resistance does not restrict the linear secant scale portion. A fike change of ratio 
must then be made in the other potentiometer. 

Permanence. The accuracy is not dependent on the exact voltage or internal 
resistance of the battery; the only change with age will be wear in the wire; if this is 
avoided the original accuracy should be maintained in use for long periods. 
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The investigation covers point particles possessing a charge, dipole and higher multipole 
moments interacting with fiields of any spin satisfying the generalized wave (®)* 

is shown that the radiation held defined as the retarded minus the advanced field and all its 
derivatives is always finite at all points including those on the world line of the point par¬ 
ticles. The symmetric field, defined as half the sum of the retarded and advanced fields, is 
shown to contain a part expressible as an integral along the world line from minus to plus 
infibaity, which is continuous and finite everywhere. This integral vanishes if ^ = 0. The 
modified symmetric field is defined as the ssmmetric field minus this integral. The actual 
field is expressed as a sum of the modified symmetric field plus the modified mean field 
defined as half the sum of the ingoing and outgoing fields plus the integral just mentioned. 
It is proved that the part of the stress tensor of the field quadratic in the modified symmetric* 
field plays no part in determining the equations of motion of the point particle. Being con¬ 
served by itself, it can always be subtracted away, thus defining a new stress tensor which is 
free from all the highest singularities in the t^ual stress tensor. The equations of motion of 
the particle are shown to depend only on the usual ‘mixed terms* in the inflow with the 
modified mean field substituted for the ingoing field. The formulation for several particles is 
given. 


The different fields associated with point particles are investigated and certain 
general properties established from which results about the general form of the 
equations of motion of the point particles can be deduced. The investigation covers 
generalized wave fields* of all spin, the usual scalar and vector meson or generalized 
Maxwell fields being only particular cases. Similarly, the field producing properties 
of the point particle can also be treated with great generality, and the paitdcle may 
possess a charge, dipole or higher multipole moment or any combination of these. 

The retarded field is defined by the boundary condition that it vanishes at all 
points on and before an infinitely extended space-like surface. Usually this surface 
is taken to be in the infinitely distant past. The advanced field is correspondingly 
defined by the boundary condition that it vanishes everywhere on and after an 
i nfinit ely extended space-like surface which is usually taken to be in the infinitely 
distant future. Both these fields are unsymmetrical with respect to the past and the 
future by definition. They are both singular on the world line of the particle. In 
general theory it is more convenient to use two other fields derived from these, 
namely, the radiation field, defined as the retarded minus the advanced field, and 
the symmetric field, defined as half the sum of the retarded and advanced fields. 

* The expression, generalized wave field is used to cover any field the components of which 
satisfy the generalized wave equation (8) in free space, and covers fields of all integral spin. 
The expression meson field, which has been used in the previous literature, is inaccurate, 
since the meson having a spin of 0 or 1 unit is but a particular case. The fields with X ~ ® 
included in the above as limitiag cases, but when it is necessary to distinguish these from the 
more general fields for which ^ 0, we shall refer to them as specialized wave fields. 

[ 260 ] 
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The radiation field changes its sign when the direction of the time axis is reversed, 
while the symmetric field is left unchanged. 

The symmetric and radiation fields have important properties near the world 
line. The symmetric field is made up of a part consisting of terms depending on 
conditions at the retarded and advanced points on the world line only, and a part 
composed of two integrals along the world line from minus infinity to the retarded 
point and from the advanced point to infinity respectively. The latter vanish for a 
specialized wave field (;\; = 0 ). It is convenient to combine the latter into one integral 
from minus infinity to plus infinity, and to add a compensating integral from the 
retarded to the advanced point to the fihst part of the symmetric field. The integral 
from minus infinity to plus infinity is now a fiboite, continuous and differentiable 
function of the field point even on the world line of the particle, and satisfies the 
homogeneous generalized wave equation at all points of space. It is important for 
the theory to be developed here to introduce the modified symmetric field defined as 
the symmetric field minus the integral from minus to plus mfinity just mentioned. 
The modified symmetric field contains all the singularities of the symmetric field, 
and its value at any point is independent of portions of the world line lying in the past 
or future light cones of the point. This is an important feature of the modified 
symmetric field which differentiates it from the symmetric field. Moreover, if from 
any point in space near the world line we drop a perpendicular to the world line, and 
call its length 6 , then it will be shown that the modified symmetric field can be 
expanded in an ascending series containing only odd powers of e, the highest 
singularity depending on the highest multipole possessed by the particle. This result 
has an important consequence in the form of the equations of motion of the point 
particle. 

Dirac ( 1938 ) has already shown that the radiation field satisfying the MaxWell 
equations produced by a point charge is finite on the world line. It will be proved in 
this paper quite generally that the radiation field and all its derivatives are always 
finite on the world line for every type of point particle and every spin of the field. 
The radiation field and each of its derivatives can always be written as the sum of 
two parts, one containing terms depending on conditions at the retarded and 
advanced' points only, and the other containing two integrals along the world line. 
The former can always be expressed near the world line as an ascending series in 
even powers of e only, starting with a term independent of e. For specialized wave 
fields (x = 0 ) the two integrals vanish and the whole radiation field then becomes 
expressible as a series in even powers of e. 

The actual field at a point can be expressed, following Dirac, as follows: 

actual field = retarded field+ingoing field 

= advanced field+outgoing field 
symmetric field+mean field, 

where the mean field is defined as half the sum of the ingoing and outgoing fields. 
In view of the simple property of the modified symmetric field mentioned above. 
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wMcIi is not possessed by the symmetric field, it is important to split up the actual 
field as follows: actual field = modified symmetric field 4 -modified mean field, 
where the modified mean field is defined as the mean field plus the integral from 
minus to plus infinity which was subtracted from the symmetric field. Since this 
integral is finite and continuous everywhere and satisfies the homogeneous general¬ 
ized wave equation at all points, so also does the modified mean field. The stress 
tensor, which is a homogeneous quadratic expression in the field quantities, now 
falls into three parts, the first containing only the modified symmetric field, the 
second containing the modified symmetric and mean fields, and the third part only 
the modified mean field. It follows from the property of the symmetric field stated 
above that the first part of the energy tensor must be expressible near the world 
line as a series in even powers of e only. It will be shown to follow immediately from 
this tihiat the contribution of this part to the flow of energy and momentum into a 
thin tube of radius e surrounding the world line must be a series containing odd powers 
of € only. Now the theorem established in a previous paper (Bhabha & Harish- 
Chandra 1944 ) states that if the rate of inflow* be expressed in the vicinity of the 
world line in a series in powers of the radius of the tube then all the terms except the 
one independent of the radius of the tube must be identically perfect differentials. 
For brevity we shall refer to it as the inflow theorem. It follows that the part of the 
stress tensor containing only the symmetric field contributes only perfect differ¬ 
entials to the rate of the inflow of energy and momentum, which therefore have no 
effect on the equations of motion of the point particle. The same can be proved of 
the part containing only the modified mean field, which can in any case have no 
effect on the equations since it is non-singular. The only part of the energy tensor 
which determines the equation of motion of the particle is the mixed part. Since the 
mixed terms fn the inflow are formally the same as those that one would have if 
radiation reaction were neglected, with the only difference that the modified mean 
field is written in place of the ingoing field, and can in general be derived from a 
Lagrangian, the process of finding the general equations for a point particle becomes 
very simple. One has merely to obtain the usual mixed terms in the inflow, and then 
substitute the mean field in place of the ingoing field. It will be shown by one of us 
(H.C.) in the paper which follows this that the form of the mixed terms in the inflow 
is completely determined by certain general considerations, and they can be written 
down in any given case without any calculation. 

Each of the three parts of the stress tensor mentioned above are cbnserved 
everywhere except on the world line, and therefore it is possible to take as the 
new stress* tensor for the field the original tensor minus the first part containing 
only the modified symmetric field. This removes all the worst singularities in the 
stress tensor. 

* This word is used in the same sense as in the paper mentioned. 
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1. The retarded, advanced, radiation and symmetric eields 

We use as far as possible the same notation as in the previous papers. The co¬ 
ordinates of a point in space time are denoted by where a Greek index takes on 
all values from 0 to 3, and the metric tensor is defined by 

900 = “ ""fe = *“0^33 = 

A point on the world line is denoted by 2^(t), t being the proper time on the world 
line measured from some point on it. A dot denotes differentiation with respect to r. 
The velocity of the particle is The following symbols are used with the same 

meaning as in the previous papers: 

K = k' = k" = etc. (1) 

For every point xi^ near the world line a point called the ‘ contemporary’ point with 
the proper time can be defined on it by the equation 

{k)c = = 0. (2) 

The s uffix c attached to a symbol will be used to denote that it refers to the con¬ 
temporary point. Write 

^ (3) 

where e is real and positive. Then 

SO that the distance from the point xP' to a point on the world line is stationary at 
the contemporary point. 3^ wall be used to denote djdxf^. We note the following 
relations which will be required later: 



d^€^ = - = - 2i^. (5) 

The right-hand sides of aU three equations are finite and continuous on the world 
line, and all higher derivatives of them also remain finite and continuous. The same 
is true of any positive even power of e, which can be differentiated an unlimited 
number of times without the higher derivatives becoming singular as €->0. On the 
contrary, the differentiation of an odd power of e a sufficient number of times can 
certainly lead to a term singular as e~> 0. For example, 

= e-1. 
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The retarded point on the world line associated with the point a:/‘ is defined as 
the point for which 

s (o;^ - z^(t,)) (Xf‘ - z^(t^)) = 0 (6) 

with K® - z®(t,) > 0 . The suffix r will be used to denote that the quantities refer to the 
retarded point. The advanced point is determined by the solution of the equation 
(6) for which a;®-z®(T„) < 0. The suffix a wiU be used to denote quantities referring 
to this point. 

Let , where the dots stand for any arbitrary number of tensor indices, be a 
tensor defined at all points of the world fine and finite and continuous on it. It may 
be considered as a continuous function of t. Let be a fixed point on the world line. 
Then the field function defined by 

for Ty > and identically zero for < Tj^ satisfies the generalized wave equation 


(d^d^+X^)U^0 ( 8 ) 

at all points of space not on the world line, x is a constant characteristic of the field 
and Ji is the first order Bessel function. For later use we note that the nth order 
Bessel function is defibned by 


J„(w) = 


/m\" " (_ l)s_ L___ 

W ’ s!(» + s)! 



(9) 


The dots affixed to 0 stand for the same tensor indices as appear in /S_ _. 

Take a fixed point on the world line and draw the two-dimensional surface 

around it generated by all points satisfying (2) and (3) with constant e. This surface 
forms a sphere around the point in the rest system of the point, that is, in the 
Lorentz frame in which the velocity vJ‘ at the point has the oomponepts 1, 0, 0, 0. 
If we denote by d£i an element of solid angle subtended by an element of the two- 
dimensional surface of the sphere at its centre at then an element of the surface 
with its normal directed outwards and perpendicular to the world line is l^edG. 
Given an arbitrary continuous function <j> of position inside the sphere expansible 
iu a Taylor series about the point r^, then it can be shown easily that 

eHQ = - 47r?5,(/S. J^. (10) 

The expression (7) is completely and nniqnely defined by the requirement that it 
satisfies {a) the equation (8) at all points not on the world line, (6) the limiting con¬ 
dition (10) at the world line, and (c) the condition that it vanishes at all points on 
and prior to an infimte space-like surface passing through the point We shall 
call it the fundamental retarded solution, tjsually the condition (c) is imposed on a 
surface in the infinitely distant past, i.e, and we shall henceforth consider 

only this case. 
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All retarded solutions can be derived from (7) by insertiiig tbe appropriate 
tensors for 5.., by differentiating with respect to the co-ordinates a certain number 
of times and by contraction of tensor indices with those of the differentiations. The 
tensors 5 may have to satisfy different symmetry conditions in their indices in 
different cases, but this does not concern us here. For example, if the field under 
consideration is the scalar field, then the retarded potential for a point charge is 
simply given by 

[/ret. ^ (Ha) 

with S a scalar function on the world hne and a constant. The retarded potential 
for a dipole is 

Uret ^ (116) 

where is a constant and we have to write for S_ in (7). gives the direction of 
the dipole moment. 

If the field under consideration is a vector meson field then the retarded potentials 
for a point charge are given by 

UveU^g^OfU (11^) 

where we now have to write for 8^^^. The corresponding retarded potentials for 
a dipole are 

Ufy-- (lid) 

and has to be written for /S,.. Every other tensor field and higher multipole 
moment for the particle can be treated correspondingly. The general retarded 
potentials for a point particle can therefore be written in the form 

( 12 ) 

where the operator D denotes a sum of terms each one of which consists of a different 
number of differentiations of the fundamental solution (7) with appropriate tensors 
written for 8_ and contraction of indices. The dots written as suffixes to TJ denote a 
number of tensor indices and determine tke spin of the field. The number of un¬ 
contracted indices in aU the terms must be the same as in [7 . 

The function which is uniquely and completely defined by the three conditions 
that it {a) satisfies the equation (8) at all points of space not on the world line, (6) 
fulfils the condition (10) at the world line, and (c) vanishes at all points on and after 
an infiboite space-like surface cutting the world fine at the point is given by 



for ^ and zero for rjg < r^. This is the fundamental advanced solution and all 

advanced potentials can be expressed in terms of it by 


(14) 
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where D is the same operator as in ( 12 ). The radiation field introduced by Dirac 
( 1938 ) is defined by 

JJrad. _ J7ret._ jjadv. 

= J9[OMt._(9adv.]. (15) 


We therefore investigate first the fundamental radiation solution defined by 

Qrad. _ Qxet, ^ (Jadv. 


It is convenient to introduce the modified fundamental radiation solution 
defined by 


O'rad. = Orad._y f" Q 

AJ_^ ... ^ 


Tor later use we introduce explicitly the radiation solution for the specialized wave 
equation (x = 0 ) 


^rad. _ 



(16c) 


Let the field point be kept fixed for the moment. The value of w® at a point t 
on the world line can be expressed by a Taylor series in powers of At sT-r„ for 
sufSciently small values of At, 


= (u\+ 



(ZIt)2+.... 


(17a) 


It can be seen at once that none of the coefScients (d^u^jdr'^)^ of this series is singular. 
Usmg (l)-(4) we get in particular 



Now at the advanced and retarded points = 0 by definition, and At takes on one 
of the two values At^ s — To or /It,. = t,. — t,, respectively which satisfy the equation 
obtained by putting (176) into (17a) 

= {'^-'^\{AT)^-\Kl{ATf-^{v^ + K''\{AT)^+.... (18a) 

The essential feature of equation (18a) is that the coefficient of At on the right is 
zero since the distance u from the point a;^ to the world line is stationary at t^, and 
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the coefficient of (zJt)® is rational and tends to 1 as oj^ approaches the world line. 
Taking the root of both sides of (ISa) we get 


, ® A 1 ^ 1 + 1 K"^ K J \0 /TDt\ 


where we have omitted thesuffixcfor brevity. This clearly shows thatfor the advanced 
point Ar^ is obtained by taking the positive sign on the left, while Ar^ is got by taking 
the negative sign. Reverting equation (186) by successive approximation we obtain 


/It- =_I_ 


1 


1 


+ 0 ( 6 ^) 


6(1-a:')2 24(1-/c')^ 

= e:+ \eK* +4- 4- -f O(e^). 


(19) 


We get At^ by reversing the sign of e in (19), as follows directly from (186). Hence 
(ATj.)'^ 4- (-dr^)^ is expressible as a series in even powers of e only, while (At^)^ — {Ar^)‘^ 
is expressible as a series in odd powers of e. 

Similarly, expressing the value of /c at the point r by a Taylor series in powers 
of At we get, using the last three of the equations (17 6), 


- (1 - k%At + i4{AT)^+U^^ + k'") {Arf +.... (20) 


The essential feature of this series is again that the coeflS.cient of Ar is rational and 
tends to 1 as 0. It follows that /c"^, where n is an integer, can be expanded as a 
series in ascending powers of At starting with (4 t)~’^, the coejQ&cients of the series 
being rational and non-singular functions of P and the particle variables at the 
contemporary point. 

Any function of position on the world line expressible as a sum of terms con¬ 
taining only positive integral powers of and the particle variables at r, and positive 
or negative integral powers of k can therefore be expressed as a series in ascending 
powers of At the coefficients of which are rational and non-singular functions of P* 
and the particle variables at r^. If the highest negative power of k be yc"^ then the 
series commences with (At)^, thus 


/(^^r)= S A(^^,r,)(dr)^ (21) 

where/^ is a rational function of P^ and the particle variables at cannot therefore 

contain an odd power — but may contain an even power of e. Denoting 

by (/)y and (/)^ the values of/at the retarded and advancedpoints respectively, we get 


if)r+if)a= S 

n=s—m 

= ascending series in even powers of e, (22) 


and (/),-(/)„= S fnil^,Tcmr,r-(ATX} 

n=—m 

= ascending series in odd powers of e. (23) 

All functions with which we have to deal in this paper satisfy the conditions laid 
down for /. 


Vol. 185. A. 


17 
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The result (23) can be applied at once to (16c) to show it must be expressible as 
a series in even powers of e only. For the Maxwell field of a point charge tliis fact 
has already been noted by Dirac ( 1938 ). The series can have no negative powers of 
.e siuce the greatest singularity in either of the terms on the right of (16c) is of the 
order e, and this cannot appear in the series since it is an odd power. Substituting 
the value of given by (19) into (20) we get 


K:a = -e^{l-K') + 


1 yrV 
31-/C' 


1 

^(l-/c')» 


+ 0{e*). 


Similarly, the Taylor expansion of gives in conjunction with (19) 


(24) 


i^.Ja - Yirp 0(e®). (25) 

Whence 

(26) 

where we have separated terms of different orders in e by a comma* Reversing the 
sign of € to obtain (S Jk)^ we get 





(27) 


The specialized radiation solution (16c) is therefore finite as 
The two integrals on the right of (16a) remain finite as the point approaches 
the world line since the integrands always remain finite on account of the well-known 
property of the Bessel function 


Lj} ^ 

^2^n! 


(28) 


which follows from (9). Hence the fundamental radiation solution given by (16a) 
of the generalized wave equation ( 8 ) is always finite on the world line. The same is 
also obviously true of the modified radiation solution (166). 

Since the right-hand side of (27) only contains even powers of e starting from zero 
with coefi 6 .cients which are rational integral functions of and the particle variables, 
it follows from the equations (5) that all successive derivatives of this series with 
respect to can be series containing only positive even powers of e none of the 
coefficients of which are singular. All successive derivatives of the left-hand side 
of (27) therefore remain finite and imambiguous as the field point approaches the 
world line. 


Further, by a well-known property of the Bessel function which can be deduced 
immediately from (9), we have, for fixed r, 


0 - ( Jn{X^) \ 

^ V,”' u” / 





( 29 ) 
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Hence 0 3 (30) 

is always finite even on the world line, whatever the number of differentiations. 
Writing 9^^ for this expression for brevity and remembering that 



we get 

= J V3^,.. dr. (32) 

Both of the first two terms on the right are finite on the world line, and being of the 
general form of the right-hand side of ( 22 ), all their successive derivatives are also 
finite. The two integrals on the right are also finite by (30), so that it can be deduced 
by induction that aU derivatives of the two integrals on the right of (16a) are finite 
on the world line. We have therefore proved that and all its derivatives are 
finite on the world line, and hence the same must be true for and aU its deri¬ 
vatives. The radiation field with all its derivatives is always finite on the world line. 
The same is true of the modified radiation field. 

From (15) it follows that we can write 

J7^.= (33) 

where contains only the sum of terms taken at the retarded and the advanced 
points and is expressible as a series in even powers of e. It should be noted that 
jyrad.^contains additional terms like the first two on the right of (32). 
Now consider the fundamental S 3 nnmetric solution defined by 






9rij: 

S i f";S 

(34) 

Writing 

Q'ssm. — ]: 

2 \ A 


1 ^xt-s 

'a ^Jrr "■ « 

(35) 


(jsym. _ 

2, 

r S 

f-oo U 

(36) 


Although is negative and u purely imaginary for points on the world fine between 
Tf and T^, since is a series in ascending powers of as shown by (9), the 

integrand of aU the integrals is real at every point of the world line and varies con¬ 
tinuously along it. 


17-2 
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The first two terms on the right of (36) are of the general form (23) and must be 
expressible as a series in odd powers of e with rational integral coefficients. All 
derivatiTes of this part must have the same form, though they may be singular to 
a highOT degree. 

Similarly the integral in (36) can be expressed as a series in odd powers of e. Tor 
the value of the integrand at the point r can be expanded in a Taylor series. 
Denoting the integrand by i(T) for brevity, and writing dr = t - as before, 

( 9 ) shows that i is an ascending series in positive powers of All derivatives of it 
with respect to t remain series in positive powers of u^, and hence every coefficient 
(0”i/3T”')e is a series in positive powers of e®. On integration we get 

jy^ * - j. 

As proved earlier, each term in curly brackets is a series in odd powers of e only. 
The series on the right of (37) must therefore be expressible as an ascending series 
in odd powers of e the coefficients of which are non-singular and integral functions 
of the variables at the contemporary point. Hence, in the neighbourhood of the 
world line can be expressed as an ascending series in odd powers of e, (For the 

Maxwell field of a point charge this fact has also been noted by Dirac ( 1938 ).) It is 
singular on the world Kne. It follows by using (5) that and all its successive 

derivatives are also and always expressible as ascending series in odd powers of e, each 
having a higher singularity than the previous one. 

The integrand of the integral in (36) is continuous along the world line. Hence it 
follows from (30) that the integral and all its derivatives are finite even on the world 
line. Further 


J _oo U J -_oo U 




dr = 0, 


since the Dessel function satisfies just the equation obtained by putting the integrand 
equal to zero. Hence it follows from (36) that satisfies equation ( 8 ) at all 

points of space not on the world line, and condition (10) on it. Ad its derivatives 
therefore also satisfy equation ( 8 ) at any point not on the world line. 

Following Dirac we write for the actual potential - at a point 

JJact. (39) 

Introducing the mean field defined by 

^ CJmean = jjta. ^ jjont.) 


(40) 
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we can also write it 

^ . ( 41 ) 

where (42) 

the operator D being the same as in (12), (14). and (16). It is clear from (38) that 
jj/meau satisfies the equation (8) at all points of space and is continuous and finite 
everywhere. We call it the modified mean field. 


2. The equations oe motion 

Certain general results about the form of the equations of motion of the point 
particles can be deduced at once from the properties of the radiation and symmetric 
fields established above. The equations of motion of the point particle are obtained 
by using the stress tensor of the field to calculate the flow of energy and momentum 
into a thin tube surrounding the world line. The inflow along an infinitesimal length 
of the tube must then be put equal to a perfect differential for conservation of energy 
and momentum, and this provides the equation of motion of the point particle. 

Let the tube be defined by with constant e. The element of three 

dimensional surface of this tube with its normal directed outwards is given by 

Pe{ 1 — Kc) dQdr, (43) 

dQ being the element of soM angle about the contemporary point in its rest system 
introduced in the previous section. The flow of energy and momentum into a portion 
of the tube of length dr is 

{- <) dr = T^dr. (44) 

The equations of translational motion are then given by putting 

where is some function of the variables describing the state of the particle and 
the field at the point r and their derivatives. 

The stress tensor is a homogeneous quadratic expression in the potentials and 
the field strengths which are Unear derivatives of them. We denote by 
the more general expression that is obtained from it containing two independent 
fields and ZJf, by replacing one 17... in each term by and the other by and 
then making the expression symmetric in and The resulting expression is 
thus hnear in and separately and quadratic in the two. The original stress 
is just , U J in this notation. 

For example, the stress tensor for the generalized Maxwell field is 
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the field strengths being derivatives of the potentials XJ^. Then, 

Ut) = 

Hx\UiUf+ UfUf-g^UfV^o), 

Q-^ being the field strengths corresponding to the potentials TJf. 

Returning to the general tensor for any field, we have, using (41), 


U'fr^-+ U',^) 



= + 2T^{U'fr^', -t- T^{U',^, 

(46) 

Corresponding to this splitting up we get for the inflow 



JJ7 _ y'sym. _j_ _j_ 2^'mean 

(47) 

where 

T'f^-=jT^,{V'fr^-, Pe{l -<) dQ, 

(48) 


T'^- = 2 U'j^^)Pe{l -K'c)dQ 

(49) 

and 

JjT^(J7'_inean^ U[^^)Pe{l -/c'f)dQ. 

(50) 


Since and its derivatives can be expressed near the world line as series in 

odd powers of e only, it follows that is a series in even powers of 

e only. As far as the integration with respect to dQ is concerned, e is a constant, and 
the only quantities which vary are P and terms containing it like /cj = Pv„, 

etc. The integral of a product of say s factors PP ... vanishes from symmetry if s is 
odd, and gives e* multiplied by a constant if s is even. Hence, as a result of the factor 
e which appears explicitly in (43) and (48), T'f^- is a series in odd powers of e only, 
the coefficients of which are just functions of the particle variables on the world 
line at the point Tg. The inflow theorem (Bhabha & Harish-Chandra 1944 ) states that 
if the rate of inflow be expanded in a series in powers of e, the coefficients of all the 
terms except the one independent of e must be perfect differentials. being a 

series in odd powers of e has no such term independent of e, and hence must be 
identically a perfect differential. It has also been proved that the inflow through 
two tubes of different shape can only differ by a perfect differential. T'^^- therefore 
plays no part in the equations of motion since it can always be eliminated by adding 
an identical term in A^. Thus the pofft of the stress tensor contaming only the modified 
symmetric field contributes nothing to the equations of motion. 

Since is a continuous and non-singular function at all points, T'f°^ must 

tend to zero as 0 and hence it cannot contain any term independent of e. Ob¬ 
viously, it can play no part in the equations of motion. It also follows from the 
inflow theorem that T^wean jg identically a perfect differential. This can be easily 
verified by direct calculation. 
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The only significant contribution to the right-hand side of (45) comes from the 
terms in independent of e, which we denote by The equation of 

motion must therefore be of the form 

(51) 

We note that the right-hand side of (51) can only contain and its derivatives 

multiplied by functions of the particle variables at the point r, and is linear in them. 
Another proof of this result which does not depend on an expansion of the symmetric 
field in powers of e is given below. 

For a point charge and a dipole the highest singularity in is of the order 

Since the integration over dQ of a function multiplied by the factor (43) gives 
at least a factor e®, no term containing appear in the equations. The 

equations only contain the field strength and its derivatives. This result is 

quite general and true also for higher multipoles, as is proved by one of us (H.C.) 
in the paper which follows this. 

Since contains an integral from -- oo to oo it might appear as if the motion 

of the particle at depended not only on the motion of the particle in the past, but 
also in the future. Using (42), (40), (39) and (33) we see, however, that on the 
world line 

= {U^)o + UU:^-)a, ( 62 ) 

which clearly shows that the motion only depends on the actual motion of the 
particle at r^, and in the past. It is reasonable to interpret 17'^% as the field giving 
the effects of radiation reaction, and the last integral as an addition to the ingoing 
field due to the particle’s own motion in the past. It has already been mentioned 
that U^' is not just but contains in addition the terms which result from 

the differentiation of and in (16a) with respect to xf‘, as, for example, the first 
two terms on the right of (32). 

We also note that 

= ( 63 ) 

The last term is continuous everywhere. Hence 


( 64 ) 
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This gives precisely the mixed terms calculated in the previous papers with 
substituted in place of the U^: which appeared in them. The process of finding the 
actual equations of motion therefore becomes very simple. We merely calculate the 
term independent of e in the inflow using the mixed part of the stress tensor, and 
then substitute given by (52), in place of The only part of the calculation 

which is at all cumbersome is the evaluation of required in (62). A convenient 
way of calculating this part is given by Harish-Chandra in the paper which follows 
this. 

The general results established above hold also for the rotational equations. To 
calculate these use has to be made of the angular momentum ten,sor instead 
of the stress tensor. Since 

^K/iv ~ ^iiv ““ ^Av ~ (^A ^{LV ^ii + (^A ^Xv )? 

we see at once that precisely the same arguments hold as before and the same result 
follows. Using (51) we have 

where 

= [2J ihT^iUy^-, -<) dQ. (67) 

The rotational equation must therefore have the form 

= ( 68 ) 

We give an alternative proof of (61) which depends upon the symmetry existing 
between the retarded and the advanced points. This method of proof avoids the 
necessity of expanding the various quantities involved in series and therefore has 
the advantage of compactness. The retarded and advanced points are defined by 
(6) and indeed t, is that solution of (6) for which {Uq)j. > 0 and that solution for 
which («o)o <0. It is clear therefore that in every equation which does not explicitly 
utilize the condition (Wq), > 0 or {uq)^^ < 0 we can always replace r by a and vice versa, 
because whatever holds for t, would also hold for and conversely. In particular 
this symmetry is exhibited in differentiation: 



( 69 ) 
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Now if we iaterchange a and r in (35) 0'®^* changes sign. is therefore anti¬ 

symmetric in the indices a and r. From the symmetry shown by (59) in a and r it 
follows that 

jy'sym. _ 

is also antisymmetric in a and r. On the other hand, the modified radiation field 
(166) remains unaltered by an interchange of a and r. Therefore and con¬ 
sequently is symmetric in a and r. The same holds for as is obvious 

from (42). 

We calculate the infiow into two tubes surrounding the world line, called the 
retarded and the advanced tubes respectively, defined by the equations 

e = (retarded tube), \ 

= — e = (advanced tube), j 

where e is a positive constant. The intersection of these two tubes with the future 
and the past light cones starting from z^{t) respectively are called similarly the 
* retarded ’ and the ‘ advanced ’ spheres of radius e at r. The three dimensional surface 
elements of the two tubes with the normals outwards can be written as 


d8^ = d'K^dQ^dr (for retarded tube), \ 

dS^a = — (for advanced tube),/ 

where dQ^ is an element of surface of the two dimensional retarded sphere of radius 
€ at r and similarly dQ^ is an element of the surface of the corresponding advanced 
sphere. The difference in sign in the two equations in (61) is important and arises 
from a similar difference in (60), where increasing e corresponds to increasing 
and decreasing /c^. 

Tor brevity put ^T'«’{U±,Ut)d^K4Q,= T^{U±,Uf„), (62a) 

jT^{U±, Ut) d^KjQ^^ mU±, VfJ. (626) 

Let . 7^ denote the rate of inflow calculated on the retarded tube and /g that on the 
advanced tube. For the equations of motion the significant part of the inflow is the 
part of these independent of e, which we denote by [/^]o and [/g]o respectively. Then 
by (46) and (62) we get 

[/g]o = 27:.7 “-)]o+[ 22’g(17:.7“-, (63) 

and = (64) 

For calculating and Tg(17(fJ™-, we have to put 

in (62). Since is antisymmetric in a and r it follows that 

2^( U[f^) is symmetric in a and r. Thus it is easy to see from (62) that if we 

interchange* a and r in the calculation of l7(.^-)weget 

* This interchange also implies interchange of and 
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But is independent of e and is a function only of the particle 

variables at t so that the interchange of a and t does not affect it. Therefore "sve 
must have 

[Tg( V',^, ?7'f“-)]o = [^r (. (66) 

On the other hand, since is symmetric in a and r while is antisymmetric, 

it follows that must be antisymmetric in a and r. Therefore by 

an analogous reasoning 

[J7g(j7/6ym.^ Z7(“®“)]o. (66) 


Therefore on subtracting (64) from (63) we get 

[/?]o-C^S]o = u^)]. (67) 

The left side being the diJGference between the rates of inflow on two tubes is a perfect 
differential and therefore so also is the right side. From this (61) follows immediately. 

Since satisfies the wave equation (8) at all points not on the world line, it 

follows that 

= 0 , 


except on the world line. We can therefore take for the modified stress tensor of 
the field. 




( 68 ) 


This tensor satisfies the conservation equation except on the world line and leads to 
the same equations of motion as the original tensor. It has the advantage that the 
worst singularities of which are contained in the part 2)„,(i[7(®^-, are 

absent from it. It does not contain in particular, the infinite static field energy of 
the point particle. The new angular momentum tensor is then defined by (66) with 
in place of 

The theory given above can be generalized immediately to the case of several point 
particles. The modified symmetric field of the sth particle is defined pre¬ 

cisely as in (36). The actual field can then be split into 


jyart. _ jy'mean^ ^ 

s=l 

where = ^{U^+ S - f” Hdri®) 

s=i2J_«. L ■■■■ J 

= + (70) 

denotes the distance from the point to the point on the world line of the 
sth particle. The equation of the sth particle is then 


( 71 ) 
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■where J7'mean(s) = 

t^8 

5= fjaot.^ JJ'syin.(s) 

• t4^s 

= U^:+X (72) 

It has already been shown that T^j,{ effect in determining the 

motion of the 5 th particle. Since ig certainly finite and continuous on the 

world line of the other particles, it is clear that this part of the stress tensor also 
has no effect in determining the motion of the other particles. Hence we can take 
as the modified stress tensor 


8—1 

= i: T„,( +s ii (73) 

5«1 “* “* S ><=1 

This tensor is conserved and gives the same equations of motion for each particle 
as T^j,, It also has the advantage that it does not contain the worst singularities 
contributed by the static field energies of the individual particles. 

Finally, it may be mentioned that a ‘Wenzel’ field can be introduced in the 
general theory treated here just as in the case of a point charge moving in a Maxwell 
field (Dirac 1939 ). We take the world line of the particle to extend from —00 to a 
point Tjg. Now define the fundamental Wenzel solution for the particle by 


OZM = 


forT 3 <T„. 

(%), “ T, < T5 < T„, 


The first condition is satisfied when the point lies in the future light cone of the 
point Tjg, the second when it lies outside the light cone, and the third when it hes in 
the past hght cone. This field is clearly just — as given by (7) and (13) for 
a world line that extends from — 00 to only. With the help of the Green’s function 
given by one of us in an earher paper (Bhabha 1939 ), which is a generalization of the 
relativistic delta-function of Jordan and Pauh, OY, oan be written in the form 


0!!:- P;S...G^^^(u2)dT, 

J -00 


( 75 ) 
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where 


CP^{u^) = 


2d{u^)—X for > 0 , Mq > 0 , 

u 

0 for ^6^ < 0. 


( 76 ) 


Qfrad. satisfies the generalized wave equation (8) at all points not excepting = 0, 
and hence satisfies (8) at all points including those on the world line. Define the 
generalized Wenzel potential by 

UZ^U^:-bD[0Zl (77) 


Now if be a small time-hke vector, then it is easily seen that 

, A*->0 

- xp dr = (78) 


This is precisely the field (52) which enters into the equation of motion (61) of the 
point particle. 

If n particles are present we have simply to define the generalized Wenzel 
potential by 

(79) 

5 = 1 

where = D[0.^'«>], 

and it follows at once that 


Lt + A/*) + - A-*)} = (80) 

A~>0 

which is the field that determines the motion of the ^th particle. 
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On the equations of motion of point particles 

By Harish-Chandba, J, H. Bhabha Stvdent, Cosmic Bay Research Unit, 
Indian Institute of Science^ Bangalore 

{Communicated by H, J, Bhabha, F.R,8.—Received 1 November 1944) 


The equations of motion of a point particle, possessing a charge, dipole or higher multipole 
moments and having an interaction with a generalized wave field of an arbitrary integral 
spin, are obtained explicitly. These equations are independent of the particular choice of the 
energy-momentum tensor of the field from among the many alternatives given by Yierz. 

A convenient method for the calculation of the radiation field is given. 

The definition of the spin of the particle is given, and it is postulated that the magnitude 
of this spin is constant. It is shown that this assumption effects a great simplification in the 
equations of a charged dipole in a vector-meson field. The equations are determined com¬ 
pletely in terms of two arbitrary constants which are to be interpreted as the mass and the 
spin. Further, it is shown that only those dipoles for which the ‘electric’ and the ‘magnetic’ 
moments are parallel in the rest system are consistent with this assumption. The equations 
of motion of a charged dipole in a scalar-meson field are derived. These equations also contain 
only two arbitrary constants which again are to be interpreted as the mass and the spin. 

1 . In the preceding paper (Bhabha & Harish-Chandra 1944 a, referred to in this 
paper as A) it has been shown that the equations of motion of a point particle, having 
an interaction with a generalized wave field,f are determined only by a few terms in 
the inflow, denoted in A by It is gratifying to note that the reaction of 

radiation is completely taken into account if instead of the ingoing field we consider 
the modified mean field as the effective field acting on the particle. In the present 
paper it will be shown that the actual calculation of even the mixed terms of the 
inflow is not necessary, and it is possible to write down the equations of motion 
straight away. After giving the general theory for fields of any integral spin we shall 
illustrate the method by considering the vector and scalar-meson fields in particular. 

As pointed out in A, the equations of motion contain explicitly only the modified 
mean field. However, for these equations to be practically useful it is necessary to 
calculate the radiation field or rather the modified radiation field in terms of the 
particle variables. In fact, the radiation field is the only quantity which now need 
be computed for the determination of the equations of motion. A method, which 
makes this calculation easy even for particles possessing multipole moments, will 
be given in this paper. 

Further, a definition of spin angular momentum of a point particle is given. For 
brevity it is called the spin of the particle. It is postulated that the magnitude of 
the spin is constant, and it is shown that this postulate has important consequences 
in reducing the arbitrariness in the character of the dipole for the vector-meson field 
and in determining the value of the spin in terms of the quantities describing the 
particle. For instance, it will be shown that only those dipoles for which the ^ electric ’ 

t We shall use the various terms, e.g. generalized wave field, mean field, modified mean 
field, etc., in the same sense as in A. 
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and the ‘magnetic’ moments are parallel are compatible with this assumption.f 
Besides, this constancy of the spin will he found to be of great assistance in deter¬ 
mining the actual form of the equations of motion in the case of the vector and 
scalar-meson fields. 

2 . As far as possible we shall keep to the notation of A. Unless it is explicitly 
mentioned otherwise, all symbols are to be understood in the same sense as in A. 
The fundamental metric tensor is taken to be 


^^ = 0, iii-v, S'oo = -S'u = -9'22 = -9'38= 1- 

We shall now derive the equations of motion of a point particle interacting with 
a generalized wave field of an arbitrary integral spin/. 

A field of spin/is characterized by a symmetric tensor Uafi,..y of/th rank satisfying 
the following two conditions (of. Bieriz 1939 ): 


Following Fierz ( 1939 ) we define U®) by induction for aU values of g'^/ m the 
following way: 




( 2 - 2 ) 


In these equations the dots indicate that the various indices, their order and the 
way they are paired inside square brackets is exactly the same on the two sides of 
the equation except for the indices which are explicitly written. An explicitly written 
index is not to be taken as paired unless the pairing is explicitly shown. As shown 
by Fierz ( 1939 ) the energy-momentum tensor can be written as 


m- 

+ A:®( Uto-W-)}. (2-3) 

In (2-3) dots denote the indices which are to be contracted. They appear in the same 
order and with the same pairing on the two factors which are contracted with each 
other. Utilizing ( 2 - 1 ), ( 2 - 2 ) and the relation 

which follows from ( 2 - 2 )', we get 



47ra/‘Tte>>' = +;^ 2 i 7 (a-nj 


We put 


(2-4) 

so that 

^ r/teXov]... 

( 2 - 6 ) 


f A similar result has been obtained by M3rron Mathisson (1942)- 
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due to the symmetry of If we put 

9^3/6 ( 2 * 6 ) 

it follows that is derived from by a process of differentiation analogous to 
( 2 * 2 ). Except for conditions similar to ( 2 * 1 ) which it has to satisfy, is arbitrary, 
and for the present we take it as a finite function which vanishes outside a narrow 
time-like tube P. We call p^^^ the charge density. One of the solutions of (2*4:) for a 
given p_ is 

UJx^) = J Dix^^x'^)pjx'^)d,x\ (2*7) 

where D{x^ — x'f) is the well-known generahzation of the delta function of Jordan 

rxo 

and Pauli for the case I denotes that we have to integrate over the 

whole four-dimensional volume lying in the past of the point x^^ i.e. such that 
Xq — Xq'^0. We caU this solution the retarded solution and denote it by The 
general solution of ( 2 * 6 ) is then 27y®^* + where is any solution of the 

homogeneous wave equation satisfying ( 2 * 1 ). As usual we assume U^; to be finite 
and differentiable. We construct and from and U^; in a manner 

similar to ( 2 * 2 ). Now, if we use the notation of A and write 

2T%{U^,fS U^) = 

then it is not difficult to show that 

= ( 2 - 8 ) 

Let us now surround P by a wider time-like tube Q. Also let A and B be two space¬ 
like surfaces intersecting Q such that A lies in the future of P. Integrating (2*8) 
over the four-dimensional volume V enclosed by Q, A and B we get 

(2-9) 

By Gauss’s theorem we can write the left side as a surface integral over the boundary, 
of F. Denoting an element of the surface of this boundary by dS^,, we get 

( 2 - 10 ) 

Here we have to take the future normal for A and B and the outward normal for Q. 
From (2*9) and ( 2 - 10 ) it follows that the inflow due to is 

d,x+J^^{A) - /<^(B), (2-11) 

where we have written and for the corresponding integrals over A 

and B in ( 2 - 10 ), Also by partial integration we prove that 



272 Harish-Chandra 

•where the /”s are surface integrals over A and B respectively. Therefore it follo'ws 
by successive reduction that 

* \^X r Jv 

Now if the charge density p can be written ii^ the form 

p^... = (2-13) 

where then we call the mnltipole density. Obviously we 

can always choose ^ symmetric in a/?.... Let the number of indices a, ... 
corresponding to the number of differentiations in (2’13) be n. Then by further 
partial integration we can prove from (2-12) that 

where ^"’s are again surface integrals over rf and5. From (2-14) and (2-11) we get, 
if we -write = ,/y, 

+ ( 2 - 16 ) 

"Till now we have calculated -with arbitrary functions p _ and ^afi . ,, which vamsh 

outside a narrow tube P. Let P be characterized by a parameter such that as 
P narrows down and ultimately tends to a world line inside it. We now apply 
a limiting process in which rj is made to tend to zero while the value of .inside 


P is made to tend to infinity. Denoting the value of for a particular value 

of?by£^f.. we impose the conditiou that 

limf Pgf. d^x= (* 8(f) . dr, (2-16a) 

V J Ti 


where 7 is any four-dimensional volume and 8(f .is a given function of r on the 

world line to which P tends in the limit ^-^0; the portion between Tj and r^ (tj > r^) 
of this world line being contained inside F. Using Dirac’s 5-function (2-16a) can be 
conveniently expressed as 

limP^.. r .5(a:-z(T))dT, (2-166) 

^->0 J —00 

where S(x - 2(t)) = 5(a;o- ZoC^)) 5(a:i - Zi(t)) ^(x^ - Zs(t}) ^(x3-Zs(t)), 

z^{t) bemg the co-ordinate of a point t of the world line. From (2-13), (2-16) and 
(2-7) it is not dififioult to prove that in the limit ij-^O Uff*- tends to the value 

= 0“^-(O^*;..) (2-17) 

in the notation of A. Our field U_ therefore corresponds to that of a multipole of 
order n. 
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From (2-15) and (2*16) ■we get 

Urn f + 1)^+1 f Vf^:dr, 

7->0 J Q J Ti 

(2-18) 

The second term on the right is finite. Therefore the first term on the right must also 
tend to a finite limit since the left side is finite (i7 _ being finite on Q). Now if Q also 
is characterized by a parameter e such that Q tends to the same world line as P as 
e-» 0, then we have 


lim lim I 

S’-^O 7}—>0 J Q 

= lim lim (XV) - /"(P)) + (- l)«-n f V-. dr. (2-19) 

e—>0 7}—¥-0 ' J Tx 


^"{A) and now .become in the limit e -^0 functions—^though infinite—of 

the condition at the points and respectively (cf. Bhabha & Harish-Chandra 
19446). Therefore they can contribute only perfect differentials to the rate of inflow. 
Ignoring these perfect differentials which are not significant from the point of view 
of the equations of motion we get the rate of inflow due to in the form 

2 te)mir. (_ I)n+1 (2-20) 

Therefore the equation of translational motion is in accordance with equation 


(61) of A 




( 2 - 21 ) 


Here we have replaced U^; in (2-20) by the modified mean field in (2-21) in 

conformity with the results of A. It is noteworthy that (2-21) is independent of the 
particular choice of q. 

For obtaining the rotational equation we have to deal with the angular momen¬ 
tum tensor 

Putting, as before, 

we find that > - x, 




where the minus sign at the end of the bracket denotes that the same terms are to 
be subtracted with the interchange of fi and v. In the same way as before we get 
corresponding to (2*18) 


limf = 


+ (_l)n+i (2-22) 

J ’’l 


Vol. 185. A. 
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lgn„^a*^fteperfectaHerentialBtherateo(hAow/.^.-o£a^ 

due to becomes 


^ ^ ^ TTOHn. I i^n 


(2-23) 


(2-24) 


The equation of rotational motion, therefore, is 
From ( 2 - 21 ) and (2-24) we get 

J. 1.x, i. rru)'mean and not appears in the equations 

It is interesting to note that only U\!, “ ana nor u ... i/r' 

of motion (2-21) and (2-25). f ^ 0 For f = 0 il fails, since in this 

The above calculation apphes only to spm /> ° / , tansor 

caimot be coeetruoted. Tor/ - 0 we have to .tart fem the ten«>r 


(2-26) 


4aTT^ = 


(2-26) 


where 3^ U. Therefore we have 

47r3/‘T^ = {9^9;. t7 + 

g,^d ■ d>‘T^-^2df^T^{U^JSU^) = pU^-^ 

The rest of the procedure is exactly the same as before and we get the equations o 
motion in the following form: 

■ (2-27U) 

^ (2'279) 

To illustrate our result we apply it first to the vector-meson case. In this case 
Soweget 

= (_ l)»+i 

For the point charge we have to put n = 0 and 8’' = pv®", where gr is a constant, 
we get A^ = -gv^O'^^^=-9G'v?^'>^> ^ 

as found by Dirac ( 1938 ) for the case of the electron. For a dipole {n = 1) we find 

A, = = 4-S!“-(9„ - d^G'^T^) 

This is precisely the form of the inixed terms found by Bhabha & Corben ( 1941 )- 
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For the scalar meson case we get for a charge g 


A, = 

(2-30) 

and for a dipole /S® 



(2-31a) 


(2*316) 


3. We shall now consider the oalcnlation of the radiation held. This is important 
because if we wish to put {2-21); (2-25) or (2-27) to any practical use we must express 
in terms of U^{z^) and the particle variables at t and in the past. 

In the following we shall use the suffices r and a in the same sense as in A. We put 


and try to express in terms of and the particle .variables at r^. 

We have 

A 9 9 {du^\ 1 /0%2\ „ 

/ 3 m 2 \ 1 {dht^\ , 

(ar)/+2!(3rV,®+"" 


(3-1) 


We note that 


dr 


= -2k. 


3^2-2k = -2(/c'-1). 

W 

0 T® 

St* 

SV 
Sr* 


= -2k = -2k'', 

= - 2 a :»‘‘ = -2k!"+ 2{vv), 
= - 2^*^^ = - 2k" - 10(?w), 


(3-2)t 


where dots denote differentiation with respect to r keeping constant and 
/c^^^asiies) — Substituting (3-2) in (3*1) and dividing by e we get to the 

fourth order 


-2K+e,-K'e,-ji^' + ^{vv),-^i ^'= 0 . 


(3-3) 


Reversing (3*3) by the method of successive approximations we jSnd that to the 
requisite order 

e = {2/c, + 2/c/c', 4- 2/c/c'^ + |a: V' — 

+ 2/c/c'® + 4/C®/cV' — I/c®/c'(w) + f/c®/c"^ + 


•j* We write and for the third and fourth derivatives, and so in. similar eases. 
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Expressing x as a Taylor series in powers of e and using (3'2) and (3-4) we find 

%kV - iK^(vv),+^ kW - + 2/c*(w)+|/c3/c®}„ (3-6) 

1 = _i{l„+|/cK''-|/c®(w),+|x/cV-2/cV(OT) + 2/c3(w)+|/c2/c'"},. (3-6) 


i.e 


If /S is any function of t, which is non-singular on the world line, we can expand 
S{t) as a Taylor’s series in powers of t— r,. Using (3-4) we obtain in this way 

= {S, + 2kS, + 2kk'JS -F 2k^S, + S{2kk'^ -t- |/cV' - |/c3(ot)) -f 4jcVB+ (3-7) 

Using (3-6) and (3-7) we find 


j + (-) = - {2/^. + —f/c(OT)) -)- 2k'S -1- 2kS, 

+8{^k'k" — 2kk'{vv)+^kk"' + 2k^{vv)) 
+ /§(fKx" — 2k\vv) + 2x'^) -I- iKK'S + 


(3-8) 


The right side of (3-8) is in fact a series in powers of r^. Since it has been proved in A 
that the left side and aU its differentials are finite and non-singular on the world line, 
we can expand it as a Taylor’s series in powers of r^. Writing 




( 1 - 


and using the suffix 0 for denoting the value of any quantity at we get 

1 

^ar /0 

This series must be the same as (3-8). Therefore the coefficients of ri> and r^rP (sym¬ 
metrized with respect to cr and p) in (3-8) are j j 

tively. However, the coefficient of r^fp is indeterminate to the extent of any terms 

proportional to as r^rPg^^ = = 0. These terms in j , which must 

be finite and unambiguous on the world line, are, however, easily determined by 
direct differentiation as follows. We notice that if i2(r) is a function of t alone which 
does not depend on a;^, then only terms of the typef {kR\, ^ 

(3*8) can give rise io finite and wmmbigvous terms proportional to g^^ on differentia¬ 
tion. It is easy to see that 

~^9trpifi)r> 

d^p{Ki6'^'>R\ - g^p{v'd'^\ Rr. 


d„^{K^R)^ -^-2g^.R^, 


(3-10) 


^a-pv' *''/r ' *^iJa-p-*-*'r^ 

where only the finite and unambiguous terms arising from the differentiations on the 
left are written on the right of the arrow. 

t x'”> = Kf-” ■*»*«>, while «<*> =«;'» 
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In this way we easily find from (3*8) that if /S' is independent of a:^ then 

- . (3-11) 

- ) ) = [%V<r+- ^Vp vJSm) + %Vp 

+^p «<r - V^{vv) + 4:VpVf^ + 4.{VpV„+Vp vf) S 

+l^p |9'p<r{(^) ^ ^ +'S'‘“}]o • (3-12) 

Even if S depends upon e.g. S = (3’8) holds provided 8 is non-singular 

on the world line. Only the separation of terms of different orders by commas in 
(3*8) would not be correct because 8, S, S, ... may not all be of the same order as 
assumed there. The rule for equating the coefficients of (3-8) and (3-9) as well as 

(3*10) still holds. As'an example we consider the evaluation of j • Here 

8 is supposed to be independent of x^. From (3*8) we find that up to the terms of 
the first order 

1 = I _ 28vp, 4- — 2k 8vP — 2K8vf^ — 4cKSvfi]j.. 

\ ^ Jar 

From this we get immediately 

'^^ = 12SSP-2%8vp-2v„SvP-4^^Svp]q. (3-13) 

It is obvious that for higher differentials of and we shall have to 

\^Jar \ ^ Jar 

calculate (3*8) to terms of higher order, and equate the symmetrized coeflicient of 

.,, 7 ^ in the corresponding series to j except for terms which 

contain where /i, v are any two of the n indices a, y?, ..., tr. These terms are to 
be obtained by a method sinadar to (3*10). Clearly such a method would enable us 
to calculate equation (33) of A in terms of the particle variables at Tq. The 

modified radiation potential is then easily obtained since it is equal to 

dr. (3-14) 

J~0ol L ^ J) Xu,=Sfj,(To) 

Now we shall illustrate our method by considering a charged dipole in the vector- 
meson field. FoUowdng Bhabha & Corben (1941) we use to denote the charge 
and g 2 8^y to denote the dipole. 8^y is an antisymmetric tensor. The modified radiation 
potential is given by 

C-'rad. = U^._^ r + 

J —00 W 


(3-13) 


(3-14) 




(3-15) 
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The piodified radiation field is thus given hy 


(VmdL. — ^ r7'rad._3 77'rad. 

On naing ( 3 - 12 ) and (3-13) we find that its value at the point z^(to) on the world line 
is given by 

+ 2v^ 8^J^+2v^ S" + 2Vi,JS^^v^ + 2v^8v{^) + («)* 

+ (v)2 Vf,8p}-+ 


+^x^j_ 


8 , 


Uxu) 


liv 




dr 




- 0 


(3-16)t 


In (3-16) we have to take = z^(To) — z^(t) inside the integrals. 

In the scalar-meson field where the dipole is now characterized by "w© have 




The radiation field is given by = 8^17'™^. Using (3- 8 ) we find that the modified 

radiation field for the charge alone is 


(3-18) 

while the radiation field for a dipole at rest (i.e. = ... = 0 ) is 




+ 2x4"" 

J —<o 


^{x^) 


U‘‘ 


dr-2x 


i 


Mx^) 


8„u’’Ui. . 

o ^ It® 




(3-19) 


Equations (3'18) and (3*19) will be useful in calculating the scattering of scalar 
mesons by a neutron (or proton), which will be done in a subsequent paper. 

As an illustration we now compare our results for the vector-meson field with 
those of Bhabha & Oorben ( 1941 ). From equations (72) and ( 73 ) of their paper and 


f We have used here the notation of Bhabha & Corben ( 1941 ) 

The minus sigh at the end denotes that the terms inside the brackets are to be subtracted 
with interchange of /*, v. 
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the results of A it follows that a possible set of values of the radiation reaction terms 
yreact. of their paper can be written asf 

= (3-20a) 

Of these the terms are given by them in equations (1376) and (140) of their 
paper,andwefindthatifweputA = — Ic^ landAig = 0 

in these equations J we get the same value as obtained from (3*206) by putting % = 0 
in (3*16), apart from terms proportional to S^p which, however, cancel out from the 
equations of motion. 

4.^ In this section the values of Ay and B^y of the equations of motion (2-21) and 
(2*25) will be considered in detail. 

In quantum mechanics every physical entity is to be treated as a field whose 
equations of motion can be derived by variation from a Lagrangian. We should 
therefore try to connect our scheme with the Lagrangian mechanics. In fact there 
already exists such a coimexion in so far as we derive the equations of motion of 
the wave field from the Lagrangian 


47rL^te) = 

When this wave field is in interaction with a particle (which itself is a field in the 
quantum sense), the total Lagrangian L is ' 

L = LP+U+L^<-'i>, 


where is the Lagrangian for the particle alone and U contains the interaction 
terms. In fact even U is completely fixed by the equations of motion of the wave 
field, and we have 


1/ 


1 




However, is entirely arbitrary. Now if p— is given by (2-13) where 27.is a 

function only of the particle variables, then it follows by partial integration that 
1/ can be replaced by an equivalent form 


i/' = 


(-!)■ 




where n is the number of the indices a, yff, ... and /t', v', ... are the (q—1) indices 

paired to /t, r, .... Thus L can be written as 

# 

L= LP + I/'+U^(s). • (4-1) 


t We use F^y instead of Gp to denote the field strengths of the electromagnetic field (;^ = 0 ). 
In this case the modified and the unmodified fields are the same. 

f The disagreement of at least one of the two coefficient^ which involve in equation ( 140 ) 
of their paper seems to be due to some mistake in the calculation of by them. 
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The equations of motion of the particle should follow by variation of the particle 
variables occurring in I/* and For the usual expressions for this process, 
as is well known, leads to singular equations. However, our object should be to find 
out a new expression for such that the singularities arising from I/" and 1/ in 
the variation mutually compensate each other and lead to non-singular equations. 
A somewhat fiiTnilaT compensation is used to cancel off these infinities in the method 
of Dirac ( 1938 ) which has been followed in A and here. Though we do not yet know 
the correct expression for we can derive valuable information from (4-1). On 
splitting up U- into and we see from (4-1) that the equations of motion 

of the particle must be hnear in the ingoing field. Secondly, the ingoing field can 
enter into the equations of motion only in the form 

or with more differentiations. As the ingoing field satisfies the homogeneous wave 
equation we have 

■ (^- 2 ) 

This shows that must occur in the equations of motion of the particle with at 
least n differentiations. Of course the explicit number of differentiations can be 
reduced by contracting two or more of the indices a, ... and replacing 9*0^6 ^7 

However, our rule implies that every term in the equations of motion containing 
should be capable of being put in a form such that appears with at least n 
differentiations and x do®® ®^PP® 2 tr explicitly. The terms containing can 
arise only from the variation of U\ and if, as we have assumed, is given by 

( 2 * 16), it follows that these terms must contain besides qj. without 

dots and possibly and its differentials with respect to r and only tjxese. Further, 
these terms must be linear in This condition is important since it shows 

that no other dimensional quantity can occur in these terms—^not even x if ^tre 

put in a proper form {vide supra). We note that the right sides of ( 2 * 21 ) and (2*26) 
already satisfy these conditions. 

In the scalar-meson case we have to put 

The same conditions as those given above follow for this case also. 

Let us now consider ( 2 * 21 ). Let the part of which contains J7^; be called 

Now each term of must contain XJ^i with at least n differentiations. This shows 

that . 45 *^ itself must satisfy the same condition. Otherwise some terms of 
would contain XJ^i with less than n differentiations. From (2*21) it follows that 
the dimensions of are the same as those of Therefore 

from dimensional considerations we can prove that 4 .^^* must be a function of 
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and v^. It cannot contain any dots on S .or or more than n 

differentiations of TJ^\ It is to be noted that every dot on Z7^; corresponds to one 
0 

dififerentiation since ^ 

OT 

We similarly define Itmustconsistof terms of the form 

where the number of indices a, yff, ... is at least n. From (2*25) the dimensions of 
jB^* are those of where n—l indices. It therefore follows 

that the dimensions of must be x [length]*, where However, 

no such quantity can be constructed from and differentiations with respect 

to T, because is dimensionless and every dot is equivalent to (length)”^ in dimen¬ 
sions. Therefore 

J5^- = 0. (4-3) 

This fact, which had already been noticed by Bhabha & Corben ( 1941 ) for the 
special case of the electromagnetic field, wiR be of great help to us. It holds also for 
the scalar-meson case. 

Now the equation *(2-25) or (2*296) expresses the conservation of angular momen¬ 
tum. In fact in (2*24) we can look upon as the total angular momentum of the 
particle so that is balanced against the rate of decrease of the angular momentum 
of the field. In the same way, can be regarded as the ‘mechanicar energy and 
momentum of the particle (cf. Pryce 1938 ). Now 

^fiv “ ^/iiv (^/« "^ft )» 

which corresponds to the subtraction of the ‘orbital.angular momentum’ from the 
total. Therefore can be looked upon as the spin-angular momentuifi, especially 
so since it is independent of the ingoing field. In case of an extended body the spin 
is the angular momentum about the centre of mass. It has only three spatial com¬ 
ponents in the system in which the centre of mass is at rest. Therefore in accordance 
with this interpretation we assume 

= 0. (4*4u) 

Besides, we postulate that the magnitude of the spin should remain constant, i.e. 

Q^=lB^yB^^ — constebJit. (4*46) 

We caU Q the spin of the particle. It will be seen presently that (4*4a) and (4*46) 
are of great value in determining completely the equations of motion. Of course they 
are not essential from the point of view of logical consistency. In fact, Bhabha & 
Corben ( 1941 ) have given the equations of motion of a point dipole without assuming 
these conditions. However, their equations are too general and contain a large 
number of arbitrary constants. We shah, see in § 5 that the conditions (4*4) reduce 
this arbitrariness very effectively. 

We add here a few remarks about Aj, in ( 2 - 21 ) or (2*27). As pointed out in a previous 
paper (Bhabha & Harish-Chandra 19446 ) Aj, must be a function of the conditions 
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at the point zj^r) alone. Now we have d^ned in terms of and the actual 
field by the equation 

{4-6) 

Since contains an integral over the past motion of the particle it is obvious 
that at 2^(t) is not a function of the conditions at the point t alone, one of these 
conditions being of course itself. However, we can express U^- as (cf. equation 
(33) of A) * ■ "’ 


where Z7yf*- depends only on and the particle variables at r^. We can now define 


- X ^ dr = V^- - (4-6) 

J _oo L ’ ^ J 


The value of 17^- at z^(t) is the limit of the right side of (4-6) as r^->- 0 . Therefore 
is a function of the conditions at t alone. Thus cannot contain 17^; alone but 

must do so only in the combination Since ?7(“®®“ differs from in the hmit 
0 only by which is a function of the particle variables at r, it follows that 
can as well appear in the combination mean gee that this is in fact the 

case for a charged dipole in the scalar and vector-meson fields. 


6 . We shall now derive the equations of motion of a charged dipole in a vector- 
meson field on the basis of (4-4). 

We denote the charge by and the dipole tensor by 8/^. 8/^ is an afitisymmetric 

tensor and g^ and g^ are constants. Following Bhabha & Corben ( 1941 ) we assume 

that during the course of the motion 5 '^ undergoes only a four-dimensional rotation 

so that if at the time Tq its components in a certain Lorentz frame are (/S^)o> then at 

every later time r there always exists a Lorentz frame in which the components have 

again the same value (iS^)o- From this assumption we get immediately the two 

invariant equations o a™, 4 . /e n \ 

= const., ( 6 -lo) 

= const. (6-16) 

Here 5 '*/“' is the tensor dual to and is given by 

, 8 * 1 " = \ei"i" 8 p^, ( 5 - 2 a) 

so that 8/" = -^e^P<'8%., (6-26) 

where is antisymmetric in each pair of indices and i^-ijer use we 

note the following relations 

= (6-3a) 

= -2{S“X-d^Sj), . (6-36) 

where 27 denotes summation over aU permutations of a, /?, y and the positive or the 
negative sign is to be taJren according as the permutation is even or odd. 
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We put 

8*.^ = 8% 

8/,^ = 8^„-8^v„+8^v^, 

8*, = 8%-8*v,+8*v^, 

sothat/S^^v" = = 0, and in the rest system = 8^^, 8* = 8^\ 8* = 8'‘-^. 


We note the folio'wing relations: 

8% = (5-4a) 

= - (5-46) 

( 6 - 1 ) can now be written as 

^S^SP^^8,8P = 8^8P-8*8*^ = cor^t., (SSa) 

8jt8*'‘ = const.' (5"66) 

From (2'28) and (2‘29) we get the following equations of motion: 

A = giG;^^v<'-yi8P<'d,G'p^^, {6-6a) 

= gz[8/G'^p^]_-iv^A,-v,A^). (5-66) 

In view of (4-4) we demand that 

iJ^^BP" = g^8/G'^^SM^=0. (6-7) 

Since G^ is entirely arbitrary (5-7) can hold identically only if 

B>^8/-B<^8/=0. (5-8) 

From (4-4a) and (5-8) we get m the rest system the following equations: 

B^8i-B<>^8f=0, (6-9 a) 


B^^Sz^+B^^8f = B^^8i+B^^8a = 0, (6-96) 

and those obtained from (6-9) by cyclic permutation of the indices 1 , 2 , 3. From 
(5-9) and (4*4a) we get _ 

B^ = IS^, (6-lOa) 

= I'8* = 8^^. (6-106) 

Both these equations are valid when neither 8j„, nor 8'‘ is zero. In case one of them 
is zero we have to select that equation from the two for which the right side does 
not vanish. From (5-8) and (5-10) we derive straight away 

$1^ = = ^Jei^p<rv,Sp^, = - JSp'^, (6-11 a) 

8*/‘ = J'8/^ = -iJ'eP"p''v^S%,, 8 p'^ = -J'E*p‘'', (6-116) 


according as we use ( 6 -lOa) or (5-106). Of course the scalar quantities 1,1', J and J' 
are related to each other. (5-11) shows that the ‘electric’ and the ‘magnetic’ 
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moments in the rest system are parallel to each other. Therefore it follows from 


(6-5) that 

= const., (6-12a) 

= - I8^8f^ = const. (6-126) 

From (6-12) and (4-46) it follows that I, F, J and J' are all constants. 

We now put = 0-^, (5-13 a) 

= (5-136) 

so that = 0 and An = An^-Mv^^, (5-14) 

where M — A^'>f and A^^vf' = 0. Thus by contracting (6-66) with we get 

A^ = j8^^-g^8^0^-g^8,O%. (5-15) 

Therefore, bearing in mind that = 0, we get 

==-g2Vi^Sf„0^+g^8^G<'f^v>^. (6-16) 

On the other hand, from (5-6a) we get 

= - i?4 8/>^if a, G’p^^ 
d 


= + ig^0P-G^^^) + g^($p0,)++g,{Si>'^0,v,). 

(6-17) 

Subtracting (5-16) from (6-17) and using (6-14) we get 

^ = ~k,§^ (8 p-G;?^^) + + g,(8'>0,). (6-18) 

Now (5-66) can be written in the following two forms according as we use (5-10o) 
or (6-106): 

^8^ = ff2[8^,rG^J^^].-(v^A,~v,A^), (5-19a) 

- (v^A, - v,A^). (6-196) 

From (5* 11 a) and (5* 19 a) we find 

\I^^Qi^+I^^0i>’ = -\gzJe^i,„^vP8<^«'§i»’0^+g^Je^^^0i>‘if8P„0^'^. (6-20a) 
Similarly from (5-116), (5-196) and (5-46) we find 

\rn^G'-+r8^0>^ = g^J'8^0,G^-^ref-p'r0^vJ% 

= ffiJ'8^0yGp>'-g^e/«’P<'0^v,Sp^0\ 

= -ki J%p^aV^B*<'<^Gi^0,+g^ J'eP'’i>^0^Vy8%G%. 


(6-206) 
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Now 8 i^ and 8 ^ have each only three non-vanishing components in the rest system. 
By a suitable orientation of the spatial axes in the rest system it may be arranged 
that all components of 8 ^^ except vanish (cf. Bhabha 1940 ). In this 

system it is not difficult to verify that the right side of (5-20a) is zero. Similarly in 
the system in which all components of vanish except 8 ^ = — 8^1 = we verify 

, that the right side of (5-206) vanishes. Therefore we have 

+ = (5-21 a) 

^r 8 ^,Gi-’ + r8^0/‘ = O. (5-216) 

Since^5-21) are tensor equations they hold in all systems. So for I and /' not zero 
we find from (5-21) and (5-18) 

M = m — (5-22) 

where m is a constant. This equation holds even when or 8 ^ is zero since it can 
be derived both from ( 6 -lOa) and (5-106). Therefore we obtain from (5-15), (5-22) 
and (5-14) 

. = + (5-23a) 

= mv^-\gf, 8 P''Q'^^)v^ + r8%-)f>-g^8^0'^-g^8^Q%, (5-236) 

according as we use ( 6 -IO 0 ) and (5-106). The equations of motion can therefore be 
written as follows, if we write and 8 ’^' = for brevity: 

■^{mv^-^g2SP‘'Q'p^^'^v^ + l 8 ',-g 28 ^^ 0 ’'-g 28 a^‘'„) 

= giO;^v‘'-lg^8P^d,0'^^, (6-24a) 

I{^,,+V^ 8 ',-V, 8 '^) = gl8^M^-gf,8,0-$,0^, (5-26a) 

^ {mv^ - ^2 Sp'^ - 1 - r8*' - gz 8^^&’ - g^ 8^0 %) 

= (5-246) 

r{ 8 %+v^ 8 r-v,Sf} = g,[8,M_-g,[8,0.-8.0^l (6-256) 

Equations (5*24a) and (5-25a) are equivalent to (5-246) and (5*256), except when 
or S^j, is zero. We have to choose the (a) or ( 6 ) equations according as we choose 
(5* 10 a) or (5*106). The equations are to be supplemented with the additional 
. conditions = 0 , = constant and = constant, which follow from 

(5*11) and (5*12) and hold in both cases. 

Except for the values of the two constants m and 1 (or /') the equations (5*24) 
and (5*25) are entirely j&ee from arbitrariness. In the corresponding equations 
obtained by Bhabha & Corben ( 1941 , equations (72) and (73)) three more imicpewden^ 
'mechanicar constants V (or 7), K and K' appear besides I (or F) and m, and, in 
addition, there is a large number of other constants entering into the radiation 
reaction terms. In our case we automatically get K ^ K' — 0 , Also, on account of 
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the fact that the ‘electric’ and the ‘magnetic’ moments are parallel I and I' are no 
longer independent and reduce to one arbitrary constant I (or I'). Besides, the 
radiation reaction terms are completely determined. In fact, if we put = 0 in 
(5-24a) and (5-26o), they become identical with the equations (101) and (102) of 
Bhabha & Corben for K = K' = 0, apart from the ambiguity of the radiation 
reaction terms in the latter. Similarly, on putting = 0 in (6-246), (6-266) we find 
that they agree with the corresponding equations for the pure ‘electric’ dipole 
given by Bhabha ^ Corben (p. 299), except that in our equations K = K' == 0 and 
the radiation reaction terms are definite. 

Finally, we consider a charged dipole m the scalar-meson field. Let be the 
charge and the dipole moment. We may assume that 


. = ( 6 - 20 ) 

for otherwise we can put 

where = 0. The retarded potential due to the part ^*8 of <8“ is 



if we notice that Thus gj behaves exactly as a charge 

and can.therefore be included in The field-producing properties of the charged 
dipole are then completely determined by gi. We can therefore assume 

from the outset that = 0. Besides, we assume that, g^ and are constants, 
and also 

/S'® s (S'a = constant. (6-27) 

From (2-30) and (2-31) we find that the equations of motion are 


A = -Sfi (5.28a) 

- {V^A, - v,A^). (6-286) 

From (4-4) and (6-286) we get 


so that B^8fl = 0. 

We can therefore write B/^ in the form 


5 / 0 . = lex^P^v^s^. ( 6 . 29 ) 

On account of (6-27) and (4-46) I must be a constant. Substituting (6-29) in (6-286) 
we get 

Ie^f^(vPS<^+vPS<') = 9lS^Ul,^^^-8,U’^^^o^]-{v^A,-v,A^% (6-30a) 

i.e. + = (6-306) 
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By contracting (5-30a) 'svith. i;" and using {6-14) we obtain 

(6-31) 

so that V/^A^, = - j7'meaii ^ j7'meatt_ (5.32) 

On the other hand, we obtain from (6-28a) 

v^A^ = -giU'^^^+gz^(S‘^U'^^^)-g^{lS«U'„^^^). (6-33) 

Subtracting (6-32) from (5-33) we obtain 

^ = ^{-giU'^^+g^8<^U'^^}-g^S«{fJ'^^-v^U'^^^). (6-34) 

By contracting (6-306) with vAU'^^—v^tJ'^^), we obtain 

CT'mean) _ q. 

.Therefore we find from ^5-34) that 

M = m-gi CT-'mean + SaU'meaj>.^ (5.35) 

where m is a constant. The equations of motion therefore become, if we put 

U, = 

^{mv^ - gri - g^B^ tf' “«*“} 

= (6-36a) 

■f= ?2['S'^ -^y'^iA, (5-366) 

since = 0, 

as is easily seen by constmcting the tensor dual to it and using (5-3). These equations 
also contain only two arbitrary constants m and I. They will be used to calculate 
the scattering of scalar mesons by a neutron (or a proton) in a subsequent paper. 

This work was done under the supervision of Professor H. J. Bhabha, and I am 
thankful to him for his help and advice. 
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The oxidation of liquid hydrocarbons 

I. The chain formation of hydroperoxides and 
their decomposition 

• By Pheltp Gboege, E. K. Ridbal, P.R.S. and Alan Robbetson 
Department of Colloid Science, University of Cambridge 

{Received 5 July 1944.— Revised 13 January 1945) 

The cotirse of the low-temperature liquid-phase oxidation of hydrocarbons through hydro¬ 
peroxide formation and subsequent decomposition has been confirmed. The function of a 
heavy metal catalyst is to increase both the rate of formation and decomposition of this 
hydroperoxide. The dependence of the stationary concentration of hydroperoxide on the 
oxidation rate and the catalyst concentration indicated that the hydroperoxide decom¬ 
position is unimolecular with the reaction velocity constant directly proportional to the 
catalyst concentration. This has been confirmed by independent decomposition experi¬ 
ments. It is suggested that the reaction involves the breakdown of a ‘heavy metal catalyst- 
hydroperoxide ^ complex. 

From a study of the oxidation rates of hydrocarbons, alcohols and ketones, and the 
oxidation of mixtures, it was found that alcohols are the most resistant to oxidative attack 
and furthermore inhibit the catalysed oxidation of long-chain paraffins. The oxidation cannot 
therefore proceed through alcohols as primary intermediates, and the hydroxylation theory 
is thus inapplicable to these liquid-phase oxidations. It is suggested that the sequence 
hydrocarbon-hydroperoxide-ketone represents the major course for the reaction in the early 
stages of the oxidation. 

From the variation of the inhibited rate with time, a theoretical treatment has enabled 
the chain length of the uninhibited oxidation to be determined. For instance, at 120® 0 the 
chain length is 142± 10. The ‘activation energy* of the chain length is -13‘3 ± 2 koal.: thus 
at 20° C the chain length would have a value of 48,000. From this activation energy and that 
of the overall reaction, the activation energy of the chain initiation reaction has been found 
to be 28'2 ± 2’6 kcal. 

In the heavy-metal catalysed oxidation the rate is independent of the catalyst concentra¬ 
tion above a certain value. This may be explained by the hypothesis that the heavy-metal 
catalyst both starts and stops reaction chains responsible for hydroperoxide formation. The 
phenomena of positive and negative catalysis follow, according to relative efficiency of the 
heavy-metal catalyst in these two reactions. 


Inteoddction 

The osidation of hydrocarbons and their derivatives presents two distinct problems 
^the sequence of reaction products and the mechanism of the reaction. The review 
articles of Semenov (1935) and Lewis & Von Elbe (1938) show the chain character of 
the high-temperature gas-phase oxidation of hydrocarbons, 200-600° 0, to be well 
established. This oxidation is a drastic process involving considerable fragmentation 
of the molecule and many reaction products are obtained. There is considerable 
difficulty in deciding the nature of the primary intermediate in the oxidation 
sequence. Bone and the supporters of the hydroxylation theory believe it to be an 
alcohol which on further hydroxylation gives aldehydes, acids and finally fission 
products. Accordit^ to the peroxidation theory originated by Bach (1897), EnglAr & 
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Wild (1897-8) and subsequently modified by Callendar (1927), Egerton (1928), 
Ubbelohde (1935) and others, the primary intermediate is a peroxide which decom¬ 
poses—^the products then oxidizing further. However, at high-reaction tempera¬ 
tures peroxides decompose very rapidly, in consequence of which they are isolatable 
in only small amounts. In view of this Lewis & Von Elbe have emphasized the role 
of aldehydes in eliminating the initial induction period and they regard aldehydes 
as instrumental in the initiation of the hydrocarbon oxidation chain. Semenov has 
suggested that degenerate chain branching best explains the observed induction 
periods: and in the oxidation of methane and ethylene Gershevich & Burikov (1938) 
have shown kineticaUy that peroxides are responsible for this degenerate chain 
branching. 

Moureau & Dufraisse (1926) and others found that hquid-phase low-temperature 
oxidations are characterized by marked susceptibility to inhibitors and heavy-metal 
catalysts. Their theory of inhibition involving the induced oxidation of the inhibitor 
has been shown by Christiansen (1924) to require the further assumption of a chain 
mechanism. Backstrom (1927) demonstrated this experimentally in the oxidation 
of benzaldehyde and sodium sulphite, showing that the inhibitor reacts with a chain 
carrier. Further detailed kinetic investigation has been impossible whilst the nature 
and sequence of the reaction products remained uncertain. This is especially true 
of the oxidation of lubricating oils, drying oils and fats where a large variety of 
oxygenated products result—olefin oxides, alcohols, aldehydes, ketones, ketols, 
glycols, acids, hydroxy acids, lactones, lactides and esters, etc. However, following 
Rieche’s synthesis of organic peroxides, and especially hydroperoxides (1931), the 
nature of the primary isolatable intermediate in the oxidation sequence has become 
clearer. Griegee (1939) has shown that cyclohexene and tetrahn oxidize to give 
stable hydroperoxides: in the former case oxygen attacks the methylenic carbon 
atom in the a-position to the double bond, rather than adding across the double 
bond as was assumed in the older formulations of olefin peroxides. Farmer and his 
co-workers (1942) have found that this initial a-methylenic peroxidation, which 
leaves the double bond intact, occurs in the oxidation of other olefins and poly- 
olefinic systems including rubber and methyl hnoleate, a prototype of the drying 
oils. To what extent hydroperoxidation is the invariable process by which oxygen 
attacks a C—^H bond and how far all the complex oxidation products arise from 
hydroperoxide decay reactions have yet to be decided. However, it is well established 
that hydroperoxidation is the common initial reaction in many oxidizing systems, 
and it is the purpose of this investigation to exanodne in detail the kinetics of the 
reaction and thus elucidate the underlying chain mechanism. 

This paper deals with the sequence of pr6ducts in the oxidation of hydrocarbons, 
the kinetics of hydroperoxide decomposition, and the inhibition and heavy-metal 
catalysis of the chain reaction in general terms. In the papers that follow, the nature 
of the chain process is examined in the thermal oxidation, the benzoyl peroxide- 
sensitized oxidation, the surface-catalysed oxidation and the heavy-metal catalysed 
oxidation. 
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Matbeiaxs 

Tetralin, decalin, ethyl benzene, mesitylene and cumene. Specimens were obtained 
from British Drtig Houses and further pinified by shaking with concentrated sul¬ 
phuric acid until no colour was given: this removes the residual peroxides. This 
method could not be used for the mesitylene because it reacts rapidly with the acid, 
so a distillation from a copper stearate solution was used in this case. After washing 
with caustic soda and twice with distUled water the hydrocarbons were dried over 
calcium chloride, distilled in a current of carbon dioxide and kept in brown glass 
bottles under the same gas. Tetrahn: b.p. 207° C, n^ = 1-6424. Decalin: b.p. 187- 
194° C, n^ — 1-4730, this corresponds to 70 % of the trams isomer. Ethyl benzene: 
b.p. 136° C, n^ = 1-4960. Mesitylene: b.p. 164° C, n^ = 1-4988. Cumene: b.p. 162- 
164°C,ug = 1-4923. 

n-Octane, a-n-octene mixture and hng-chain n-paraffins. Specimens were supplied 
by the Fuel Research Station. Copper stearate was added to decompose the residual 
peroxides and the mixtures were distilled. «.-Octane, a-%-octene: b.p. 123-126° C, 
n^ = 1-4042, Macllhiney bromine number = 68 , this represents 42 % olefin. Long- 
ehaiu paraffins: b.p. 120-260° C at 6 mm. pressure—a mixture of the Ci 5 -C 2 e 
hydrocarbons. 

Oenanthal and stearic acid. Samples were obtained from British Drug Houses. 
The oenanthal was well washed with dilute brine to remove traces of acid and yet 
prevent undue solution of the aldehyde: after fibaaUy washing with water it was dried 
over anhydrous sodium sulphate, distilled and kept under carbon dioxide; b.p. 164° C. 
The stearic acid was vacuum-distiUed; the middle fraction had a melting-point of 
69° C. 

Laurone. Laurie acid in acetone solution was passed over thoria at 416° C; the 
product was dissolved in alcohol, poured into a solution of potassium hydroxide and 
the ketone separated off and recrystallized twice from alcohol; m.p. 69° C. 

Heavy metal soaps. These were prepared according to the method given by 
Lawrence ( 1938 ). 


PBOOBDtTB,E 

A. Measurement of oxidation rates 

The rate of oxygen uptake of films of the material was measured in the following 
manner. Using a graduated pipette, samples were run into small flat-bottomed 
flasks which had a volume of about 40 c.c. and a bottom surface area of about 
20 sq.cm. Thus a 1 c.c. sample gave a layer 0-6 mm. thick. A small tube containing 
earbosorb asbestos, 63 % NaOH, rested in the neck of the flask to take up such, 
volatile oxidation products which might be formed, i.e. water. The flask was 
attached by rubber tubing to a gas burette containing mercury. A T-piece enabled 
the apparatus to he evacuated and filled -with oxygen or, other gas mixtures. The 
flask was imm ersed in an oil thermostat at temperatures near 100 ° C. It took 1 min. to 
reach thermal equihbrium as measured with a fine wire copper-constantan thermo- 
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couple which took 10 sec. when immersed directly. The flask was set shaking at 
about 200 cyc./min. and the gas burette was levelled by connecting to a water 
manometer isolated from the main system. The oxygen uptake was then measured 
at \ min., 2 min. or half-hourly intervals for rates of the order of 100, 10 and 3 c.c. 
oxygen/c.c./hr. respectively; the average of four or five consecutive values was 
taken as the initial rate. 



Fiottbb 1. Tetralin: oxygen uptake as a function of shaking speed (in cycles per minute). 
A. 1 c.c. uncatalysed. B. 1 c.c. plus 0«2 g. powdered barium sulphate. C. 1 c.c. plus 0*5 % 
copper stearate (by weight). Thickness of static liquid layer 0*6 mm. 

It is now necessary to decide whether the results represent the true rate of reaction 
or are conditioned by physical factors, such as the passage of oxygen across the 
liquid-gas interface and/or its subsequent diffusion through the liquid. The foUowiag 
observations show that imder the above conditions genuine reaction velocities can be 
measured. A series of experiments using 1 c.c. samples, some of which are illustrated 
in figure 1, showed that absorption rates of less than about 20 c.c. oxygen/c.c./hr. 
are not altered by shaking the flask, whereas those above this limit are much 
increased. However, in these cases there was no variation in the rate for shaking 
speeds of 100-300 cyc./min. In experiments on the uncatalysed oxidation of varying 
amounts of tetralin at 110° C, where the flask was not shaken it was confirmed that 
rates below about 20 c.c. oxygen/c.c./hr. are real reaction rates. The results are 
presented in table 1; the oxidation rate is in c.c. oxygen per hour. Experiments were 
then carried out with tetralin catalysed by 0*5 % ferric’^stearate which gives the 
very high oxidation rate of 183 c.c, oxygen/c.c./hr. at 110° C. Different amounts 
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were shaken at 200 cyc./min.; the corresponding oxidation rates are given in table 2 . 
It is clear that for amounts less than 2 c.c. real reaction rates are obtained, for the 
rate is independent of the quantity of tetralin used. For the 3 and 5 c.c. portions 
physical conditions begin to limit the rate which was now found to be dependent on 
the shaking speed. 

Table 1 . The dependekoe oe the oxidation rate on the amount of 
tetralin: unoatalysed oxidation: flask not shaken 


amount of 


oxidation 

tetralin 

ojcidation 

rate per c.c. 

c.c. 

rate 

tetralin 

0*5 

6-0 

12-0 

1*0 

12*2 

12*2 

2*0 

24-0 

12*0 

3*0 

.27-0 

9*0 

5*0 

30-0 

6*0 


Table 2 . The dependence of the oxidation rate on the amount of 

TETRALIN *. CATALYSED OXIDATION: FLASK SHAKEN 


amount of 


oxidation 

tetralin 

oxidation 

rate per c.c. 

c.c. 

rate 

tetralin 

0*6 

90 

180 

1*0 

183 

183 

2*0 

363 

182 

3*0 

610 

170 

5*0 

720 

144 


In all the experiments that follow, 1 c.c. portions of the material have been used, 
and for both uncatalysed and catalysed oxidations the flask has been shaken at 
200 cyc./min. These preliminary experiments show very clearly that under the 
conditions outlined above genuine reaction velocities can be measured. 

B. The preparation^ estimation and decomposition of the hydroperoxides 

The peroxide solutions were made by the irradiation of the hydrocarbon with 
ultra-violet light at about 80° 0 for a day; oxygen was bubbled through aU the 
time: the solution was then diluted as required. 

The method used throughout for the measurement of the peroxide concentration 
has been the liberation of iodine from a solution of potassium iodide in acetic acid 
as described by Lea ( 1931 ). Peroxide-free glacial acetic acid was prepared by dis¬ 
tilling from a solution of copper acetate. A measured quantity of the oxidized hydro¬ 
carbon was heated with 1 g. of solid potassium iodide and 6 c.c. of this peroxide-free 
acetic acid for 1 min. at 100 ° 0, The iodine was then titrated withN/60 sodium thio¬ 
sulphate, using starch as an indicator. It was found necessary to pass nitrogen or 
carbon dioxide through the mixture during the entire process to prevent the libera¬ 
tion of iodine arising from the absorption of atmospheric oxygen. In the case of 
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hydrocarbon mixtures containing copper stearate it was essential to allow for the 
iodine liberated by the copper. This method of estimation was quite satisfactory for 
the olefin hydroperoxides. 

As only small quantities of peroxide solution were available it was necessary to 
carry out the peroxide decomposition on a small scale. The peroxide solution was 
contained in a test-tube fitted with a cork with a pipette passing through it and a 
small vent hole cut in the side. This tube and another containing the heavy-metal 
catalyst dissolved in the parent hydrocarbon were immersed in an oil thermostat. 
When thermal equilibrium was reached the solutions were mixed and measurements 
of the peroxide concentration were made at intervals. During the decomposition 
a stream of nitrogen was passed in through the pipette to prevent the absorption of 
oxygen during the experiment. 


1. The sequence of oxidation peodtjcts 
(o) Hydroperoxide formation 

In the thermal oxidation of ethylbenzene at 110° C over a period of 2 days, most 
of the absorbed oxygen has been found as hydroperoxide: this is shown in table 3. 
In the thermal oxidation of tetraJin the exclusive production of hydroperoxide is 
even more striking. As is shown in figure 2 in the early stages of the oxidation it 
represents as much as 93 % of the absorbed oxygen. Figure 3 shows |,|)hat in the 
heavy-metal catalysed oxidation the initial produce is again hydroperoxide: a very 
low copper stearate concentration had to be used, for as will be seen later it is also 
a very eflficient catalyst in the peroxide decomposition. 

Table 3. Hydroperoxide formation in the oxidation of ethyl benzene 


oxygen 

hydroperoxide 

% oxygen as 

absorbed 

found 

hydroperoxide 

c.c. 

c.c. 


49 

38 

78 

48 

33-5 

70 

41 

26-9 

65 


The activation energies of this hydroperoxide formation have Been measured for 
the thermal oxidation of tetralin (66-130° C) and for the ferric stearate catalysed 
oxidation (90-120° C). The values in table 4 have been calculated firom the formula 


- T^-T, ’ 


equ. (1) 


where and are the rates at the higher and lower temperatures Tj and respec¬ 
tively. The rate at 110° 0 has been used in each calculation because of the many 
determinations of the rate carried out at this temperature. The initial oxidation 
rates are given in c.c. oxygen per c.c. tetralin per hour. The mean value of the 
activation energy for the thermal oxidation is 14’9 kcal., the standard deviation of 
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the mean is 0-6 kcal.; and the standard deviation of any individual determination is 
1*3 koaL These somewhat large deviations arise from variations in the thermal 
oxidation rate which may be as large as 10 % from one specimen of tetralin to another. 
The values given in table 4 were obtained using three diiferent specimens at different 
times. However, for any one specimen the rates are reproducible to within 4 %, and 
care has been taken to use the same specimen of tetralin throughout any one kinetic 



time (min.) time (min.) 


Figtibe 2 Figure 3 

Figure 2. Uncatalysed oxidation of tetralin at 120° C. A. Gaseous oxygen absorbed. 
B. Oxygen present as hydroperoxide. 

Figure 3. Heavy-metal catalysed oxidation of tetralin at 112° C. A. Gaseous oxygen absorbed 
in presence of 0*02 % copper stearate. B. Oxygen present as hydroperoxide in above experi¬ 
ment. C. Uncataly^d oxidation for comparison. 


Table 4. Overall activation energies for the oxidation of tetralin 



uncatalysed tetralin 

— 

catalysed tetralin (4 % FeSta' 

temp. °C 

rate 

activation energy 
kcal. 

rate 

activation energy 
kcal. 

130 

36*0 

16-6 


«— 

120 

21*0 

16*0 

228 

6*6 

no 

12*2 

— 

183 

_ 

100 

7*5 

13*8 

145 

6*5 

90 

4*8 

13*2 

115 

6*4 

65 

0*9 

14*9 


_ 
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investigation. The mean value of the activation energy for the ferric stearate cat¬ 
alysed oxidation is 6-6 kcal. Here the rates are reproducible to within 2 %, and the 
standard deviations of the mean and the individualideterminations axe 0-08 and 
0-14 kcal. respectively. 

Whilst this activation energy is very low there is no possibility that it has been 
conditioned by physical limitations, such as oxygen diffusion, as was shown earlier. 
These low values are conditioned by the chain character of the oxidation process 
and win be dealt with more fully later. 

(6) Hydroperoxide decomposition 

The decomposition of a hydroperoxide can occur^in several ways including a 
unimolecular reaction to give the ketone and a bimoleoular reaction to give the 
alcohol: * 

JSJZ'OHOOH^iJiJ'CO-hHaO, (1) 

2.BjB'CHOOH->i2i?'CHOH-l-other decomposition products. (2) 

It has not been possible to examine the decofnposition of parafiSn hydroperoxides 
because their instability makes it difficult to obtain high concentrations. Whilst 
olefin hydroperoxides can be more readily obtained, Parmer & Sundraltngam (1942) 
have shown their uncatalysed decomposition to be complex, involving the production 
of olefin oxides. However, the uncatalysed decomposition of the alkyl benzene 
hydroperoxides is simpler and the kinetics have been examined. Medvedev (1938) 
found that tetralm hydroperoxide decomposes to give almost entirely tetralone. 
Yamada (1936) and Ivanov, Savinova & Michaelova (1939) have shown this to be 
a unimolecular reaction. Yet there has been scarcely any kinetic investigation of the 
heavy-metal catalysed decomposition. Until recently the observation that in the 
heavy-metal catalysed oxidation very little hydroperoxide can be found, has been 
taken to mean that hydroperoxide formation is hindered by heavy-metal catalysts 
(see for example PHssoff 1935-6). However, it is now clear that heavy-metal catalysts 
increase both the rate of formation and decomposition of hydroperoxide. Cook 
(1938) showed that the hydroperoxides of tetralin, cyclohexene and octalin, in the 
presence of ferrous phthalocyanine, give large yields of the corresponding ketones. 
One of the decomposition reactions thus predominates, and it is now possible to 
examine kineticaUy the balance between the formation and decomposition of the 
hydroperoxide. 

In the study of the effect of copper stearate on the oxidation of ethyl benzene at 
110° C, the residual peroxide concentration was measured after the uptake of about 
26 c.c. of oxygen per c.c. hydrocarbon. A marked decrease in the peroxide concen¬ 
tration was found as the catalyst concentration was increased. The results are 
presented in table 5 where the initial oxidation rate is given in c.c. oxygen per c.c. 
ethyl benzene per hour, and the peroxide concentration is measured in c.c. absorbed 
oxygen (corrected for the copper present). 
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Table 5 . Ethyl benzene. Vab.iation or the oxiDATibN eats and the equi- 

LIBBITJM HYDBOPBKOXIDB CONCENTEATION WITH THE CATALYST OONCBNTEATION 


copper stearate 
concentration G 
% by weight 

initial 

oxidation 

rate, 

equilibrium 

hydroperoxide 

concentration 

B^IPeO 

0 

0*34 

33*5 

— 

0*0125 

MO 

17*0 

5*2 

0*025 

3*38 

—! 

— 

0*0375 

5*00 

10*45 

12*8 

0*0625 

6*90 

10*10 

10*9 

0*125 

7*50 

3*60 

16*7 

0*25 

6*55 

2*14 

12*3 

0*50 

6*45 

1*38 

9*4 

1*00 

7-85 

0*62 

12*7 


Now the rate of hydroperoxide decomposition can be expressed in the form, 

Bji = KG^P^, 

where C and P represent the catalyst and peroxide concentrations and is a con¬ 
stant. In § 1 (o) it has been shown that the rate of peroxide formation is given by 
the rate of oxygen absorption, B^. At equilibrium the rate of peroxide formation 
equals the rate of peroxide decomposition, i.e. Bp — B^. Thus if be the equili¬ 
brium peroxide concentration, it follows that 

Bp^AG^Fl, equ.(2) 

where A is a constant. In table 6 the ratio ii^/Pg 0 has been calculated and it is seen 
to be constant. Ignoring the value for the lowest catalyst concentration where the 
errors are greatest, the mean is 12-6: the standard deviation of the mean is 0-6. The 
fact that BpjPgO is a constant implies that the peroxide decomposition is uni- 
molecular, the reaction constant being proportional to the catalyst concentration. 

This conclusion has been confirmed by a kinetic examination of the copper- 
stearate catalysed decomposition of tetralin and octene hydroperoxides. The 
decomposition of oxtene peroxide was investigated, varying the catalyst concen¬ 
tration at 100 and 110° C. Table 6 gives typical figures for the decomposition, and 
table 7 shows that the unimolecular reaction constant is directly proportional to 
the catalyst concentration. The activation energy for the decomposition in the 
presence of 0-06 % copper stearate is 36 +1 kcal. In the case of tetralin hydro¬ 
peroxide linearity with catalyst concentration was established at 107° 0; then the 
unimolecular constants corresponding to 0-3 % copper stearate were checked several 
times at 102 and'110° C and found to be 0-018 and 0-049 min.~^ respectively, giving 
an activation energy of 36 +1 kcal. ■ 

In the case of several hydrocarbons where the decomposition has not been studied 
an index of the stability of the peroxide can be obtained as the ratio of the oxidation 
rate tp the residual peroxide concentration for a given catalyst concentration 
(equation (2)), since it has been shown expOTimentaUy that BpjP^O is a constant 
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Table 6. Ootenb hydeopeeoxidb. 0-1 % ooppbe stbabatb. 
100° C n/50 thiosxtlphate 



titration 

unimoleeular 

bimolecular 

time 

value 

constant 

constant 

min. 

c.c. 

min."”^ 

arbitrary units 

0 

9*45 

— 

— 

10 

4*10 

0*083 

0*014 

20 

2*13 

0*075 

0*018 

30 

1*02 

0*074 

0*029 


Table 7. Ootbnb hydeopbeoxidb. Catalyst coxoenteation vaeibd 



catalyst concen- 
tration % 

unimoleeular 

unimoleeular 


copper stearate 

constant 

constant ~ 

temp. °C 

by wt. 

min.”^ 

catalyst cone. 

100 

0*06 

0*035 

0*70 


0*10 

0*077 

0*77 


“ 0*20 

0*129 

0*65 

110 

0*01 

0*027 

2*7 


0*02 

0*045 

2*3 


0*05 

0*121 

2*4 


(table 6). Table 8 giyes several such values of for 0-3 % copper stearate con¬ 
centration at 100° 0. Thus the hydroperoxides can be divided into two classes. 
Those with high values of are those peroxides containing a hydrogen atom on 
the a-carbon atom to the hydroperoxide group: these can lose water to give a 
ketone. The second class with the low values contains the tertiary hydro¬ 
peroxides when this reaction is impossible and the hydroperoxides have a corre 
spondingly greater stability. 


Table 8. Relative stability op hybeopeeoxidbs 


hydrocarbon ^wlPt 

* tetralin 6'1 ± 0-3 

mesitylene 6-0 ± 0-3 

ethyl benzene 6-0 ± 0*3 

cumene 2-8 ± 0-2 

decalin 2-4 ±0-1 


(c) The effect of hydroperoxide decomposition products and further oxidation 
products upon the initial oxidation rate of hydrocarbons 

Figure 4 gives the results of experiments in which mixtures of long-chain paraffin 
and stearic acid, laurone and sec.-dodecyl alcohol were oxidized with cobalt stearate 
as catalyst. It is seen that the alcoholis a mM inhibitor of the hydrocarbon oxidation, 
whilst hydrocarbon inhibits ketone oxidation. The relative oxidation rates of these 
hydrocarbon derivatives have considerable bearing on the course of the oxidation. 
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A table of rates measured in c.c. oxygen per c.o. material per hour at 110® C is given 
below for the uncatalysed oxidation and that catalysed by 0*6 % by weight of 
cobalt stearate. 



Figuhb 4. Oxidation of mixtures catalysed by cobalt stearate (i % by weight). A. Long 
chain paraffin and stearic acid. B. Long chain paraffin and laurone. C. Long chain paraffiba 
and 5ec,-dodecyl alcohol. 


Table 9. Oxidation rates of tyfioal hydrocarbon derivatives 


compound 

uncatalysed 

rate 

catalysed 

ral!e 

560.-octyl ajcohol 

0*06 

0*2 

cetyl alcohol 

0-08 

0*8 

long chain n-paraffin 

0*25 

4*8 

stearic acid 

0*60 

7*3 

laurone 

2*6 

8*6 

oenanthal 

720 

55 


Discussion 

The formation of hydroperoxide in the oxidation of tetrahn has been reported by 
Hock & Susemihl (1933), Medvedev (1938) and Criegee (1939). Ivanov et ah (1939) 
have noted the effect of inhibitors and heavy-metal catalysts on the rate of formation. 
The experiments in §1 {a) have confirmed that the oxidation proceeds via the hydro¬ 
peroxide in both the uhcatalysed and heavy-metal catalysed oxidations. The heavy- 
metal catalyst increases both the rate of formation and decomposition of the 
hydroperoxide, and in § 1 (6) this equilibrium has been studied in the oxidation of 
ethyl benzene. The heat of activation of the decomposition of the hydroperoxides is 
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considerably greater than that of formation, and so it follows that the concentration 
of peroxide in an oxidation will decrease as the temperature rises. This is found to 
be so, and in general peroxides have rarely been detected in liquid-phase oxidations 
at temperatures greater than 170° C. 

In 1938 Cook found that in the ferrous phthalocyanine catalysed decomposition 
of many hydroperoxides large yields of ketones axe obtained. In § 1 (6) the heavy- 
metal catalysed peroxide decomposition was shown to be a unimolecular reaction 
in which the velocity constant is proportional to the catalyst concentration. This 
confirms the idea that the decomposition involves the breakdown of a heavy-metal 
catalyst-hydroperoxide complex. The existence of such a complex has been demon¬ 
strated spectroscopically by Stem (1936) in the decomspoition of ethyl hydrogen 
peroxide in the presence of the enzyme catalase. This also accounts for Cook’s 
observation that ferrous phthalocyanine in the presence of tetralin hydroperoxide 
forms a red compound from which the blue phthalocyanine can be regenerated by 
the addition of a small quantity of reducing agent, such as hydrazine. 

In the oxidation of long-chain saturated hydrocarbons the hydroperoxides are 
far less stable; however, the oxidative behaviour of the various products is in 
agreement with the foUowmg oxidation sequence: 

hydrocarbon hydroperoxide alcohol 

•i 

ketone -> acid -r further oxidation products. 

As was shown in § 1 (c), the slow oxidation rate of alcohols makes it extremely 
unlikely that they are primary oxidation intermediates (i.e. that all the subsequent 
oxidation products can be derived from them): if they were, the oxidation would be 
auto-retarding and alcohols would predoihinate in the oxidation products. By 
examining the oxidation of mixtures it was found that long-chain alcohols inhibit 
the catalysed oxidation of long-chain parafl&ns. This confirms the above conclusion 
which is further supported by the observations of Farmer & Sundralingam (1942). 
They found it impossible to oxidize cyclohexene-3-ol to the corresponding ketone 
and concluded: ‘this suggested (although in no way proved) that the ketone is formed 
directly from the hydroperoxide rather than indirectly via the alcohol.’ 

Table 9, containing the oxidation rates of hydrocarbon derivatives, has con¬ 
siderable bearing on the amount of an oxidation intermediate isolatable in a pro¬ 
longed oxidation. Provided the oxidation of one intermediate does not interfere 
markedly with that of another, the ‘stationary’ concentrations will be approxi¬ 
mately proportional to the reciprocal of the individual oxidation rates. This accounts 
for the small amounts of aldehydes which can be detected and suggests that quite 
high ketone concentrations should be found. Larsen, Thorpe & Armfield (1942) have 
examined the uncatalysed oxidation of ahphatio, naphthenic and aromatio-naph- 
thenic hydrocarbons at 110° C. Some of their results are listed in table 10, where the 
percentage of absorbed oxygen occurring as peroxide, alcohol, and ketone is given 
for oxidation over periods of 10-60 hr. Their use of hydroxylamine to estimate the 
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carbonyl content in the presence of hydroperoxides—strong oxidizing agents—can 
be criticized; however, in these prolonged oxidations the residual peroxide content 
is quite low and the correction would only be of the order 10-26 %. These results are 
significant, for they show the large preponderance of ketones over alcohols. This is 
in agreement with the above prediction and supports the suggested oxidation 
sequence. 

Table 10. Analysis or oxidation peodxjots (Larsen et al. 1942) 


hydrocarbon 

hydroperoxide 

% 

alcohol 

% 

■ carbonyl 
compounds 
% 

aromatic-naphthalenic 

4-3 

8*5 

27-2 

naphthenic 

13*6 

8-9 

614 

paraffinic 

4-1 

1*9 

46-0 


The entire course of the oxidation of the more complex unsaturated hydrocarbons, 
and in particular that of the drying oils, has yet to be elucidated. The oxidation 
products are far more complicated (Parmer & Sutton 1942; Morell, Bolam, Davis, 
Marks, Phillips & Sim 1942): further, polymerization can occur which involves the 
peroxide (Gee & Rideal 1935). However, the general course of the oxidation through 
hydroperoxide formation and decomposition is well established in many cases, and 
much evidence now shows that the hydroxylation theory is inapplicable to these 
liquid-phase oxidations. 

2. The chain chabactbb oe the oxidation 

Moureau & Dufraisse (1926) and many others have studied the effect of inhibitors 
and keavy-metal catalysts on liquid-phase oxidations. These processes will now be 
examined in turn for information regarding the chain mechanism of the production 
of hydroperoxides in the oxidatioA of hydrocarbons. 

4 A. InJiibition 

In 1927 Backstrom studied the quantum yields obtained in the photochemical 
oxidation of benzaldehyde, oenanthal and sodium sulphite; the very high values, 
10,000, 16,000 and 60,000, clearly showed the chain character of the reaction. 
Alyea & Backstrom (1929) examined the inhibition of the thermal and photochemical 
oxidation of sodium sulphite by various alcohols and established that the alcohol 
reacted with a chain carrier, undergoing oxidation. Prom their results they were 
able to calculate the chain length of the inhibited reaction. Jeu & Alyea (1933) 
extended the study of inhibition and derived an empirical method for the deter¬ 
mination of the chain length in the uninhibited oxidation. In the more fundamental 
derivation which now follows, it has been assumed that the inhibitor reacts with one 
of the active centres of the chain, one molecule of inhibitor being removed for each 
chain stopped. It is also assumed that the inhibitor reacts with the same chain 
carrier involved in the normal chain termination reaction. 
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R. 


ap 

T’ 


where a, p and b are the rates of chain initiation, propagation and termination respec¬ 
tively. The chain length is given by p/b. If the inhibitor, concentration 7, reacts 
with the chain carrier and the reaction velocity constant is c, then the inhibited rate 
R^ is given by 

^'^b + cr 

Now a fraction c7/(6 + c/) of the chains are stopped by the inhibitor, and if one 
molecule of inhibitor is removed for each chain stopped, the rate of inhibitor removal 
is given by 

dl ^ acl 
dt b + cl* 


Integrating 


—a^ = -ln7-i-7-h constant, 
c 


When ^ = 0, 7 = 7o the initial inhibitor concentration; thus the integration constant 
can be evaluated and 


t 




equ. (3) 


When t is small, the exponential term in equation (3) can be ignored and then 

I = Io-at. equ. (4) 


Since -i- = ^ it follows that 


1 b “f* “■ ccti 1 c ^ 

Ri op ' 


equ. (5) 


Thus the initial slope of the curve obtained by plotting l|B^ against <, gives the 
ratio cjp. 

Now the ratio of the uninhibited rate to the initial inhibited rate Bi is 

Rq 6 -}- c7q 


and so 


whence 


chain length = ^ = 


b 


1- 

b^> 


il 

P 

Ik 'J 

b ' 

0 r- 




equ. (6) 


P 
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Thus by determining jRqj ^nd cjp the chain length of the uninhibited oxidation 
may be calculated. Before presenting the experimental results of the determination 
of the chain length in the thermal oxidation of tetralin, a further approximate 
solution of the above equations will be considered. 

As an alternative to measuring the oxidation rate during the removal of the 
inhibitor the induction period can be measured, which may be defined as the time 
taken for the rate to become equal to the uninhibited rate to within experimental 
error. The problem is now to evaluate this induction period in terms of the funda¬ 
mental quantities of the chain mechanism. 

A strict mathematical interpretation of equation (3) shows that the time taken for 
the complete removal of the inhibitor is infinite; since as 0 the value of ln/0// 
approaches 00. ‘ However, when the inhibitor concentration becomes sufficiently 
small, the rate will become undistinguishable from the uninhibited rate. The relative 
contributions of the algebraic and logarithmic terms in equation (3) can now be 
estimated for this condition to hold. 

Equation (3) can be rewritten 


lo 


\-f/ 4 J 


equ. (7) 


From the ratio of the uninhibited to the initial inhibited rate, it has been shown 
above that 



equ. (8) 


Let RolBi^ he 10, then, when the inhibitor concentration is reduced to 1/226 of its 
initial value, EJR^ will be 1-04. This is indistinguishable from 1, the experimental 
error being of the order of 4 %. 

In table 11 the contributions of the algebraic and the logarithmic terms in the 
expression for «//„ are calculated from equations (7) and (8) for various valuM of 
assuming that the ratio of the initial and final inhibitor concentrations to 
be this value of 225:1. Thus when the reaction is strongly inhibited, an approximate 
value of a, the rate of chain initiation, follows JBcom a measurement of the induction 
period, for equation (4) then becomes 



equ. (9) 


From this an approximate value of the diain length may be calculated, since 


chain length = ^ . 

ha /q 

Whilst the values of the chain length obtained by this approximation are not 
sufficiently accurate for an investigation of the variation of nlifl.iT' length with 
temperature, the measurement of the kinetic dependence of the induction period on 
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the hydrocarbon and oxygen concentration can be used to determine the kinetic 
dependence of the chain initiation reaction. This is possible for two reasons. First, 
the coefficient of the logarithmic term bjc in equation (3), may be independent of 
the reactant concentrations; then the approximation makes no difiference provided 
that the i-ni tial inhibitor concentration is kept constant. Secondly, even if the 
coefficient b /c does contain a reactant concentration, the contribution of the algebraic 
term will dominate the expression, provided that the reaction is strongly inhibited. 
The results of this investigation are presented in the next paper, where it will be 
seen that the first of these conditions is operative and so the use of the approximate 
equation is perfectly justified. 

Table 11 

algebraic term logarithmic term 



% 

% 

10 

62*5 

37-5 

20 

78*0 

22-0 

30 

84-0 

16-0 

50 

91-0 

9*0 


The measurement of the chain length in the thermal oxidation oftetralin. The oxygen 
uptake of 1 c.c. samples of tetralin containing from 0-002 to 0-02 % of /5-naphthol 
was measured until the rate reached the uninhibited rate. This was done over a 
temperature range of 100-130® C, a quartz flask being used throughout this series 
of experiments. (Identical rates are obtained using quartz or glass flasks, the former 
giving the more reproducible results.) The reciprocal of the rate at time t was then 
plotted against t for several inhibitor concentrations at each temperature. In 
^ure 6 are given the curves obtained at 120° C. As was shown above, the initial 
slope of these iljjlti)t curves gives the ratio cjp, and knowing the initial inhibited 
rate and the initial inhibitor concentration ig, the chain length A can be cal- 
culatbd (equation (6)). The results are given in table 12, the rates being measured 
in c.c. oxygen per c.c. tetralin per hour and the initial inhibitor concentration in 
mg./c.c. It follows from equation (5) that the slopes of the (l/Iti)t curves should be 
independent of the inhibitor concentration: table 12 and figure 6 show that this is so. 

It can be seen from table 12 that the chain length has a negative energy of activa¬ 
tion. This was to be expected, since the chain length is the ratio of the chain pro¬ 
pagation rate to the chain termination rate, and whilst chain propagation reactions 
are approximately thermoneutral with small activation energies the chain termina¬ 
tion reaction must have a considerable negative heat of reaction and hence a much 
larger activation energy. This can be made more explicit as follows: 

If the overall oxidation rate and the chain initiation, propagation and termination 
rates be represented by Bg, B^ and 2?,, and their corresponding energies of activa¬ 
tion are Bn, jEL and B^. then 
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Figure 5. Inhibition of the thermal oxidation of tetralin by ^ naphthol at 120° C. Reci¬ 
procal of inhibited rate plotted against time. The inhibitor concentration increases from bottom 
to top (see table 12 ). 


Table 12. Calotjlation or the oxidation chain lbnoth 


temperature and 
uninhibited rate 

^0 X 102 


c/j? X 10® 

A 

100 ° C, 

1-8 

2*1 

'•3-86 

,412 


3-6 

1-26 

4-00 

382 


6-4 

1*0 

4*16 

384 

110° C, i?o== 12*2 

5-4 

3-3 

2-00 

212 


7-2 

2-45 

2*48 

246 


9*0 

1-80 

2^76 

266 

120 ° C, i2a=21 

2*9 

11-6 

2‘00 

161 


5*8 

7.4 

2‘40 

146 


8-7 

6'0 

2*22 

143 


14*5 

4-3 

2-22 

134 


20-4 

3-1 

2-30 

136 

130° C, i^o = 36 

10*0 

14*0 

1*68 

103 


17-0 

9-0 

1-82 

107 


' 23-6 

7-0 ' 

2-00 

97 
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Now if the chaia length A has an activation energy since A = 

and Ei must be greater than E^,, or else the chain could not propagate; hence E^ 
must be negative. From the average values of A in table 12, E^ has been calculated 
using the formula 

jj, _ 

’ 

where A^ and Ag are the chain lengths at the higher and lower temperatures 
and T^. The value at 120° C has been used in aU the calculations, since more deter¬ 
minations have been made at this temperature. The results are given in table 13 . 


Table 13 . ‘Activation eneeoy’ of the chain length 


temperature 

100 

110 

120 

130 


chain length 

303 

238 

142 

102 


kcal. per 
g*mol. 

-14-8 

-14-9 

-10*3 


The average value of — 13*3 kcal.: since the error in the chain length is about 10, 

the probable error in is about 2 kcal. Now in § 1 (a) the overall activation energy 
Eq was found to be 14*9 ± 0*6 kcal.: and so, using equation ( 10 ), the activation energy 
of the chain starting reaction E^ can be calculated: 

E^:^Eq-Ej^^ 14 - 9 + 13'3 = 28-2 ± 2-5 kcal. 

This is a surprisingly small activation energy, and its significance will be dealt with 
in the next paper where the nature of the oxidation chain is considered. 

At room temperature the oxidation rate is very small, and so the chain length 
cannot be directly measured. It is of interest to calculate it for comparison with the 
chain lengths determined for other oxidizing systems. Assuming that the activation 
energy of the chain length does not vary with temperature, at 20^ C the chain length 
would have a value of 48 , 000 . This is of precisely the same order as the values obtained 
by Backstrom {1937) in the photochemical oxidation of benzaldehyde oenanthalde- 
hyde and sodium sulphite. It must be emphasized that the method of calculation 
presented above gives the absolute chain length, i.e. the chain length of the un¬ 
inhibited oxidation. The main proviso is that if the inhibitor in its removal deacti¬ 
vates n reaction centres then the values for the chain length should be divided by n. 
However, it is very improbable that n is greater than two: its most likely value is one. 

B. Heavy-metal catalysts 

In an earlier communication it was shown that in heavy-metal catalysed o:^da- 
tions the oxidation rate is independent of the catalyst concentration above a certaia 
value (George, Rideal& Robertson 1942). This has been reported by Robinson (1924) 


VoL 185 . A. 


20 
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for the oxidation of linseed oil catalysed by haemoglobin, and Cook (1938) 
for the oxidation of benzaldehyde catalysed by ferrous phthalocyanine* Further 
experimental results will now be presented together with a more detailed account 
of the chain mechanism advanced to explain them. The curves in figures 6, 7 and 8 
show the variation of the oxidation rate of tetralin, stearic acid and oenanthal with 



catalyst concentration (% by weight) 


Figubb 6 , Catalysed oxidation of tetralin at 110® C, A. Ferric stearate. B. Copper stearate. 



catalyst concentration (% by weight) cobalt stearate concentration (% by weight) 

Figube 7. Catalysed oxidation of stearic acid at Figttbb 8. Effect of cobalt stearate on the 
110® C. A. Cobalt stearate. B. Copper stearate. oxidation of oenanthal at 110 ® C. 

the catalyst concentration. The metallic soaps, ferric, cupric and cobaltous stearate, 
have been used as catalysts because of their easy dispersion in the organic media. 

It has already been shown that the maximum rate cannot be due to physical 
limitations in the method of measurement (see Procedure—^measurelnent of oxida¬ 
tion rates). It is equally certain that it is not a solubility effect, for 10 % solutions of 
the soaps could be prepared at the temperature of the ox^ation—110"^ 0, whereas 
the threshold concentration for the maximum rate lies at about 0*05 %, with the 
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exception of ferric stearate catalysed tetralin, where it is 0-5 %. It is also considered 
very unlikely that micelle formation is responsible for this abrupt change in kinetic 
dependence. 

It was shown earlier in this paper that as well as catalysing the hydroperoxide 
decomposition, the heavy-metal catalyst also increases the rate of hydroperoxide 
formation. If the mechanism by which it does this is the initiation and termination 
of further reaction chains, then the maximum catalytic rate can be accounted for. 
In the following mathematical formulation it is assumed that the metal catalyst 
starts and stops the same type of chain that occurs in the thermal oxidation. 
Evidence will be presented in a later paper which suggests that this is not the case; 
however, an expression of the same form results from the more detailed treatment. 

In the heavy-metal catalysed oxidation the total oxidation rate can be repre¬ 
sented by the following expression: 


P _ (a + dm)p 

(6 + em) ’ 


equ. (11) 


where a and h are the initiation and termination rates in the thermal reaction, d and 
e are the rates of chain initiation and termination for unit catalyst concentration, 
p is the propagation rate and m the catalyst concentration. Whether the metal acts 
as a positive or negative catalyst of the oxidation depends on the ratio 

■^m-»"0o 

which may be greater or less than one. If dje > ajb, then the metal is a positive 
catalyst: if dje < ajb then it will be a negative catalyst. The rate is thus independent 
of the metal concentration, when dm and em are much greater than a and &. The 
positive catalytic eifect is shown by long-chain parajB&ns catalysed by cobalt stearate, 
ethyl benzene catalysed by copper stearate, tetralin catalysed by copper and iron 
stearate, and stearic acid catalysed by cobalt and copper stearate (George et ah 1942; 
figures 6 and 7 above). The negative catalytic effect is shown exceptionally well with 
oenanthal and cobalt stearate (figure 8). 

The chain starting and stopping function of metallic catalysts offers an explana¬ 
tion for the inhibition of the oxidation of benzaldehyde by colloidal iron (Berl & 
Wmnacker 1930), and the many observations of Dufraisse & Horclois (1930) on the 
heavy-metal catalysed oxidations of acrolein, benzaldehyde, furfural, styrene, 
turpentine and sodium sulphite. 

Inhibition of the heavy-metal catalysed oxidation. Considerably larger amounts of 
inhibitor have to be used tcTeffect a reduction in the rate: i.e. 1-3 % yff-naphthol in 
the oxidation of tetralin at 120® C catalysed by 0-005 % copper stearate as compared 
wdth 0-002-0-02 % ^-naphthol in the thermal oxidation. However, the behaviour of 
the inhibited heavy-metal catalysed oxidations is surprisingly complex. For in¬ 
stance, at low inhibitor concentrations no induction period is observed, the oxidation 
rate being, maintained at a constant diminished value. At higher inhibitor con- 


20-2 
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centrations slight induction periods are obtained, but the final rate achieved is even 
more diminished, Por this reason it is impossible to calculate chain lengths. If, 
however, the chain length is of the same order as that of the thermal oxidation, the 
much larger quantities of inhibitor required to produce a corresponding reduction 
in the rate indicate that far more chains are started in the heavy-metal catalysed 
oxidation. 

The reason for the anomalous behaviour in these inhibited heavy-metal systems 
is undoubtedly that not only can the inhibitor stop reaction chains but also form 
complexes with the metal catalyst rendering it less active in the formation of the 
hydroperoxide. Evidence in support of this lies in the observation that the initial 
oxidative efficiency of the heavy-metal catalyst is markedly suppressed by pre¬ 
heating the catalyst and inhibitor in an atmosphere of nitrogen. 


This work was carried out under the aegis of the Patty Acid Sub-Committee of the 
Advisory Research Council of the Chemical Society. We have to thank the Depart¬ 
ment of Scientific and Industrial Research and the Asiatic Petroleum Company 
for financial assistance. 


RnrEREKOES 

Alyea & Backstrom 1929 J. Am&r, Ohem. 80 c, 51, 90. 

Bach 1897 G,R, Acad, Sci., Paris, 124, 951- 
Baekstrom 1927 J. Amer, Chem. 80 c, 49, 1460. 

Berl & Winnacker 1930 Z. phys, Chem, 148, 261. 

Callendar 1927 Engineering, 123, 147, etc. 

Cliristiansen 1924 J, Phys. Chem, 28, 145. 

Cook 1938 t/. Ghem, Soc. pp. 1768 and 1774. 

Criegee 1939 Ber. dtsek. chem, Qes, 72, 1799. 

Dufraisse Horclois 1930 G,E, Acad, Sci,, Paris, 191, 1126. 

Egerton 1928 Nature, 121 , 10 . 

Engler & Wild 1897 Ber, dtsch, chem, Ges, 30, 1669. 

Engler & Wild 1898 Ber, dUch, chem, Ges, 31, 3046. 

Farmer & Snndralmgam 1942 J, Ghem, 80 c, p. 121 . 

Farmer & Sutton 1942 Trans. Faraday 800 . 38, 342. 

Farmer, Bloomfield, Sundralingam & Sutton 1942 Trans, Faraday 80 c. 38, 348, 

Gee <& Rideal 1935 Proo, Boy. 80 c. A, 153, 116. 

George, Rideal & Robertson 1942 Nature, 149, 601. 

Gershevich <& Burikov See Medvedev ( 1938 ) below. 

Hock & Susemihl 1933 Ber. dtsch, chem. Ges. 66 , 61. 

Ivanov, Savinova & Michaelova 1939 G,B. Acad, 8 ci, U.B, 8 , 8 . 25, 34 . 

Jeu & Alyea 1933 J. Aimr. Ghem, 80 c. 55, 575. ' 

Larsen, Thorpe &; Armfield 1942 Industr, Engng Chem. 34 , 183. 

Lawrence 1938 Trans, Faraday 80 c. 34, 660. 

Lea 1931 Proc. Boy, Soc, B, 108, 175. 

Lewis & Von Elbe 1938 Combustion, flames and explosions of gases, chap. 4. Camb. Univ. 
Press. 

Medvedev 1938 Acta Physicochim, U.R. 8 , 8 . 9 , 395. 

Morell, Bolam, Davis, Marks, Phillips & Sim 1942 Trans. Faraday Soc. 38, 362. 

Moureau & Dufraisse 1926 Ghem, Rev, 3 , 113. 



Oxidation of liquid hy^ocarhons 309 

% 

Plissoff 1935 BvlU Soc, cMm,f Paris, 2 (5), 1349. 

PHssoff 1936 BidL Soc* cMm., Paris, 3 (5), 425, 1274, 1281. 

Kieehe 1931 Alkylperoxyde und Ozorhide, DresdenSteinkopf. 

Robinson 1924 Biochem, J, 18, 255. 

Semenov 1935 Chemical hirietics and chain reactions. Oxford Univ. Press. 

Stem 1936 J. Biol. Chem. 114, 473. 

UbbeloMe 1935 Proc. Boy. Soc. A, 152, 354. 

Yamada 1936 J. Soc. Chem. Ind. Japan, 39 (Suppl. binding), 450. 


The oxidation of liquid hydrocarbons 

II. The energy-chain mechanism for the thermal 
oxidation of tetralin 

By Philip George amd Alan Robertson 
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The liqxiid-phase oxidation of hydrocarbons, where the point of the oxidative attack is a 
^CHss group, has been shown to proceed at a rate independent of the oxygen pressure and 

proportional to the square of the hydrocarbon concentration. This arises from a primary chain 
re€tction which gives a hydroperoxide as the primary intermediate. Degenerate chain 
branching, resiilting from the decomposition of the hydroperoxide, is responsible for a slow ex¬ 
ponential increase in the reaction rate with time: it is less marked the higher the temperature. 
* At the reaction temperatures employed (65-120® C) the hydroperoxide is the predominant 
oxidation product, and the major kinetic problem has been to determine the nature of the 
primary reaction chain. An examination of the kinetic characteristics of the inhibited 
oxidation has shown that the normal chain termination is a unimoleoular reaction of the 
chain carrier, and further, that the chains are initiated in a unimoleoular reaction of the 
hydrocarbon. These conclusions enable a unique choice to be made in favour of an energy- 
chain mechanism. 

In this case the process of inhibition must not only be regarded as an additional means of 
terminating the reaction chain, but as a competition between the hydrocarbon and the 
inhibitor for the chain carrier in which the reaction with the inhibitor is greatly favoured. 


Introbttction 

In. Part I it was shown that, over the temperature range 25 - 120 ° C, a hydroperoxide 
is the primary oxidation product in the interaction of a liquid hydrocarbon with 
oxygen. Further, from the inhibition of the oxidation and the effect of soluble 
heavy-metal catalysts, the conclusion was drawn that the oxidation process is a 
chain reaction. Medvedev (1938) has recently studied the oxidation of liquid tetralin 
and assumes that the oxidation proceeds according to the energy-chain mechanism 
advanced by Bodenstein for the gas-phase oxidation of acetaldehyde. In this latter 
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reaction the initial rate is independent of the oxygen pressure and proportional to 
the square of the aldehyde concentration. Bodenstein’s mechanism as applied to the 
aldehyde oxidation has been criticized by Semenov (1935a); for although the square 
law is obeyed for different initial aldehyde concentrations, throughout any single 
experiment after a short induction period, the rate is constant until 60-70 % of the 
aldehyde is 'used up. Semenov has suggested that a simple chain mechanism is 
insufficient to account for this, and has advanced an explanation involving the 
interaction of chain centres. 

In the first part of this paper experiments are described which establish that the 
formation of hydroperoxides from hydrocarbons is a simple chain reaction where 
no such interaction occurs. In the second part experiments on the irihibited reaction 
are presented which enable the correct mechanism to be decided. As will be shown 
in the appendix, both free radical and energy-chain mechanisms can lead to the 
correct kinetic dependence for the uninhibited reaction. 


EXPEBIMENTAIi 

The hydrocarbons were purified by the method described in Part I. The inhi¬ 
bitors, y?-naphthol, 33-phenylene diamine, jp-benzoquinone and iodine, were obtained 
from British Drug Houses. The /?-naphthol was recrystaUized twice from carbon 
tetrachloride, and the jp-benzoquinone and iodine were sublimed before being used. 
Dilute solutions of the inhibitors were made up in the hydrocarbon and kept under 
an atmosphere of carbon dioxide. 

The oxidation rates were measured by the method described in Part I. Oxygen- 
nitrogen mixtures were used for the variation of the oxidation rate with the oxygen 
concentration. Hexachlorobenzene was an obvious choice for the hydrocarbon 
diluent because of the absence of 0 —bonds liable to oxidative attack. On aocqjint 
of its high melting-point it could only be used in mixtures down to 70 % hydro¬ 
carbon; however, nitrobenzene and chlorobenzene were found to give identical 
results, and the latter was used in the majority of the experiments. 


1 (a). The dependeitob op the oxiDATioisr rate on hydrocarbon 

AND OXYGEN CONCENTRATION POR VARIOUS HYDROCARBONS 

In the hydrocarbons studied, the point of oxidative attack is a ^CHg group. 
The theory developed later in this paper applies particularly to these hydrocarbons 
where no clearly marked induction period is observed. The oxidation of tertiary 
hydrocarbons in which the ^CH group is the most reactive, is characterized by 
very marked induction periods. Whilst the primary reaction in both cases is hydro¬ 
peroxide formation, this difference in kinetic behaviour most probably arises from 
the hydroperoxide decomposition, which, in the case of the tertiary hydrocarbons, 
is complex involving the fission of a C—0 bond. 
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The hydrocarbons studied were tetralin, ethyl benzene, and a mixture of long- 
chain aliphatic paraffins. The initial oxidation rate is proportional to the square of 
the hydrocarbon concentration and is independent of the oxygen pressure. Typical 
experimental results for tetralin at 110° C are given in figure 1; precisely similar 
results were obtained for the ethyl benzene and long-chain paraffins. It is reasonable 
to conclude therefore that this behaviour is typical of the oxidation of a 
group and is independent of the rest of the molecule. In the more detailed experi¬ 
ments that follow, tetralin was used throughout because of its high oxidation rate. 



first-power oxygen pressure, square of tetralin concentration 

Figure 1. Oxidation rate plotted as the first power of the oxygen pressure {□) 
and the square of the tetralin concentration (O). 


1 (6). The effect of residtjae peroxide'ok the oxidation rate 

The tetraKn was freed from hydroperoxide by the concentrated sulphuric acid 
method described in Part I. An iodometric estimation of the peroxide content then 
showed it to be less than 0*01 %; such iodine as was liberated was insufficient to 
give the blue colour with starch solution. Figure 2 gives the oxidation rates at 108 ° 
and 65 ° 0 for this peroxide-free tetralin, with and without the addition of small 
quantities of tetralin hydroperoxide. The experiments at 108 ° 0 demonstrate 
clearly that residual peroxide concentrations up to 0*7 % have an extremely small 
effect on the oxidatioh rate at the temperature employed for the kinetic investiga¬ 
tion of the inhibited thermal oxidation, which will be described later. 

The results obtained at 65 ° C are somewhat irreproducible. One of the reasons 
for this is that only 0-6 c.c. oxygen/c.c. tetralin have to be absorbed to give a peroxide 
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concentratioii of 0-36 %. So during tbe measurement of these initial rates a change 
in the peroxide concentration of the order of the initial fidded concentration may well 
occur. To avoid this as far as possible, the rates are measured over the first 6 mih. 
]ji spite of the irreproducihility two conclusions can be drawn: 

(i) There is a small increase in rate up to a maximum value as the initial peroxide 
concentration is increased. 

(ii) The experiments with 10 % oxygen show the rates to be less than those 
obtained with 100 % oxygen. This is more marked the higher the initial peroxide 
concentration. 



tetralin hydroperoxide concentration (% by weight) 


FiotTRB 2. Oxidation rate as a function of the residual peroxide concentration. 
□ at 108° C in oxygen; © at 66° 0 in oxygen; A at 66° C in 10 % oxygen. 


1 (c). The ATTTOOATAIiYTIO nSTORBASB IN THE RATE DURING THE OXIDATION 

Typical results to illustrate this autocatalysis are given in figures 3 and 4, where 
the oxygen uptake is plotted as a function of time for experiments carried out at 
108 ° and 120° 0. It will be noted that the curves are initially concave with respect 
to the time axis; in consequence, the slow increase in rate cannot be due to the 
progressive development of reaction chains of fiboite length (Semenov 19356), but 
must be due to a chain reaction with degenerate branching. This hypothesis 
(Semenov 19350) entails the production of a relatively stable intermediate as 
the end-product of the primary chain, which subsequently reacts independently 
to give the final product: sometimes, however, at the cost of the energy of this 
secondary reaction, centres are formed which are able to initiate the primary reac¬ 
tion. In hydrocarbon oxidation the hydroperoxide and its decomposition product, 
notably ketone, fulfil the role of stable intermediate and final product respectively. 
The equation derived by Setnenov for the variation of the rate with time in such 
a system is 

rate = 

where A and are constants. In order to test this equation the slopes of the oxygen 
uptake-time curves in figures 3 and 4 have been taken as a measurement of the rates: 
by this method the initial rate at 108 ° 0 becomes 8 0.0. oxygen/c.c. tetralin/hr. rather 
than the value of 10 o.c./c.c. tetralin/hr., obtained by averaging over the first 10 min. 
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of the oxidation, which has been taken as the initial rate in figure 2. In figure 5, logjQ 
rate has been plotted against time for the experimental results of figures 3 and 4. The 
initial straight lines obtained show clearly that Semenov's equation is obeyed for 
the first 10 % of the oxidation. 

After this, the rate becomes constant and then slowly decreases. Using the 
experimental results of various authors, Semenov ( 1935 ^) has shown that this 
equation holds over 50-60 % of the oxidation of methane, 30-40 % of the oxidation 



time (min.) time (min.) 

Figure 3. Oxidation of tetralin Figure 4. Oxidation of tetralin 

at 108® C. at 120® C. 



10 20 30 


time (min.) 

Figure 5. Log^o rate of oxidation of tetralin at 108® 0(0) and, 
120® C {□) plotted against time. 
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of ethane, and is further obeyed in the early stages of the oxidation of propane, 
butane, pentane and benzene. Two points arise from the experiments described 
here and these observations of Semenov: 

(i) The oxidations of methane, ethane, etc., were all high-temperature gas-phase 
reactions (220-680° 0), and the equation was shown to be obeyed over about 40 % 
of the total oxidation. This compares with 10 % for the liquid-phase oxidation of 
tetraJin. Hence it appears that there is considerably less degenerate chain branching 
in liquid-phase oxidations. 

(ii) Further, by comparing the slopes in figure 6 , the degenerate chain branching 
in the liquid-phase oxidation of tetralin is shown to be more marked the lower the 
temperature. 

1 ( d ). The dependence oe the oxidation bate on the hydbooabbon 

OONOBNTBATION DDBING THE OXIDATION 

Semenov ( 1935 ®) has shown from the kinetic laws which govern the gas-phase 
oxidation of hydrocarbons and aldehydes that two distinct classes can be defined: 

(i) For the saturated hydrocarbons, there is an initial exponential growth of the 
reaction with time governed by the equation rate = Ae^^, a maximum velocity at 
the moment of half-change, followed by a diminution in the reaction velocity. 

(ii) For acetylene and the aldehydes, after a short induction period, the rate 
reaches a constant value which lasts almost to the end of the oxidation. 

' In the fimt class the type of degenerate chain branching already described is 
believed to occur. For the second class, Semenov has advanced an explanation 
involving the interaction of chain carriers. In both cases the imtial oxidation rates 



lOgjg (JfiS) 

Figure 6. Logig rat© plotted against logjo hydrocarbon. 

Concentration for results in figure 4. 

are proportional to the square or some higher power of the hydrocarbon or aldehyde 
concentration. It is of interest to determine to which class the liquid-phase oxidation 
of tetralin belongs. For these purposes tetralin structurally ranks as a saturated 
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hydrocaxbon. Figure 6 gives the log-log plot of the rate against the hydrocarbon 
concentration for the experimental results given in figure 4. If the slight increase 
in the rate over the first lO % of the oxidation is ignored by taking the extrapolated 
initial rate of figure 4, the experimental points lie very close to the theoretical 
straight line of slope 2 (representing the ‘hydrocarbon-squared’ law) for at least 
half the oxidation. If the initial increase in rate is taken into account, the dotted 
curve of figure 6 with a maximum is obtained. The explanation is that in the initial 
stages the degenerate branching results in an increase in the rate. Then there occurs 
a competition between the degenerate branching tending to increase the rate and 
the diminution in concentration according to the square law, tending to decrease it. 
Finally, the oxidation products, notably tetralone with its known inhibitive action, 
decrease the rate even more. However, it is very evident that the kinetic dependence 
which governs the initial rate is also obeyed during the course of the reaction. It is 
thus a simple chain reaction and does not involve the interaction of chain centres. 


The liquid-phase oxidation of saturated hydrocarbons has been shown to occur 
by way of a primary chain reaction that results in the oxidation rate being pro¬ 
portional to the square of the hydrocarbon concentration and independent of the 
oxygen pressure. 

The results in §§ 1 (c) and 1 (d) demonstrate clearly that whilst the initial, short¬ 
lived, exponential growth of the oxidation rate of liquid tetralm places its oxidation 
in the same class as the gas-phase oxidation of other saturated hydrocarbons, it is 
a more simple chain reaction. Owing to marked degenerate chain branching, the 
maximum velocity occurs at half-change in the gas-phase oxidations, but at 10 % 
change in the liquid-phase oxidation of tetralin. This is fully to be expected, for in 
the high-temperature gas-phase oxidations any intermediate hydroperoxide is 
entirely decomposed, and the positive heat of reaction of some 120 kcal. is available 
as a source of energy for the initiation of secondary chains: furthermore, aldehyde 
formed in the decomposition of primary peroxides can, by its own oxidation, 
initiate further hydrocarbon oxidation chains, as shown by Lewis & Von Elbe 
( 1938 ). In the low-temperature liquid-phase oxidation of tetralin, however, the 
hydroperoxide concentration observed accounts for about 90 % of the absorbed 
oxygen. Hence, with the hydroperoxide as the main stable oxidation product, far 
less degenerate branching can occur; the maximum rate therefore shifts to about 
10 % change and the kinetic characteristics of the initial primary chain largely 
dominate the course of the oxidation. 

One problem remains to be discussed—^to what extent the initial rate and its 
slow exponential increase can be due to aldehydic or ketonio compounds according 
to the reaction mechanisms proposed by Lewis & Von Elbe ( 1938 ). Medvedev 
( 1938 ) has shown that acids and aldehydes do not occur in appreciable amoimts in 
the oxidation of tetralin even when the extent of the oxidation is considerable. This 
is to be expected, for they could only arise by fission of the carbon chain which is 
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very improbable at the temperature of the oxidation. Medvedev found, too, that 
the hydroperoxide decomposition product, tetralone, produced a mild inhibition of 
the oxidation. Since the oxidation of tetralin starts at a large finite rate it is exceed¬ 
ingly improbable that the main reaction chain or the branching is due to the par¬ 
ticipation of aldehydes or ketones, although the ketone by virtue of its inhibitive 
action may -vf-eU influence the chain reaction in the later stages of the oxidation. 

Medvedev (1938), assuming theoxidation to proceed by an energy chain, developed 
the following expression for the thermal oxidation rate: 


-d{0^) 


Vj_ + Vz 


[tetraUn]® 


1+Ci[adsorbed tetralone] 


[hydroperoxi de] [adsorbed te tralone] [OJ 
l-l-Cjj[hydrated tetraloni^ ’ 


where a, b', and Cg are numerical constants. The term Vx represents a high-tempera- 
tuxe oxidation mechanism becoming dominant above 100° C; the term Vj, represents 
the contribution to the rate by the degenerate chain branching. Medvedev has 
estimated the energies of activation to be 26 and 9 kcal. respectively. A significant 
difference must be emphasized between the purpose of this equation and those 
developed later in this paper. Medvedev’s treatment of the problem aims at estab¬ 
lishing an expression which will give the rate during the course of the oxidation, and 
so the treatment takes into account the ketone concentration. The ketone is the' 


main decomposition product of the hydroperoxide, and Medvedev suggests a reaction 
involving its hydrated form and a reaction involving the ketone adsorbed on the sur¬ 
face of the vessel. The equations developed in this paper are for the initial oxidation 
rates when the ketone concentration is zero. However, the preliminary experiments 
already described, which have established the preponderance of the primary chain 
process, give further information regarding the development of the reaction. 

In § 16 it was shown that the rate at 108 ° 0 is almost independent of initial hydro¬ 
peroxide concentrations up to 0'7 %. This demonstrates very clearly that the 
initiation and termination of the primary chains cannot be due to reactions involving 
the hydroperoxide molecule. For if this were the case the reaction rate would be far 
more dependent upon the extent of the oxidation. The very slight increase in rate 
can be attributed to the degenerate chain branching: reference to figure 3 confirms 
this, for a peroxide concentration of O- 7 % corresponds to an oxygen uptake of about 
1*3 c.c. The region of more marked degenerate chain branching corresponding to 
an oxygen uptake of 10 c.c. has not be examined. 


The experiments confirm that at 66° C the low-temperature mechanism (rate 
contributes to the initial rate: but the shape of the curve in figure 2, rising to a con¬ 
stant ma ximum as the peroxide content is increased, suggests that an expression 
-rfthetjp. 

* 1 + F[P] 


fits the experimental results better than that put forward by Medvedev. The 
observation that at 65 ° 0 the rate is no longer independent of the oxygen pressure. 
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and that this dependence is more marked the higher the initial hydroperoxide 
concentration, supports the inclusion of the oxygen concentration in the numerator 
of Vg. ^ I 

As has been stated, Medvedev assumed the oxidation to proceed by an ^energy 
chain’, similar to that proposed by Bodenstein (1931) for the gas-phase oxidation 
of acetaldehyde, from which the correct kinetic dependency can be derived. How¬ 
ever, the work of Ziegler, Ewald & Orth ( 1930 , 1932 ) on the autoxidation of hyxa- 
phenylethane and the general acceptance of free radical mechanisms for the high- 
. temperature gas-phase oxidations, suggests that the applicability of free radical 
mechanisms to the problem of the chain formation of hydroperoxides should be 
investigated. Whilst the kinetic laws which govern this process will be seen to 
exclude the free radical mechanism and indicate that the energy chain is the unique 
solution, it is essential to present the free radical mechanisms for, as will be shown in 
later papers, they best explain the kinetic features of the benzoyl peroxide, surface 
and heavy-metal catalysed oxidations. These free radical mechanisms are given 
in the appendix. 


2. A KINETIC STUBY OE THE INHIBITED OXIDATION 

In the inhibited reaction two quantities can be measured experimentally, the 
inhibited rate and the duration of the induction period. These will now be calculated 
for the two mechanisms by which inhibition of the reaction could occur. To simplify 
the analysis of the experimental results a slightly different notation from that used 
in Part I must be introduced involving the chain-carrier concentration. 


Inhibition by removal of a chain carrier 

Let the uninhibited rate be represented by = apKJbxK^ = where a, 

pKc and bxK^ are the rates of chain initiation, propagation and termination respec¬ 
tively, Kc is the chain-carrier concentration and x the concentration of the entity 
with which it combines in the termination reaction: a and p thus contain reactant 
concentrations, whereas 6 is a reaction velocity constant. If the inhibitor, con¬ 
centration J, also reacts with the chain carrier, the velocity constant being c, 
then the initial inhibited rate is given by 


. _ J> 

hxK^+cIK^ Hx + cr 


equ.(l) 


When the reaction is strongly inhibited then cl is much greater than bx and 




equ. ( 2 ) 


As was shown in Part I, the rate of removal of inhibitor is given by 

dl acl 
dt ~ bx+cl’ 
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and Hi’, the length of the induction period, is given by the expression 

In this case the rate of chain initiation is the same in the uninhibited and the 
inhibited reaction, the inhibition resulting from a diminution of the chain length. 


Inhibition by removal of a chain precursor 

If the chain initiation proceeds by two stages, first the formation of a chain pre¬ 
cursor at a rate a, which then reacts to give the chain carrier at a rate a', the overall 
reaction rate is still 


where p and bx have the same meaning as above. 

However, if the inhibitor reacts with the chain precursor and I and Kp are their 
respective concentrations and c' is the velocity constant, then the initial inhibited 
rate is given by 



Ri = 


a'Kp ^ ^ -p 

a'Kp + c'lKp bx " ®a' -I- e'l' 


equ. ( 4 ) 


When the reaction is strongly inhibited 


equ. (6) 


The rate of removal of inhibitor is given by 

dt a'+ c'T 

And by integration and evaluation of the constant 

(7) 

In this case the chain length is the same in the inhibited and the uninhibited 
reaction; the inhibition results from a diminution'in number of chains initiated. 

Now by comparing the kinetic dependence of the uninhibited and inhibited rates, 
information (Jan be derived regarding the dependence of bx/cl or a'/a'I on hydro¬ 
carbon and oxygen concentration (equations (2) and (6)). 

Regarding the significance of the induction period it was shown in Part I that 
provided the reaction is strongly inhibited, the chain initiation rate is given by the 
expression 

« = 4 /<i- equ. ( 7 ) 

Thus the kinetic dependence of the chain initiation rate can be determined by 
studying the kinetic dependence of the induction period. 



Oxidation of liquid hydrocarbons 319 

This treatment of the inhibition of the reaction is independent of any. particular 
reaction mechanism, involving free radical or energy-chain carriers, and farther 
makes no assumptions regarding the chemistry of the inhibitory process. 


The inhibition of the thermal oxidation’ 

The inhibitors chosen were /?-naphthol, jj-phenylene diamine, p-benzoquinone and 
iodine, thus covering a wide range of chemical types. It was hoped by this means 
to be able to alter the order of the reaction by removing different chain carriers. 
The mechanism of inhibition is easily explained if the chain carriers are free radicals. 
Phenols and aromatic amines contain comparatively loosely bound hydrogen atoms 
which can be transferred to a radical chain carrier giving an electronically saturated 
molecule and an inhibitor radical incapable of continuing the chain. Ziegler & Bwald 
(1932) have shown this to occur with peroxide radicals. jj-Benzoquinone is an 
inhibitor which can combine with alkyl radicals: Ziegler & Liittringhaus (1933) 
have used it to ‘titrate’ chromenyl radicals. It has been used also to inhibit the 
polymerization of styrene. Iodine again is an inhibitor which can react with alkyl 
radicals, as shown by Bates & Spence (1931) in their kinetic investigation of the 
photo-oxidation of methyl iodide. If, however, an energy-chain mechanism is 
operative no such predictions can be made concerning the mechanism of the 
inhibition for it is a physical rather than chemical process. 

(а) Dependence of initial inhibited rate on inhibitor concentration. According to 
both mechanisms outlined above the reciprocal of the initial inhibited rate plotted 
against the inhibitor concentration should give a straight line. For aU four inhibitors 
used in this series of experiments such a straight-line graph is obtained. A pecu¬ 
liarity was noted with p-benzoquinone, for at high concentration (10 mg./c.c.) the 
inhibitive effect became constant. This is at present unexplained but it in no way 
vitiates the results obtained with much lower concentrations. 

(б) Dependence of initial inhibited rate on hydrocarbon and oxygen concentrations. 
In figures 7-10 the values of the initial inhibited rates in air are plotted for com¬ 
parison with those in oxygen. It is obvious that the initial rate is independent of 
the oxygen pressure. The variation of the initial rate with tetralin concentration is 
shown in figures 11 - 14 , when for each of the four inhibitors the initial rate is plotted 
against the .square of the tetralin concentration for two different inhibitor concen¬ 
trations. Once again it is quite clear that the initial rate is proportional to the square 
of the hydrocarbon concentration. Thus inhibition of the reaction severalfold in no 
way changes the order of the reaction. 

(q) Dependence of the induction period on hydrocarbon and oxygen concentration. 
In the determination of the inhibited rates in oxygen and air which were plotted in 
figures 7 - 10 , it soon became apparent that the rate of attainment of the uninhibited 
rate was independent of the oxygen pressure. To facilitate these measurements the 
reaction temperature was raised to 120° C, and figure 16 shows the oxygen uptake 
plotted against time for runs with oxygen and air for each of the four inhibitors. 
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FiOTniB 7. Inhibition by y5-naphthol. 
0, oxygen; □, air. 



p-phenylene examine concentration 
(mg./c.c. tetralin) 


Fiotram 8. Inhibition by p-phenylene 
diamine. 0, oxygen; □, air. 



P'-benzoquinone concentration 
(mg./c.c. tetralin) 


Figure 9. Inhibition by p-benzoquinone. 
0, oxygen; □, air. 



iodine concentration (mg./c.c. tetralin) 


Figure 10. Inhibition by iodine 
O, oxygen; Q, air. 
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0 0-4 0-8 0 04 O'f. 

square of tetralin concentration square of tetralin concentration 


Figubb 11. Initial inhibited rate. Naphthol Figtteb 12. Initial inhibited rate, p-pheny- 
concentration. □, 0*015 mg./c.c. tetralin; lene diamine concentreition. 0, 0*05mg./o.o. 
O, 0*045 mg./c.o. tetralin. tetralin; □, 0*15 mg./o.c. tetralin. 



0 0 - 4 . 0 8 

square of tetralin concentration 


Figure 13. Initial inhibited rate, p-benzo- 
quinone concentration. G, 0*2 mg./c.o. tetra¬ 
lin; 0-5 mg./c.c. tetralin. 



square of tetralin concentration 

Figueb 14. Initial inhibited rate. Iodine 
concentration. 0, 0*04 mg./c.c. tetralin; 
□, 0*12 mg./c.c. tetralin. 
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The entire induction period is clearly independent of the oxygen pressure. The 
dependence of the induction period on tetralin concentration was also measured. 
Tables 1-3 present the results for yff-naphthol, p-phenylene diamine and iodine. The 
induction period is measured in minutes. 



time (min.) 


Figtob 15. Induction period as a function of the oxygen pressm*©; x, oxygen; 0, air. 
Inhibitor concentration, p-phenylene diamine: 0-02 and 004 mg./c.c, tetralin; //-naphthol: 
0*02 and 004 mg./c.c, tetralin; jp-benzoquinone: 0*40 mg./c.c* tetralin; iodine: 0*04 and 
0-20 mg./c.c. tetralin. 


Table 1. Variation* oe the iNrotroTioN* beriob with 

THE TETRALIN* OONOENTEATIOK • 


tetralin induction 

concentration (JXH) period (Tj) JfJH x 

(a) /?-naphthol concentration = 002 mg./c.c. solution. Temperature 120® C 

1*0 6-6 6-6 

OO 7-0 6-3 

0*8 8-0 6-4 

0-7 9.0 6-3 

0-6 11.3 (j.g 

00 12-4 6-2 


solution. Temperature 120® C 

13-0 

13-4 

13-2 

12-0 

13-8 

12-7 


(6) ^-naphthol concentration = ^-04 mg./c.c. 


10 

130 

0-9 

14-8 

0-8 

16-5 

0-7 

17-2 

0-6 

23-0 

0-5 

26-5 
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Table 2 


tetralin 

induction 


concentration (jBH) 

period (T*-) 

HILxTi 

(a) p-phenylene diamine concentration = 

0*02 mg./c.c. solution 

1-0 

•11-0 

11*0 

0*9 

14-0 

12*6 

0-8 

15-0 

12*0 

0-7 

16-0 

11*2 

0-6 

18-5 

IM 

0*5 

23-0 

11*5 

(6) p-phenylene diamine concentration 

= 0*04 mg./c.c. solution 

1-0 

18*0 

18*0 

0-9 

20-0 

18*0 

0-8 

23-0 

18*4 

0-7 

25*0 

17-5 

0*6 

27-0 

16-2 

0-5 

34-0 

17*0 



Table 3 


tetralin 

induction 


concentration (i?H) 

period (5P<) 


(a) Iodine concentration = 0-04 mg./c.c. solution 

1*0 

5*5 

5-5 

0*9 

6-3 

5-7 

0-8 

6*6 

5-3 

0-7 

7*4 

5-2 

0-6 

8-0 

4-8 

0-5 

12-0 

6-0 

(6) Iodine concentration = 0*20 mg./o.c. solution 

1-0 

14-5 

14-5 

0-9 

16-0 

14-4 

0-8 

19-0 

15*2 

0-7 

21-0 

14-7 

0-6 

23-5 

14-1 

0-5 

27-5 

13*8 


These results demonstrate that this induction period is inversely proportional to 
the hydrocarbon concentration, for the product of these two quantities is constant 
for a given inhibitor concentration. It has not been possible to measure the in¬ 
duction periods for the p-benzoquinone-inhibited oxidation, as the experiments in 
§ (a) showed, it is a considerably weaker inhibitor. 


21-2 
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Intebpretation oe the beshlts 

If i?H and O2 represent the tetralin and oxygen concentrations respectively then 
the kinetic characteristics of the thermal oxidation can be summarized: 

(i) Uninhibited reaction: [O^]®. 

(ii) Inhibited reaction: [Oal®- 

(iii) Induction period: [O2]®. 

Using equation (7) above, this enables a fourth conclusion to be drawn: 

(iv) Rate of chain initiation: a -- [J 2 H] [O2]®. 

Now the order of reaction is unaffected by the presence of inhibitor ((i) and (ii) 
above): by reference to the general equations ( 4 ) and ( 7 ) this means that the expres¬ 
sions bxjc or a'fc' are independent of the hydrocarbon and oxygen concentration. 
These will be considered in turn. For the system where the inhibitor reacts with a 
chain carrier, bxfc will be independent of reactant concentration if bx and c contain 
the same reactant concentration or are themselves independent. The former con¬ 
dition holds in two cases. First, the inhibition reaction may be termolecular in¬ 
volving the chain carrier, the inhibitor molecule and an entity having the same 
dependence on reactant concentration as the entity x responsible for the normal 
chain termination. Secondly, the carrier removed by the inhibitor may not be the 
same as that involved in the normal termination reaction: bx/c would be independent 
of reactant concentration if the orders of these two reactions were identical. This is 
considered impossible because of the necessary difference in reactant dependence 
of chain-propagation reactions. (A specific example is worked out in the appendix 
where the alkyl radical reacts with the inhibitor and the alkyl hydroperoxide radical 
is involved in the normal-chain termination.) If bx and c are themselves independent 
of the reactant concentrations it means that the normal-chain termination process 
is a untmolecular reaction of the chain carrier (for x must be non-existent to satisfy 
this condition). This implies that the chain carrier is not a free radical, for, as will 
be seen later, the surface of the vessel is not involved in the termination reaction. 

For the system when the inhibitor reacts with a chain precursor, a'/c' will be 
independent of reactant concentration if a' and d contain the same reactant con¬ 
centration or are themselves independent. The first condition involves a similar 
termolecular inhibition reaction as above, whilst the second condition implies 
a unimolecular decomposition of the chain precursor to give the chain carrier. Thus 
the experimental observation that the order of the reaction is unaffected by the 
presence of inhibitor enables the conclusion to be drawn that either the chain- 
termination reaction is unimolecular or a chain precursor exists which decomposes 
unimolecularly to give the chain carrier. The termolecular reactions which represent 
alternative conclusions are ad hoc assumptions, and in the absence of direct experi¬ 
mental evidence may be disregarded. 
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It has been shown experimental^ that the rate of chain initiation is independent 
of the oxygen pressure and proportional to the first power of the hydrocarbon 
concentration ((iv) above). This initiation reaction may occur in two ways: 

(а) Production of an energy rich molecule 

i?H— 

(б) Production of free radicals 

JSH—+ 

But as was shown in the previous paper, the heat of activation of the initiation 
reaction is about 28 kcal., whereas the energy necessary to break a C—bond is 
of the order of 100 kcal. This is very strong evidence in favour of the first initiation 
reaction. In the last paragraph, one of the two possible reaction mechanisms was 
seen to involve a chain precursor capable of unimolecular decomposition to give the 
chain carrier. But as has been shown above the chain initiation is a unimolecular 
reaction of the hydrocarbon. Under these circumstances, and in view of the energy 
requirements, no diflferentiation is possible between direct initiation and the inter¬ 
vention of a chain precursor. (A theoretical case when distinction could be made is 
discussed in the appendix in connexion with the initial formation of a hydrocarbon- 
oxygen complex.) The other reaction mechanism was derived from the assumption 
that the inhibitor reacts with a chain carrier, and the normal termination reaction 
of this carrier was seen to be unimolecular. This conclusion and the unimolecular 
character of the initiation reaction are compelling evidence for the adoption of an 
energy chain mechanism. 

The overall reaction rate can now be written Rq = op lb, and it has been shown 
experimentally that a [jRH]^ and b is independent of the hydrocarbon 

concentration, all the terms being independent of the oxygen concentration. Prom 
this it follows that the propagation reaction (p) of the chain carrier involved in the 
termination reaction is one with hydrocarbon alone. The entire chain mechanism 
can thus be represented: 

Initiation iJH —^ jBH* . 

Propagation J 2 H* 4- Og —> P*> 

p* + JJH —^ J?OOH + i?H*. 

Termination P* —> inactive molecule or molecules. 

In this formulation the asterisked molecules are considered to be activated, the 
nature of this activation and the identity of the chain carrier P* is discussed later. 

In Part I, where the variation of chain length with temperature was investigated, 
a ratio cjp was evaluated which enables the difference between the energies of 
activation of the chain-propagation reaction and the chain-termination reaction 
with the inhibitor to be calculated. Whilst the c and p of the last paper each contain 
the chain-carrier concentration and thus differ from the c and p of this paper, it in 
no way invalidates the use of the temperature variation of the ratio to calculate 
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this energy difference. If and E^ represent the activation energies of the chain- 
propagation rate and the reaction between the chain carrier and the inhibitor, it is 
evident that E^ is greater than E^, for cjp diminishes as the temperature increases. 
Thus it is easier to calculate the activation energy of p/c, i.e. E^^E^: this is done in 
table 4. As before, the value at 120° C has been used in each calculation, since it 
was determined from a greater number of observations. The average value of 
Ep--E^ is 6*2 kcaL, and the error arising jfrom the experimental data is ± 2 kcal. 


Table 4 


temperature 

cjp X 10® 

Ph 

— Ei 

kcal./g.mol. 

100 

4*00 

25*0 

8*5 

110 

2*60 

38*5 

4*6 

120 

2*23 

45*0 

— 

130 

1*87 

53*5 

5*5 


The significant observation is that E^ — E^ is positive. This means that the activa¬ 
tion energy of the reaction of the chain carrier with the hydrocarbon is greater than 
that of the reaction of the chain carrier with the inhibitor. Thus in this case the 
process of inhibition must not only be regarded as an additional means of terminating 
the reaction chain, but as a competition between the hydrocarbon and the inhibitor 
for the chain carrier in which the reaction with the inhibitor is greatly favoured. 

In the last paper it was found that the activation energy of the chain length, 
Ep — E^ was — 13*3 kcal. Ei is the activation energy of the normal chain-termination 
reaction which has been shown in this paper to be a unimolecular decomposition of 
the chain carrier. Now since E^'-E^ — 6*2 kcal., it follows that = 19*6 kcal. 

Thus the activation energy of the unimolecular termination reaction is 19*6 kcal. 
greater than that of the reaction between the chain carrier and the inhibitor. 

It is of interest to brmg together the specific assumptions made in this argument 
for the existence of energy chains in the low temperature liquid phase oxidation of 
tetralin. 

(1) It has been assumed that in stationary chain reactions the rate is given by 

chain initiation rate x propagation rate 
termination rate 

(2) Certain termolecular reactions have been regarded as ad hoc assumptions and 
the reaction mechanisms derived from them have been neglected. 

It has been stated above that the surface of the vessel plays no part in the thermal 
oxidation, and this will be discussed fully in a future paper. However, it is essential 
to record some of the results obtained in order to make the above treatment complete. 

The oxidation rate is the same in both glass and quartz vessels. No change in the 
rate occurs over a twenty-fold increase of the surface area. However, for a thousand¬ 
fold change, a marked increase in the rate was observed and a new kinetic dependence 
was found—^the first power of the tetralin concentration and a complex variation 
with the oxygen pressure. If the surface plays a part in the thermal oxidation and 
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in this reaction, it must be assumed that at some stage the relative strength of 
adsorption of hydrocarbon and oxygen are reversed, thus altering the kinetic 
dependency. Such a suggestion is obviously untenable, and it is proposed that in 
this surface-catalysed reaction a free radical mechan i sm is operative, it being un¬ 
detectable when only small surface areas are present. If the surface area is increased 
it becomes more marked and proceeds side by side with the thermal energy chain 
reaction. 


DisotrssiON 

This energy-chain mechanism for the liquid-phase thermal oxidation of tetralin 
is similar to that proposed by Bodenstein (1931) for the gas-phase oxidation of 
acetaldehyde, which under certain conditions shows the same kinetic dependence. 
However, in the absence of information on the kinetics of the inhibited reaction it is 
impossible on kinetic evidence alone to differentiate between energy and free radical- 
chain mechanisms, for, as will be shown in the appendix, the observed kinetic 
dependence of the uninhibited reaction can be derived from both mechanisms. In 
coimexion with oxidation by an energy-chain mechanism the following points 
of interest arise. 

A parallel can now be drawn between the thermal oxidation of tetraJin and the 
photo-peroxidation of rubrene. Bowen & Steadman (1934) showed this to occur by 
two consecutive, reactions involving an energy-rich rubrene molecule. Whereas the 
rubrene molecule is electronically activated, it seems likely that the active tetralin 
molecule of the thermal oxidation chain represents a molecule rich in vibrational 
energy. First, the observed heat of activation for its formation is insufficient to 
bring about electronic excitation. Secondly, if the oxidation of completely saturated 
hydrocarbons also proceeds by the energy-chain mechanism ordy vibrational 
activation is possible, for these hydrocarbons show continuous absorption in the 
ultra-violet, indicating that their excited electronic states are repulsive and incapable 
of retaining activation energy without decomposition of the molecule. The other 
chain carrier, P*, is either an excited hydroperoxide molecule or some complex 
which can be represented by R —H...O2. The low 0—0 bond strength of 69 kcal. 
in the hydroperoxide molecule as compared with 99 and 82 kcal. for the C—and 
C—C bond strengths, indicates that the hydroperoxide molecule can contain con¬ 
siderably less vibrational energy if decomposition is not to occur. Weiss (1942) has 
discussed electron transfer mechanisms in the photo-peroxidation of polynuclear 
hydrocarbons; however, in view of the high ionization potentials involved such 
mechanisms are unlikely to be operative in the production of hydroperoxides. 

Whilst in the thermal oxidation of tetralin an energy-chain mechanism is operative, 
it is reasonable to suppose that in some cases the energy conditions are such that a 
free radical mechamsm occurs. It will be seen in the next papers that the oxidation 
in the presence of benzoyl peroxide, a large surface, or a heavy-metal catalyst, pro¬ 
ceeds by a free radical mechanism. Thus, as with polymerization, the reaction may 
proceed both by free radical and energy chains. 
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The existence of the two chain reaction paths accounts for much of the confusion 
regarding the mechanism of the inhibition of the oxidation. The ‘oxidizability’ of 
inhibitors is most readily understood on a free radical basis; the mechanism of the 
iiihibition of an energy chain and the fate of the inhibitor are far less clear. The work 
of Perrin (1926) and others on the quenching of fluorescence by inhibitors suggests 
an experimental approach to the problem. Weiss (1943) has recently put forward 
an electron transfer mechanism in connexion with the quenching of the fluorescence 
of dyes, by iodide and ferrous ions, and hydrocarbons by oxygen and nitric oxide. 
The choice between the energy or electron transfer mechanisms rests on future 
experiments. 

The authors are indebted to Professor E. K. Rideal, E.R.S., for his interest and 
help during the progress of this work, and wish to thank the Department of Scientific 
and Industrial Research and the Asiatic Petroleum Company for financial assistance. 


Appendix: Theoebtioad derivations ob the oxidation bate 
A. Oxidation by a free rad,ical chain 

Ziegler et al. (1930, 1932, 1933) and Mithoff & Branch (1930) have studied the 
oxidation of hexaphenyl ethane. Conant & Evans (1929) investigated the oxidation 
of the dixanthyls. These two systems are similar, for both compounds contain a very 
weak 0 — 0 bond. Although the kinetics of their oxidation have not been fully 
elucidated, there can be no doubt that they are free radical reactions. The chain 
character of their oxidation has been demonstrated by Ziegler & Ewald (1933), for 
hexaphenyl ethane oxidizes at a rate between two and four times faster than the 
rate of dissociation into triphenyl metbyl radicals as measured colorimetrically. 
The chemistry of these hexaphenyl ethane and dixanthyl reactions suggests most 
strongly that if the oxidation of saturated hydrocarbons proceeds by a free radical 
mechanism, then the chain carriers are the alkyl and alkyl hydroperoxide radicals 
B’ and BO'z corresponding to X’ and PhgC', XOj and PhgCO^, where X‘ represents 
the radical produced by the symmetrical dissociation of the dixanthyl molecule, X^. 
The alkyl and alkyl hydroperoxide radical chain carriers have been utilized in 
reaction mechanisms by Ubbelohde (1935), Lewis & Von Elbe (1938) and Farmer 
et al. (1942). No other radical chain carriers with existing chemical prototypes 
which can lead to hydroperoxide formation have been discovered. The heats of 
reaction, which have been calculated for the possible reactions occurring, are based 
on the following values for bond strengths: C—99 kcal., 0 —110 kcal., 0 — 0 
82 kcal., and the 0—0 bond in molecular oxygen 118 kcal., in alkyl peroxides* 
69 kcal., and in the HO2 and iJO^ radicalsf 63 kcal. No account has been taken of 

* Galoulated from the data of Stathis & Egerton, ( 1940 ) on the combustion of peroxides. 

f Idential 0—O bonds are assumed in the HO 2 and EOj radicals. This O—0 bond strength 
has been calculated from the dissociation energy (46 kcal.) of the HOj radical given by Weiss 
(1935). 
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the kinetic energy terms, so whilst these heats of reaction would not bear any exact 
theoretical relationship to any obtained experimentally, they can be used to test 
the likelihood of a reaction provided it is endothermic. In the reactions below, the 
heat of reaction would be altered by some 5-10 kcal. by the resonance energy of the 
radicals concerned, but this does not affect the main argument. 

The chain initiation reaction is here formulated as a simple bimolecular collision 
between the hydrocarbon and oxygen molecules giving the alkyl and O2H’ radicals 
as in (1). For purposes of the kinetic development the fate of the OgH' radical is 
neglected for its most probable fate would be as in reaction (2): the result of this is 
merely to double the rate of production of the chain carrier, B', but in no way affect 
the dependency of the rate on hydrocarbon or oxygen concentration. 


-{- 02' 

^!-^B‘ + 0 ^B.’- 5 Z kcal.. 

(1) 

JSH + OaH- 

^-.HaOa+iJ* 7 kcal., 

(2) 

JJH-1-02 

- >-.802 -1- H‘ — 81 kcal.. 

( 3 ) 


-ii!‘ -1- H’ — 99 kcal. 

( 4 ) 


The alternative bimolecular initiation reaction ( 3 ) can be neglected for it is 28 kcal. 
more endothermic than reaction (1), in any case it leads to the same kmetic depend¬ 
ence. The unimolecular initiation reaction ( 4 ) as suggested by Farmer et al. (1942) is 
out of the question at temperatures near 100° C, for it would need an energy of 
activation at least in excess of 99 kcal., the strength of the C—bond. The chain 
propagation reactions leading to hydroperoxide formation are those advanced by 
Ubbelohde: 


B- + 0, 




JBO2-I -17 kcal., 


( 6 ) 


BOz + BK-^BO^IL + B’ + l'Jhoal. ( 6 )' 

As is essential in a chain reaction these two propagation steps are exothermic. For 
the chain-termination reaction we have several possibilities, and, as it strictly controls 
the dependence of the overall reaction rate on hydrocarbon and oxygen concen¬ 
tration, these will be dealt with in turn. The various mutual termination reactions 
involving recombination can be written: 


B' + B’ 

>• BB - 1 - 99 kcal.. 

( 7 ) 

B' + BO^ ** 

*-i202.R-t-76 kcal., 

(8) 

iZOa + iJOa — 

^jB 02I24-02-I-71 kcal. 

■ ( 9 ) 


Mutual termination with disproportionation is kmetically indistinguishable from 
these recombination reactions and is therefore not treated separately. Chain ter¬ 
mination by collision with the OgH radical is neglected for two reasons; first, colli¬ 
sions between chain carriers are far more probable and the greater the chain length 
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the more this is so; secondly, from the kinetic aspect the 02H’ radical is identical 
■with the alkyl radical (reaction (2) above). Since the oxidation is taking place in 
the Hqnid pjiase no particular third-body collisions need be postulated for those 
propagation and termination reactions where they are actually required. 

In calculating the oxidation rates the stationary state method is used, the reac¬ 
tion velocity constants h^, etc., referring back to the pertinent chemical 

reactions. It is assmned that the chain length is quite long, so that the oxygen 
absorbed in the chain initiation reaction can be neglected compared with that 
absorbed in the chain propagation reaction (6). Table 1 gives the overall oxidation 
rates obtained for the three mutual termination reactions. Hence none of these 
mutual-chain termination reactions lead to the observed rate dependency of the 
thermal oxidation, i.e. hydrocarbon squared, oxygen zero. Similarly, if the, overall 
rate equation is evaluated for any of these termination reactions (( 7 ), (8) and ( 9 )) 
oceturing simultaneously, the observed rate dependence again does not foUow. 
Only two sequences of reactions have been found that lead to the correct dependency, 
these ■will be considered in turn. 


termination reaction 

JSO2 "i" TJOg 


Table 1 


oxidation rate 

*iV(W[-BH]i[ 02 ]i equ.(l) 

kt V(*.fc2/2*i h) [-BH] [Oj] equ. (2) 

h^{hlk,)[RK}i[02}i equ. (3) 


(1) The wncatalysed osaidation as a heterogeneous reaction 

It was found that small changes in the surface area of the vessel, up to a twenty¬ 
fold increase, produced no change in the oxidation rate: hence if the surface of the 
vessel is responsible for the thermal oxidation, the chains must both originate and 
terminate at the surface. If the surface be denoted by 8 with an area A, the reactions 
occurring can be represented: 


EE + 8 - 

K 

>ESl"’8, 

(10) 


K 



SK" 8 + 0 ^- 


- 8 +B- + 0 ^', 

(11) 

R' + 8 - 

K 

*R'... 8 , 

(12) 

RO'i + 8 - 

K 

►JJOa... 8 , 

( 13 ) 


where the chains are initiated by the oxygen rapidly reacting ■with the hydrocarbon 
adsorbed on the surface, and the chains are terminated by the adsorption of the 
radicals on the surface ■with subsequent recombination. With the same chain pro¬ 
pagation reactions (( 5 ) and (6)) as before, the rate is found to be 


k',h^h^A{ES.f{0^) 
\¥^A{0^) + k^T<^A[ES.y 


equ. ( 4 ) 
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Now the recent work of Evans* on the polymerization of olefines catalysed by the 
OH' radical showed oxygen to be an inhibitor. This means that, of the fadical reac¬ 
tions occurring, the reaction of the alkyl radical with oxygen is the fastest. Thus, 
provided that the hydroperoxide radical is equally or more strongly absorbed than 
the alkyl radical, when W will be greater than equation ( 4 ) reduces to 


rate = 


¥ 


equ. (6) 


This is the correct dependency, but a further investigation of the effect of increased 
surface on the kinetics of the oxidation showed the underlsdng assumptions of this 
derivation to be unsatisfactory. This work will be presented in a later paper. 


(2) The uncatalysed oxidation as a homogmeous reaction 

It has been shown above that mutual-chain termination does not lead to the 
correct kinetic dependence. Still preserving the free radical mechanism for the 
oxidation chain, only one solution is left for the unimolecular removal of a free 
radical chain carrier—^its conversion into a non-reactive radical. It is exceedingly 
difficult to formulate any such reaction for the alkyl radical, but for the alkyl 
hydroperoxide radical, the following reaction may occur, 

EOa-hOa-^EO' + Og, ( 14 ) 

that is, a bimolecular reaction with oxygen, resulting in the formation of ozone and 
the alcohol radical. This hypothesis can be justified: 

(а) The most reasonable explanation for the slow oxidation of alcohols and their 
inhibitive effect in some oxidation systems (see Part I) is that the alcohol radical 
is a fairly stable and non-reactive radical—at least, the inhibitive effect demonstrates 
an inability to propagate hydrocarbon oxidation chains. 

(б) A prototype for reaction ( 14 ) already exists in the decomposition of ozone, 
catalysed by hydrogen peroxide. Weiss (1935) and Bray (1938) have postulated 
that one of the chain-propagation reactions here is 

HO -|-O3——^HOg-l- 02 't 

which is the reverse of reaction ( 14 ). The value given for the exothermicity by Weiss 
and Bray involved assuming equality of the H—O bonds in the OH and OgH 
radicals. Provided the strength of the C —0 bonds in RO and EOg radicals are also 
comparable, the chain-termination reaction advanced here would be about 30 kcal. 
endothermic which is a reasonable value. The possible criticism that the ozone so 
produced would initiate a further chain more effectively than oxygen in no way 
vitiates the kinetic derivation, for this refers to the stationary state condition, and 
provided the chain length is large it would not materially affect the kinetic depend¬ 
ence. With this new chain-termination reaction the oxidation rate can be shown to be 

(O2). KiBK) hMRW 

AeOa - 

* Private communication ( 1942 ). 


equ. (6) 



332 


P. George and A. Robertson 

This equation gives the correct dependency, and the model reaction from which it 
is derived must be considered a possible solution for the thermal oxidation reaction 
mechanism. 

Inhibition by removal of the radAcal-chain carri&rs. Now, according to the work of 
Bac^trom ( 1928 ), certain inhibitors function in such a way that they become 
oxidized. In a free radical chain reaction this implies that the inhibitor reacts with 
a chain carrier to give an inhibitor radical which is either incapable of continuing 
the cham or only does so with a much reduced efficiency. The oxidation of the 
inhibitor would then follow by further reactions of the inhibitor radical. If the 
inhibitor be ZE then the reactions with the two chain carriers 


ZH+ROj—^r + iJOaH, 


(16) 

(16) 


can be represented by reactions (15) and (16). If the velocity constant of reaction 
15 IS , then, by solving the stationary state equations, it follows that 

inhibited rate = 

*e(0,) + I:„(/H)- 

For a heavily inhibited reaction where A„(/H) > ^^(Oa) the inhibited rate should vary 
as tbe squ^e of the hydrocarbon concentration and the iirst power of the oxygen 
pressure. The induction period can be calculated by the method given earlier in 
tins paper; it is found to be 


21 -= 




_ UlSio] 

where /Hq is the initial inhibitor concentration, 
or reaction (16) be k^, then, solving as before, 


+ 


(lEa-IR) 


equ. ( 8 ) 


inhibited rate = 


71 _ ^1^6(02) 1 


(/H) ’ 


equ. (9) 

, (yH„-/H) 

Uh/‘^@H)( 02 )- equ. ( 10 ) 

^ce m a strongly inhibited reaction the rate should vary as the square of the 
N™ “ a^d the tat power of the hydroearion concentratir. 

meehameme for the thermal omdation two 

The firrt mvoWtle^^*'*™ regarding the fimotion of the inhibitor. 

formation of a radical precursor to the active chain carrier 

to Le th^^hl^u ^y‘^o°«'^bon-oxygen complex which can either decompose 
give the cham earner or become deactivated by reacting with the inhibitor Tr, 
il^ae two caaea inhihiiaon re^l^ by fewer ehaineiing ata^ 
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the same as in the uninhibited reaction- This may be contrasted mth the mechanism 
of inhibition advanced by Backstrom ( 1928 ) where the chain length is decreased 
whilst the number of chains started are identical in both reactions. 

(3) Oxidation via a radical percursor 

At the beginning of this section two possible initiation reactions (( 1 ) and (3)) 
were given which lead to the direct production of chain carriers. Now a third 
initiation reaction is possible, giving rise to the OH radical and the alcohol radical. 
This is the most probable of the three initiation reactions since it has 

iJH + Oa—^i?0- + 0H‘ + 25kcal., (17) 

by far the smallest negative heat of reaction, and so may easily require a smaller 
activation energy than the other two. As has been shown, there is good reason to 
believe the alcohol radical to be inactive as a hydrocarbon oxidation chain carrier; 
the OH' radical, however, can give rise to the alkyl radical as in reaction (18), 

EH + OH’-^iJ’ + HaO + llkeal. (18) 


If inhibition occurs by the inhibitor reacting with this OH radical as in reaction 


/H+OH’-^r + HaO 

(19) 

(19), then the solutions of the stationary state equations give 


, rate = "^H^®)^ 

«6 

equ. ( 11 ) 

inhibited rate - ^ k^{m)' k^ 

equ. ( 12 ) 

K(RB.){0^y 

equ. (13) 


For a strongly inhibited reaction the inhibited rate should here be proportional to 
the cube of the hydrocarbon concentration. 


(4) Oxidation via a hydrocarbon-oxygen complex 

Rather than the initial production of free radicals, the initiation reaction can be 
written as the slow formation of a hydrocarbon-oxygen complex as in reaction (20). 

EH + Oa-^iJH-Oa (20) 

This may then dissociate into the free radical-chain carriers or react with the 
inhibitor 


iJH-Oa 


( 21 ) 

BWO^+ITS.—- 

>• jBH + /H O 2 J 

( 22 ) 
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as in reactions (21) and (22). Solving the stationary state equations it follows that 


rate = 

Jcq 

equ. (14) 


inhibited rate - » 

equ. (15) 


kM^io,) [iKj KiBRno^y 

equ. (16) 


In this case the inhibited rate shows the same dependency on the oxygen and 
hydrocarbon concentration as the uninhibited reaction, that is, independent of 
oxygen and proportional to the square of the hydrocarbon concentration. 


B. Oxidation by an energy chain 

The salient features of this mechanism are summarized below so that the detailed 
kinetic expressions may be given. The chain initiation reaction (23) involves the 
formation of an energy-rich hydrocarbon molecule, JSH*, 

(23) 

The chain propagation reactions (24) and (26) involve first a reaction between the 
active hydrocarbon and oxygen to give an entity P*; 

+ (24) 

+ —iJOjH + iJH*. (26) 

The second propagation reaction between P* and a normal hydrocarbon molecule 
results in the product, the alkyl hydroperoxide, and the active hydrocarbon chain 
carrier is regenerated ^ 

P* POaH or PH + Oa- (26) 

The chain-termination reaction involves the unimolecular deactivation of P* by 
collision as in reaction (26). If the function of the inhibitor is to bring about a more 
efficient 

TH+ P*—U /H* + POaH or PH -h Oa, . (27) 

deactivation of P* as represented in reaction (27), solution of the stationary state 
equations is then found to give 


rate = *«™^. 

h 

equ. (17) 

inhibited rate = 

k+kiimy 

equ. (18) 

- ,/Ho-/H 

k,k,{BJl)'^\ml^ k^(Bli) ■ 

equ. (19) 


Again, the inhibited rate shows the same dependency on oxygen and hydrocarbon 
concentration as the uninhibited reaction. 
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TABLEt2 


entity reacting 
with inhibitor 

BO2 radical 

R' radical 


OH’ radical precursor 

hydrocarbon oxygen 
complex, precursor to 
radical chain 

p*, energy-rich mole- 
otile 


mhibited rate 

(Ojs) 

(Oj)“ 

initial inhibited 
rate when strongly 
inhibited 

(Og) 

Km 

(0,)* 

(iH) 



k^k^k^iRKf 


K 

kt Kk^{RW 



KKim) 

hMR'S.f 

kj4{Rlif 

kt+ki{m) 

' Km 


induction period 

® In 


IHo-JH 

k.kJ,RB.) 

\m)^ 

k.(RK) (Og) 


rHo-ZH 

k,kikp{RKf 

\mj 

^KiRU) (Oa) 

.... K ij, 


JHo-ZH 

KKm 

\m)^ 

K(RB.) (Oa) 

ki 


\ 

Kk,{RB.) (Oj) 

^\m 

(Oa) 


JHg-JH 


\jh; 



Conclusions 

The particular reaction mechanisms which have been developed in this appendix 
illustrate the general arguments advanced for the adoption of the energy chain. In 
tables 1 and 2 are summarized the kinetic expressions derived from the mutual- 
chain termination reactions and the various inhibitor reactions possible. The main 
points may be summarized: * 

(i) The free radical mutual termination reactions do not lead to the correct 
kinetic dependency for the uninhibited rate (see table 1). 

(ii) However, the correct dependency follows if the normal-chain termination 
reaction is one between the alkyl hydroperoxide radical and oxygen, yielding ozone 
and the alcohol radical, which is incapable of continuing the chain. Nevertheless, 
if the inhibitor reacts with either radical-chain carrier or a radical-chain precursor 
the observed kinetic dependence of the initial inhibited rate does not follow (see 
table 2). 

(iii) The only free radical mechanism compatible with the identical orders of the 
uninhibited and inhibited reactions is that involving the initial formation of a 
hydrocarbon-oxygen complex, capable of unimolecular decomposition to give the 
radical-chain carrier. 

(iv) However, the determination of the kinetic dependence of the induction 
period on reactant concentration has shown that the entire initiation reaction is 
mdependent of the oxygen concentration. From this it follows that the energy-chain 
mechanism best represents the uncatalysed formation of hydroperoxide from 
hydrocarbon and oxygen. 

As will be shown in later papers, in the benzoyl peroxide, surface- and heavy-metal 
catalysed oxidations, chain termination with oxygen occurs, and it is suggested that 
these reactions involve a free radical chain mechanism. 
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The oxidation of liquid hydrocarbons 

III. The oxidation of tetralin in the presence of benzoyl 
peroxide as a free radical chain reaction 

By Philip George, Department of Colloid Science, University of Cambridge 

{Communicated by E. K. Rideal, F.R.8,—Received 6 September 1944.— 
Revised 13 January 1945) 

The product of the benzoyl peroxide sensitized oxidation of tetralin is the hydroperoxide as 
it is in the thermal and heavy metal catalysed oxidations. There is clear evidence that the 
reaction has a chain mechanism. As the concentration of benzoyl peroxide is increased the 
oxidation rate rises to a constant value which shows that the peroxide both initiates and 
terminates the reaction chains. The oxidation rate is proportional to the first power of the 
tetralin concentration and is characterized by a complex less than first order variation with 
the oxygen pressure over the entire range of peroxide concentrations. This arises from a chain 
termination reaction with oxygen, a new feature in liquid-phase oxidations and one which is 
not present in the thermal oxidation. In view of the accepted free radical character of the 
benzoyl peroxide decomposition this oxygen termination reaction is thought to be character¬ 
istic of a free radical chain oxidation. A suggested mechanism gives an expression for the rate 
identical with that obtained from the kinetic investigation. 

By using low peroxide concentrations it has been found that the thermal energy chains and 
the induced free radical chains proceed simxiltaneously. 

Decomposition experiments have shown that in oxidizing systems benzoyl peroxide decom¬ 
poses faster than in solvents in the absence of oxygen. Using this and other kinetic data the 
oxidation chain length has been found to be approximately 230. 


Introduction 

Medvedev (1938) groups! together the effects of methyl hydroperoxide, dibenzoyl 
peroxide and tetralin hydroperoxide in the oxidation of methane, cyclohexene and 
tetrahn respectively. It seems more probable, however, that two different types of 
mechanism must be responsible for the observed increases in the oxidation rates. 
Methyl hydroperoxide was found by Gershevich (1938) to eliminate the induction 
period completely in the oxidation of methane at 460° C. This most marked effect, 
obtained with only 0*54 % of the hydroperoxide, and the elevated temperature 
employed, strongly suggest that a free radical mechanism is operative of the type 
proposed by Lewis & Von Elbe (1938). Contrasted to this is the effect of tetrahn 
hydroperoxide on the Hquid-phase oxidation of tetrahn, which as was shown in the 
last paper is appreciable at 65° 0 but becomes much less marked at 100° C. The 
primary reaction, consisting of hydroperoxide formation, was shown to proceed by 
an energy-chain mechanism, the degenerate chain branching results from the decom¬ 
position of this hydroperoxide. By studying the benzoyl peroxide sensitized 
oxidation, where high oxidation rates are obtained, the effect of peroxide decom¬ 
position on the oxidation can be examined in detail, and this may provide an analogy 
to the degenerate chain branching process. 
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Hey & Waters (1937) have "discussed the thermal decomposition of benzoyl 
peroxide in organic solvents: the evidence points to it being a free radical reaction. 
Vaiser {1938) showed benzoyl peroxide to be an exceedingly efficient promoter of 
the liquid-phase oxidation of cyclohexene at 65° C. It is the purpose of this paper to 
examine the kinetics of the benzoyl peroxide sensitized oxidation of tetrahn, in 
order to determine the characteristics of the free radical sensitized reaction. 

Proceditke 

The experiments were carried out at 110° C. The oxygen uptake was measured 
volumetrically for 1 c.c. portions of tetralin with the addition of benzoyl peroxide 
as the hydrate. An iodometric estimation showed it to contain 81 % peroxide- A small 
tube containing carbosorb asbestos (63 % NaOH) resting in the reaction vessel 
absorbed part of the water evolved, and the rest condensed out in the cooler parts of 
the apparatus. In an experiment using 10 mg. of benzoyl peroxide the addition of 
100 mg. of water had no effect on the oxidation rate, so the presence of water vapour 
in these experiments can be ignored. Control experiments showed that 300 mg. of 
benzoyl peroxide dissolved in 1 c.c. of tetralin in 1 min. with shaking, and in a 
nitrogen atmosphere the volume became constant in under 3 min. This amount of 
benzoyl peroxide is far in excess of that used in the kinetic investigation. So the 
oxidation rates measured over the two or three minute intervals, after 2 min. from 
the time the reaction vessel was immersed in the thermostat, can be-regarded as 
true initial rates and not governed by the physical conditions of the experiments. 

In order to examine the variation of the rate with the hydrocarbon concentration, 
chlorobenzene has been used as diluent. For the results to be significant it is clearly 
essential that the decomposition rate of the benzoyl peroxide should be the same in 
both tetralin and in the diluent and further that the diluent should not undergo 
extensive oxidation in the presence of decomposing peroxide and oxygen. These 
two points have been examined below. 

In the decomposition of benzoyl peroxide the solvent is attacked; for instance 
Hey (1934) has shown that in chlorobenzene solution 4-chlorobiphenyl is formed. 
Thus it is important to determine whether the decomposition rate in chlorobenzene 
is comparable with that in tetralin. The decomposition has been investigated as 
follows: 0-30 g. of benzoyl peroxide were dissolved in 20 c.c. of chlorobenzene or 
tetralin in a large boihng tube which was then immersed in the thermostat at 
110° C. After 3 min. to allow thermal equilibrium to be attained, 2 c.c. portions 
were removed at 5 min. intervals. The benzoyl peroxide concentration in these 
samples was estimated by heating them at 100° 0 with 5 c.c. of peroxide free glacial 
acetic acid and 0*5 gm. of solid potassium iodide in an atmosphere of carbon dioxide 
for 1 min . The solution was then cooled, diluted with 20 c.c. of distilled water and 
titrated with 2*45 x lO^^N sodium thiosulphate, starch solution being used as 
indicator. During the entire decomposition carbon dioxide or oxygen-free nitrogen 
was blown through the reaction vessel. The mean titration values for several deter- 
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mmatious with each solvent are given in tables 1 and 2. The decomposition is clearly 
first order, the reaction velocity constants being 0‘0624 and 0-0636 min."^ in tetralin 
and chlorobenzene respectively. The corresponding standard deviations of these 
mean values are 0-0014 and 0-0006. Thus within experimental error the decom¬ 
position proceeds at the same rate in tetralin and chlorobenzene in the absence of 
oxygen. 


Table 1. Decomposition op benzoyl peroxide in tetralin at 110° C 


time 

titration value 

1 a 

-In- 

min. 

c.c. 

t a —X 

0 

4-15 

— 

5 

3-10 

0-0584 

10 

2-15 

0-0652 

15 

1*60 

0-0636 

20 

1-10 

0-0666 

25 

0*90 

0-0612 

30 

. 0*70 

0-0594 


Table 2. Decomposition op benzoyl peroxide in 

CHLOROBENZENE AT 110° C 


time 

titration value 

1, a 
- m- 

min. 

c.c. 

t a — ; 

0 

4-15 

— 

5 

3-00 

0-0650 

10 

2-20 

0-0636 

15 

1-60 

0-0636 

20 

1-15 

0-0642 

25 

0*90 

0-0612 


Table 3. The decomposition op benzoyl'peroxide in chlorobenzene 
AT 110° C in the presence op oxygen 


time, min. 

titration value, c.c. 

0 

4-15 

5 

3-85 

10 

3-40 

15 

3*10 

20 

2-70 

25 

2-50 


Further experiments showed that a negligible amount of oxygen is absorbed by 
the system benzoyl peroxide and chlorobenzene at 110° 0, and to confirm this a 
decomposition experiment was carried out in which oxygen was blown through the 
chlorobenzene solution. The results are presented above in table 3 and are given 
later in figure 7. A quantity of oxygen is absorbed in 15 min. giving peroxidic com- 
pormds equivalent to 1-5 o.c. of 2-45 x 10“®N sodium thiosulphate solution, i.e. 0-4 c.c. 
gaseous oxygen per 1 c.c. of chlorobenzene containing initially 15 mg. of benzoyl 


22-2 
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peroxide. This is very small compared with the oxygen absorption of the tetralin: 
and so from a consideration of the decomposition rate of benzoyl peroxide in chloro¬ 
benzene and the oxygen absorption of the resulting solutions it follows that chloro¬ 
benzene is an extremely suitable diluent. 

A. Hydroperoxide formation in the benzoyl peroxide sensitized oxidation 

The amount of oxygen absorbed occurring as hydroperoxide has been measured 
during the early stages of the oxidation of tetralin containing 1 % of benzoyl 
peroxide. The hydroperoxide w’as estimated iodometrically, due allowance being 
made for the small amount of benzoyl peroxide present. The results are presented 
in figure 1 , and show that the benzoyl peroxide is responsible for a great increase in 
the rate of hydroperoxide formation. The hydroperoxide is the exclusive product of 
the sensitized oxidation. 



0 4 8 

time (min.) 


Figure 1. The osddation of tetralin in the presence of 1 % benzoyl peroxide at 110° C. 
A, gaseous oxygen absorbed; B, oxygen present as hydroperoxide; C, thermal oxidation for 
comparison. 


B. The variation of the oxidation rate with the benzoyl peroxide concentration 

The experimental results are given in figure 2 . As the amount of benzoyl peroxide 
is increased, the oxidation rate increases to a maximum value, fifteen timeKS the 
uncatalysed rate, which then remains constant, independent of further additions 
of peroxide. This behaviour is similar to that found by Vaiser ( 1938 ) in his experi¬ 
ments with cyclohexene, and corresponds precisely to that observed in the heavy 
metal catalysed oxidations (George, Rideal & Robertson 1942 ). If B is the benzoyl 
peroxide concentration and a-d numerical constants, the results can be represented 


rate = 


,a-h6JS 


eq. ( 1 ) 
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The peroxide ia its thermal decomposition can initiate the hydrocarbon oxidation 
chains, the maximum in the rate-concentration curve demonstrates further that the 
chains can be terminated by the peroxide or its decomposition products. 



Figure 2. Oxidation rate as a function of the benzoyl peroxide 
concentration at 110° C. 


C. The variation of the oxidation rate with hydrocarbon concentration 

As in experiments previously described chlorobenzene was used as diluent. 
Figure 3 gives typical results for the rate plotted against the tetralin concentration 
for various concentrations of benzoyl peroxide. The rate is clearly first order with 
respect to the hydrocarbon concentration over most of the range of peroxide con¬ 
centrations covered in figure 2. However, at low peroxide concentrations, less than 
2-5 mg./c.c. solution, a significant discrepancy appears in that the observed rates are 
slightly more than those required for the strict first order dependence, taking the 
oxidation rate for 100 % tetralin as the standard. This is illustrated by the dotted 
curves in figure 4. The explanation of this is simple, for at these low peroxide con¬ 
centrations the total rate is comparable to the thermal oxidation rate, whiclx is 
proportional to the square of the hydrocarbon concentration. If the thermal chain 
reaction and the benzoyl peroxide sensitized chain reaction proceed simultaneously 
then the observed behaviour can be accounted for. From the experimental oxida¬ 
tion rates plotted in figure 4, the contribution made by the thermal oxidation 
has been subtracted for each value of the tetralin concentration according to the 
square law dependence established in Part II. If the two chain reactions proceed 
side by side then the resultant rate, due entirely to the sensitized reaction, should 
obey a*strict first order relationship. The full straight lines of figure 4 show this 
to be so. 

At high peroxide concentrations, where the total rate is between ten and fifteen 
times the thermal oxidation rate, the above correction is only a small fraction of the 
total rate and so the total rate shows the first order dependency. 




342 


P. George 




Figuke 3 


Figtoe 4 


Figtoe ^ ox^tion rate ae a function of the hydrocarbon concentration (□30, 0 16, 
A 8 and V 3 mg. of benzoyl peroxide per c.c. solution respectively) 110® C. , 

^ ^ hydrocarbon concentration at low peroxide 

curvfiR* AYTiA “ + 1 ^ (froM- top to bottom 3, 1*5 and 0*5 mg. peroxide per c.c.). Dotted 

rate * ^ a pomts. Full curves: values corrected for the contribution of the thermal 



?^efll^cTn?oS° own 

U C.C. teteL J^pec^ ^ ^ + 1-0 mg. of benzoyl peroxide ' 




Oxidation of liquid hydrocarbons 343 

D, The variation of the oxidation rate with the oxygen pressure 

Oxygen-nitrogen mixtures were used as before. It was found that in contrast to 
the identical first order variation with the hydrocarbon concentration, the oxidation 
rate shows a complex variation with the oxygen pressure over the entire range of 
benzoyl peroxide concentrations. The nature of this variation has been determined 
by plotting the reciprocal of the rate against the reciprocal of the oxygen pressure. 
The results of § C and the parallel straight lines obtained in figure 5 show that the 
contribution to the oxidation rate arising from the action of the benzoyl peroxide is 
best represented by the empirical equation 


rate == 


a^(Ji;H)(0,) 


eq.(2) 


where a^^ and are numerical constants. The results plotted in figure 5 show also 
that for high benzoyl peroxide concentrations and low oxygen pressures this equa¬ 
tion no longer holds. The extremely marked divergence from the theoretical dotted 
lines strongly suggests that this is not a norm^al kinetic effect resulting from an 
additional reaction modifying the primary chain process. This will be discussed later. 


E. The change in the oxidation rate as the oxidation proceeds 

As is shown in figure 6 the peroxide sensitized rate falls quite rapidly with time. 
This can clearly be due to the diminution in both benzoyl peroxide and hydrocarbon 
concentration. It has been shown in § B above that the peroxide is responsible for 
both initiating and terminating the reaction chains, so it is of interest to determine 
whether the peroxide decomposes more rapidly in the oxidizing system than it does 
in tetralin or chlorobenzene in the absence of oxygen. This has been done in the 
following manner. The tangent to the experimental curve in figure 6 has been 
measured at zero time, 5 min., 10 min., etc., this gives the experimental oxidation 
rate during the oxidation. However, except at zero time the tetralin concentration 
is not unity since some has been oxidized to the hydroperoxide; but from the known 
oxygen absorption the effective tetralin concentration can be estimated, and since 
the oxidation rate is proportional to its first power, the rate corresponding to a 
tetrahn concentration of unity can be calculated. Now from figure 2, where the 
oxidation rate is plotted as a function of the benzoyl peroxide concentration, the 
peroxide concentrations required to give these oxidation rates can be obtained. The 
experimental oxidation rates, the calculated rates and the corresponding benzoyl 
peroxide concentrations are given in^able 4, where it is seen that the peroxide 
decomposition in the oxidizing system is still first order but proceeds at a rate 23 % 
greater than that in tetralin or chlorobenzene in the absence of oxygen. The oxidation 
rates are measured in c.c. of oxygen per c.c. tetralin and the peroxide concentrations 
in milligrams per c.c. tetralin. The mean velocity constant is 0*0776 min.*"^ witli a 
standard deviation of 0*0004 as compared with 0*0624^0*0014 and 0*0636-0*0006 
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for the decomposition in tetralin and chlorobenzene alone. From this experiment it 
may be concluded that the reactions by which the benzoyl peroxide starts and stops 
the oxidation chains are first order with respect to its concentration. 



time (min.) 


Figure 6. The oxidation of tetralin in the presence of benzoyl peroxide (17*5 mg./c.c.). 


Table 4, The becomposition op benzoyl peeoxide in 
OXIDIZING TETEALIN AT 110° C 


time 

, experimental 

calculated 

peroxide 

^ In ^ 

min. 

rate 

rate 

concentration 

t a — x 

0 

135 

135 

17*6 

_ 

5 

108 

116 

12-0 

0-0756 

10 

83 

93 

8-1 

0*0773 

16 

65 

76 

5-2 

0*0785 

20 

52-5 

63 

3-7 * 

0*0778 

25 

42-5 

52 

2-5 

0*0780 

30 

32-5 

40*5 

1-7 

0*0778 


For purposes of comparison the results"are presented graphically in figure 7. 
Curves .4 5 B illustrate the decomposition in the oxidizing system and in tetralin or 
chlorobenzene m the absence of oxygen respectively. Curve G refers to the decom¬ 
position in chlorobenzene in the presence of oxygen. The experiments from which 
curves B and C are derived have been described earlier in this paper and were carried 
out with an ioitial peroxide concentration of 15 mg./c. c,: for comparison with curve A 
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(initial concentration 17*5 mg./c.c.) the experimental values have been proportion¬ 
ately increased. Apart from showing that the system chlorobenzene and benzoyl 
peroxide absorbs very little oxygen, curve C is of qualitative interest only; the 
additional peroxidio material responsible for the higher titration values of table 3 
as compared with those of tables 1 and 2 may equally originate from the sensitized* 
oxidation of chlorobenzene as from a direct reaction between benzoyl peroxide and 
oxygen, leading for instance to the production of perbenzoic acid. Whichever 
reaction occurs the experiment demonstrates very well the intense oxidative re¬ 
activity of the system benzoyl peroxide plus oxygen. 



Figxjke 7. The decomposition of benzoyl peroxide at 110° C. A , ia tetralin during the course 
of the oxidation; B, in tetralin or chlorobenzene in an inert atmosphere; (7, in chlorobenzene 
oxygen. 


Discussion 

In the thermal oxidation, where it is well established that the product of the 
primary reaction chain is a hydroperoxide, the oxidation rate was found, to be 
independent of the oxygen pressure and proportional to the square of the hydro¬ 
carbon concentration. In contrast to this, whilst the product is still hydroperoxide, 
the benzoyl peroxide sensitized oxidation proceeds at a rate proportional to the first 
power of the hydrocarbon concentration and is characterized by a complex less than 
first order dependence on the oxygen pressure. In the investigation of the change in 




346 


P. George 

the oxidation rate, as the oxidation proceeds, it was observed that the rate falls oif 
quite rapidly with time. Provided that the kinetic laws which govern the initial rate 
also control the progress of the oxidation this can be satisfactorily explained. Thus 
the benzoyl peroxide sensitized oxidation is a simple stationary chain reaction and 
does not involve the interaction of chain centres. The study of the variation of the 
rate with time has also enabled the rate of decomposition of the peroxide in the oxi¬ 
dizing system to be calculated. It is found that it decomposes 23 % faster than it 
does in inert systems. This behaviour has also been noted when benzoyl peroxide 
initiates polymerization reactions. Kamenskaya & Medvedev ( 1940 ) found that in 
vinyl acetate at 50-85° C the decomposition is twice as fast as it is in benzene: 
similarly Price & Tate ( 1943 ) found that 3:4:5 tribromobenzoyl peroxide decom¬ 
poses six times as fast in styrene as it does in benzene at 80° C. 

The empirical expressions for the oxidation rate have been given in equations 
(1)l and (2). From the theoretical oxidation mechanisms discussed in the appendix 
to Part II, it follows that in the sensitized oxidation the initiation reaction involves 
oxygen but not hydrocarbon, and further that it results from a reaction of oxygen 
with benzoyl peroxide or one of its decomposition products. The first power of the 
hydrocarbon concentration is derived from the chain propagation reaction. From 
equation ( 2 ) it is evident that in the sensitized oxidation the reaction chains can be 
terminated by collision with oxygen. This termination reaction has been noted in 
many high temperature gas phase oxidations (Semenov 1935 ), but it is a new kinetic 
feature in condensed liquid phase oxidations. Its origin presents a distinct kinetic 
problem. 

In the early stages of this investigation it was believed that both thermal and 
.sensitized oxidations were free radical reactions and so the oxygen termination 
process followed from the contribution of the thermal oxidation to the chain 
termination: 

^ [g,( j?H) (0,) + KJ,B) (0,)] ■ g,(.RH) 

In this equation and are the benzoyl peroxide initiation and termination 
reaction velocity constants; the other terms have the meanings given in the appendix 
to Part n. However, the constant first order variation with the hydrocarbon con¬ 
centration as opposed to the continued complex variation with the oxygen pressure 
. over the entire range of peroxide concentration was contrary to this hypothesis. 
Further, the experiments on the inhibition of the thermal oxidation showed con¬ 
clusively that oxygen was not involved in the thermal initiation reaction. Thus, 
since the thermal oxidation rate is independent of oxygen, the thermal termination 
reaction cannot involve oxygen: furthermore, the inhibition experiments strongly 
supported the energy chain as the mechanism for the thermal oxidation. Now this 
lack of correspondence between the oxygen chain termination process of the sensi¬ 
tized oxidation and the termination reaction of the thermal energy chain, together 
with the evidence that the decomposition of benzoyl peroxide is a free radical 
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reaction, strongly suggests that chain termination by collision with an osygen 
molecule is characteristic of a free radical chain reaction. Thus reaction 14, discussed 
in the appendix to Part II, whilst inapplicable to the thermal oxidation may well 
occur in the benzoyl peroxide sensitized oxidation: 

JJOa + Oa-viJO' + Og. 

The fact that the bxygen chain termination process enters into the empirical rate 
expression over the entire range of benzoyl peroxide concentrations corroborates 
the conclusion that it is characteristic of the type of reaction caused by the benzoyl 
peroxide. 

Before formulating the theoretical oxidation mechanism, the anomalous behaviour 
of the oxidation rate at high peroxide and low oxygen concentrations must be 
examined. Similar behaviour has been found at low oxygen pressures in the s-urface 
and heavy metal catalysed oxidations, so these abnormally low oxidation rates 
cannot result from additional reactions occurring when the benzoyl peroxide con¬ 
centration is large. The most likely explanation is that under these circumstances a 
competition for the available oxygen occurs between the chain initiation reaction 
and the first chain propagation reaction. The chains carmot fully develop, and with 
the high peroxide concentration being available for chain termination a much 
diminished rate results. 


Theoretical derivation of the benzoyl peroxide sensitized oxidation rate 

Hey & Waters ( 1937 ) have shown that the complete correspondence between the 
reactions of diazohydroxides, nitrosoacylarylamines, arylazotriarylmethanes and 
diaryl peroxides is very strong evidence for the free radical decomposition mechanism. 
For dibenzoyl peroxide this is written 

(PhC0)202-^Ph'-l-PhCOO'-l-COa. ( 1 ) 

Typical of the evidence against this hypothesis is the observation of Reynhart 
( 1927 ) that benzoyl peroxide decomposing at 210 ° C in the presence of bromine 
yields no bromobenzene. Hey & Waters point out that this is similar to the absence 
of hydrogen and higher paraffins in the photolysis of aldehydes (Norrish & Kirk- 
bridie 1932 ; Norrish & Bamford 1935 ). They show how the principle of primary 
recombination accounts for these observations, for the benzoyl peroxide usually 
reacts with the solvent as is showm in reaction (la). 

(PhC0)202 + RH-^ Ph. R+PhCOOH + COg, (la) 

This question of primary recombination is‘ important when considering the 
mechanism by which benzoyl peroxide initiates and terminates the hydrocarbon 
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oxidation chain. If the isolated free radicals (the phenyl radical is by far the more 
reactive) are believed to be responsible, and the chains are initiated by 


Ph' + Oj— 

—PhOa, 

(2) 

PhOa + iJH— 

^PhOaH + i?-, 

(3) 

Ph' + JJOj— 

^PhOgi?, 

(4) 


reactions (2) and (3) and are terminated in the mutual radical recombination reaction 
(4), then the following difficulties arise. First, owing to the continual production of 
radicals from the benzoyl peroxide and their high concentration compared with that 
of the chain carriers, the stationary state treatment cannot justifiably be applied 
to them and they must be treated as continuously generated reaction intermediates. 
According to this conception, the chain initiation results from the consecutive 
reactions (1), (2) and (3), of which reaction (1) is undoubtedly the slow step. Thus 
the rate of chain initiation is given by the rate of the decomposition reaction and is 
independent of the oxygen concentration: and so a reaction mechanism involving this 
hypothesis will not give the observed kinetic dependency of the oxidation rate. 
Secondly, as has been shown in § E the benzoyl peroxide decomposes more rapidly in 
the oxidizing system than in solvents in the absence of oxygen; it is difficult to 
account for this increased rate if it is the products of the unimolecular decomposi¬ 
tion—^reactiofi (1)—^that are responsible for the sensitized oxidation. 

These difficulties vanish if, although the intimate mechanism of the decomposition 
remains the same, the free radicals so formed recombine in the absence of a solvent 
or reactant molecule. However, if at the instant of decomposition collision with an 
oxygen molecule or the alkyl hydroperoxide radical chain carrier takes place, then 
the following reactions can be postulated: 

(PhCOaOa + Oa-^PhOa+PhCOi + COj, (6) 

(PhC0)202 + iJOa —2- PhO^iZ+PhCOa + CO^. (6) 

It is improbable that the reaction between benzoyl peroxide and tetralin gives rise 
to chain carriers for it corresponds to the reaction with solvents which has been 
widely studied (reaction (la)). It may be objected that reaction (6) does not repre¬ 
sent chain termination for the benzoic acid radical is left unattached. However, it 
has been shown experimentally that the peroxide does terminate chains and so the 
production of a radical incapable of continuing the chain, or only able to do so with 
a greatly diniinished efficiency, is implicit in the free radical mechanism. This radical 
is assumed to be the benzoic acid radical, for, possessing the resonance energy of the 
carboxylate group, it is less reactive than the phenyl radical. 

Summing up, it is suggested that the following reactions are operative in the 
benzoyl peroxide sensitized oxidation: 

^PhO^ + CO,, 

—.PhOjH + i?-; 


chain initiation: (PhC0)202+Oj 

PhOa + iJH 
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K 

chain prop^ation: iZ' + Og— 

ROz + BK-^ROzHi + B'; 

K 

chain termination: J?02 + Oj —^ -BO' + O3, 

RQ’z + (PhC0)202—^PhOa-B + PhCOa + CO 2 . 


The propagation reactions and the termination reaction with oxygen have been 
discussed in the appendix to Part II. The solution of the stationary state equations 
gives the following expression for the oxidation rate: 


rate' = 


KJ,B){Oz).Kz{E&) 

K,{Oz)-¥K^{B) 


eq. (3) 


This corresponds precisely to the contribution made by the sensitized oxidation to 
the total rate in the empirical relationships derived from experiment (equations 
(l)andp)). 

The rigid interpretation of the dominance of the chain starting and stopping 
terms, K^{B) (Oj) and KJ^B), as the explanation of the constant rate in figure 2 
would suggest that this maximum rate should show first order dependence on the 
oxygen pressure, i.e. KJ^B) > .£^j(Oa). The experiments in § D, figure 6 , show that this 
is not so. However, evidence will be presented in the transition element catalysed 
oxidation that demonstrates that the basic chain mechanism suggested above is 
correct. In this system, which in all other respects has identical kiuetic character¬ 
istics, it is found that the maximum rate is directly proportional to the first power 
of the oxygen pressure: thus the anomaly with the benzoyl peroxide must arise from 
further comphcations in the decomposition mechanism. As an indication of this. 
Brown ( 1940 ) has shown that in high concentrations a bimolecular reaction occurs 
in addition to the first order decomposition. 


OaXculation of the oxidation chain length 

The experiments in § E, where it was found that the benzoyl peroxide decomposes 
faster in the oxidizing system than in solvents in the absence of oxygen, enable a 
rough estimate of the chain length to be made. From figures 6 and 7 it can be seen 
that an oxygen uptake of 11 c.c. results from the decomposition of 0-8 mg. of benzoyl 
peroxide. Now part of this 0-8 mg. is responsible for the initiation of reaction cbainia 
and part for the termination. The chains are also stopped by oxygen, nevertheless 
the proportion stopped by the peroxide can be calculated from figure 5 . From 
equation (3) it follows that 

1 _ 1 
rate {B) (O 2 ) KMRBL) {B) O 2 ’ 

Thus for any given peroxide and oxygen concentration the ratio of the slope and the 
intercept in figure 6 gives the number of chains stopped by the peroxide compared 
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with the numlber stopped by oxygen. For the peroxide concentration^used in, the 
experiments of § E, 17-5 mg., and an oxygen concentration of unity it is found that 

slope _ 0-0027 
intercept 6*0048* 

Hence the"fraction of the chains stopped by the benzoyl peroxide at the beginning 
of these experiments is 27/(27 -f 48) = 0-36 of the total. 

The reaction is a stationary chain reaction, so the number of chains started by 
the benzoyl peroxide must equal the number of chains stopped by the benzoyl 
peroxide and oxygen: for instance, of 100 chains started 36 will be stopped by the 
peroxide and 64 by the oxygen. Thus the amount of benzoyl peroxide responsible 
for the initiation of chains is 100/136 of the excess peroxide decomposing in the 
oxidizing system. The chain length can now be calculated, allowing for the fact that 
the peroxide is 81 % pure and that the oxygen absorption burette was at 20° C: 


100 81 0*8 X 10-3 

I^^lOO^ 242 


mol. peroxide = 


11 

22400 


273 

X ^3 mol. oxygen, 


i.e. 1 moL benzoyl peroxide =? 230 mol. oxygen. The chain length is thus 230. 

In conclusion it is interesting to observe the similarities between the kinetics of 
the degenerate chain branching process and those of the benzoyl peroxide sensitized 
oxidation. The appropriate equations are given below: 


nP)i02) 


(see Part II), 


rate = 


Z^Z,(i?H)(JS)( 0,) 


In both cases the peroxide both initiates and terminates reaction chains. The oxygen 
dependency of the contribution to the rate by the degenerate chain branching process 
has yet to be studied in detail, but the preliminary examination in Part II showed 
that with diminished oxygen pressure a lower rate is obtained. Thus although a 
complete similarity has not yet been established there still remains the possibility 
that the two processes are kinetically identical which would suggest that whilst the 
primary hydroperoxide formation is an energy chain reaction the degenerate chain 
branching proceeds by a free radical mechanism. 


I wish to thank Professor E. K. Rideal, E.R.S., for his kind encouragement and 
interest in this work, and the Department of Scientific and Industrial Research for 
financial assistance. 



Oxidation of liquid hydrocarbons 


351 


Refeeences 

Brown 1940 J- Armr. Ghem, Soc^ 62 , 2657 . 

George, Rideal & Robertson 1942 Nature, 149 , 601 . 

Gershevich 1938 See Medvedev below. 

Hey 1934 J, Ghem, Soc, p. 1966 . 

Hey & Waters 1937 Ghem. Rev. 21 , 169 . 

Kamenskaya & Medvedev 1940 Acta Fhysiochim. U.R.S.S. 13 , 565 . 

Lewis & Von Elbe 1938 Gombustion, flames and explosions of gases, chap. iv. Camb. Univ. 
Press, 

Medvedev & others 1938 Acta Physiochim. U.R.S.S. 9, 395 . 

Korrish & Bamford 1935 J. Ghem. Soc. p. 504 . 

Korrish <fe Kirkbridie 1932 J. Ghem. Soc. p. 1518 . 

Price & Tate 1943 J. Amer. Ghem. Soc. 65 , 517 . 

Reynhart 1927 Rec. Trav. chim. Pays-Bas, 46 , 62 . 

Semenov 1935 Ghemical kinetics and chain reactions, chap. xii. Oxford Univ. Press. 

Vaiser 1938 See Medvedev above. 


The effect of surface-active substances on the penetration 
of hexyl resorcinol into Ascaris lumhricoides var. suis 

A. E. Alexander, Deflartment of Colloid Science, Cambridge, 

AND A. R. Trim, Department of Biochemistry, Cambridge 

I 

Although a axxrface-aotive substance such as bile salt or soap penetrates the pig round worm only 
extremely slowly, yet it can markedly influence the penetration of hexyl resorcinol when present 
together. Keeping the hexyl resorcinol concentration fixed, low concentrations of soap bring about 
an acceleration, high conc^trations complete mhibition. Interfacial tension measurements upon the 
soap/hexyl resorcinol mixtures suggest an explanation for this behaviour. Addition of soap in low 
concentration increases the interfacial activity of the mixture, leading to an increased biological 
aotwity. Beyond a certain soap concentration micelles commence to form, and these micelles compete 
with the biological interface for the fixed amount of drug, reducing the rate and ultimately leading 
to complete inhibition. This suggested explanation appears to be applicable to other biological systems. 


(This paper has been printed in full in Proceedings B, 133, 220.) 




The mechanism of the hydrogen-oxygen reaction 
I. The third explosion limit 
By a. H. Wiulbotjrn, D.Phil. ajstd C. N. Hinshblwood, F.R.S. 

{Received 21 March 1945) 

One of the outstanding facts about the hydrogen-oxygen reaction is the existence of three 
distinct explosion limits, designated, in order of increasing pressure, the first, second and 
third explosion limits. The influence on the third limit of (a) hydrogen-oxygen proportions, 

(6) additions of nitrogen, carbon dioxide and steam, has been examined: the measurements 
were made mainly at 686° in a silica vessel coated with potassium chloride (which controls 
the reaction chains). The results are qualitatively consistent with the theory that the third 
limit depends upon the (essentially isothermal) branching of reaction chains. An expression 
based upon the equations 

H-l-Oa = OH+0, 

0+Hjs = 0H+H, 

Hd-Oa-i-Ar = HOa+M, 

’together with the assumption that HO2 diffuses to the walls of the vessel and is destroyed, leads 
m a satisfactory description of the third limit as well as of the other two. The constants 
c^p.raoteristic of the various gases participating are in fair agreement with those derived by 
independent means. 

iNmODXTOTION 

The hydic^en-oxygen oombination is one of the best examples of a reaction de¬ 
pending upon branching chains, and showing the phenomenon of explosion limits 
(Hinshelwood & Williamson 1934 ; Semenov 1935 ; Kassel & Storoh 1935 ; Lewis & 
von Elbe 1938 ). 

In the region of 560“ 0 in a silica reaction vessel, three limits are observable, the 
first at a pressure of a few mm., the second at about 100 mm. and the third at several 
hxmdred mm. Below the first, fhe reaction rate is almost negligibly small; between 
the first and the second there is explosion; above the second Kmit, explosion gives 
place to slow reaction, which, however, increases in rate rapidly as the pressure is 
iajsed, until at the third limit there is explosion once more. 

In previous papers the first and second limits have been called respectively the 
lower and upper limits of the low-pressure explosion region (Thompson & Hinshel- 
wood 1928 ; Grant & Hinshelwood 1933 ). From now on, the limits will be designated 
simply first, sec(jnd and third in order of increasing pressure. 

As ordinarily measured in a silica vessel, the rate of reaction at pressures just 
below the third hmit is very high, and the limit itself is indistinguishable from that 
of a thermal explosion. Theory indicates that there shotdd be a third limit wh^ 
branching chains again begin to multiply indefinitely, though under normal dt- 
cumstanoes this is difficult to observe experimentally. 
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The influence of vessel size, inert gases, and other factors has shown that ( 1 ) the 
first limit occurs where radicals formed in branching chains no longer diffuse rapidly 
enough to the walls,-( 2 ) that the second limit occurs where a reaction in the gas 
phase prevents further effective branching of the chains, (3) that the reaction above 
the second limit is controlled by the deactivation of chain carriers at the vessel wall, 
and that the third limit is also controlled by the extent of deactivation at the walls. 

The general interpretation of these facts in terms of the theory of free radical 
chains can bei simply given. 

Chains are initiated by the formation of H atoms or OH radicals, in a process 
such as Hj = 2 H, or Hg+O 2 = 20H. 

A probable reaction of H is 

H+02 = H0 + 0, 

which at once initiates a branching chain. There is hardly any way for the chains 
to continue except 

0 +H 2 = 0 H + H and OH+Ha = H 2 O+H. 

Diffosion of radicals to the wall breaks the chains; as the total pressure rises, the 
diffusion rate decreases and explosion occurs at the first hmit. 

At the second limit the branching is brought under control again. Several eon- 
sideralionsmdicatethe-nature of this process. (l)Itoccurs in the gas phase. ( 2 )Since 
inert gases participate in the control, the reaction involved is probably a recom¬ 
bination reaction. (3) The chain-breaking reaction must be of the saftie order with 
respect to the chain cjirriers as the branching process, i.e. of the fihst order. (A simple 
calculation shows that reactions such as 2 H -f If = would not lead to the required 
relation for the limits (Lewis & von Elbe 1938 ).) (4) The essential chain carrier to 
remove is H; removal of either O or OH separately would not stop the branching 
chain. 

These conditions are satisfied by the reaction, plausible on other grounds, 

H-t-O2+Ar = H02-FJf. 

This postulate leads to a set of relations for the second li m it fuUy confirmed by 
experiment. HO 2 diffuses to the wall and is destroyed. 

Above the second limit a farther reaction of HO 2 can occur with hydrogen: 

H 02 -I-H 2 = H 202 - 1 -H or H 20 -h 0 H. 

The competition between this reaction and diffusion to the walls explains the 
mfluence of the latter on the rate of the overall processes occurring |ibove the second 
limit. As will appear from the formulae to be given, there is thp possibility that at 
still higher pressures the increased production of H or OH by. this reaction will 
again lead to a branching chain explosion at a third limit., In earlier experiments 
with an uncoated silica vessel this possible third limit was masked by thermal 
effects, which would independently have given rise to explosion. 
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Numerous experimental studies of the explosion limits and of the mechanisms 
determining the reaction rates between the limits have been made {inter alia Thomp¬ 
son & Hinshelwood 1928 ; Gibson & Hinshelwood 1928 ; Grant & Hinshelwood 1933 ; 
Lewis & von Elbe 1937 , 1938 , 1942 ; Heiple & Lewis 1941 ; Hinshelwood & Williamson 
1934 ); but various important aspects stiU call for clarification or fuller treatment. 

This paper describes experiments made on the third limit under conditions where 
'the total reaction rate is controlled by coating the vessel surface with potassium 
chloride. The influence of hydrogen-oxygen proportions and of inert gases on the 
limit is shown to be consistent with the branching chain theory, and with the specific 
radical mechanism outlined above. The existence of a third limit not essentially 
dependent on thermal ignition seems to be definitely confirmed, and shown to be 
susceptible of approximate quantitative treatment. 

The study of the third limit leads to a further clarification of the processes deter¬ 
mining rate of reaction between the second and third limits. The essential new 
element is that the analysis of the explosion conditions at the third limit can be used 
to eliminate a set of complicated terms in the reaction-velocity expression. This 
opens the way to a direct investigation of the kinetic expression for chain initiation, 
which is dealt with in the second paper. 


EXPERIMENTAIi METHOD 

The apparatus resembled that used in previous work in this laboratory; pressure¬ 
time records were made with hydrogen-oxygen mixtures (with appropriate additions) 
heated in silica vessels in an electric furnace. The surface of the silica vessels used was 
coated with a thick layer of potassium chloride, which reduces the reaction rate 
50-100-fold (Pease 1930 ). This procedure is reported by Lewis & von Elbe ( 1942 ) to 
^ve much more reproducible results. Their statement can be confirmed. The use of 
the salt was, however, designed to allow work at higher temperatures where, it was 
thought, the true third limit would be more accessible to measurement. 

The third limit was determined as follows. The gases were admitted successively. 
The oxygen was always added last, rapidly but smoothly, the admission being com¬ 
plete within about 4 sec. The time between the start of the oxygen addition, and the 
occurrence of the explosion, was measured, and will be referred to as At (sec.). Any 
definition of the third limit is to some extent arbitrary, in that, at a given tem¬ 
perature, mixtures will explode over a considerable range of pressure (perhaps 
50 mm.). The greater the pressure, the smaller is At, The third limit explosion pressure 
must therefore be defined in terms of At, and in these experiments it was taken as 
that pressure at which At — At* = 5-6 sec. 

In choosing a value for this standard, two opposing factors had to be considered. 
First, includes the time required to admit the oxygen; if this is done too quickly 
the adiabatic expression may cause premature explosion. Hence At* must not be 
too small. Secondly, if At is large, explosion may be preceded by a considerable 
amount of reaction, accompanied by a change in composition of the reactants, and 
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by self-heating if the rate is large. At* must not, therefore, be too large. The com¬ 
promise value was chosen in the light of prehminary ejfperiments. This seems a 
more satisfactory definition for the third limit explosion pressure than the one 
sometimes adopted, namely, the lowest pressure at which explosion occurs. 

The interpretation of measurements on the third limit depends partly upon results 
derived from the study of the second limit. As a preliminary certain necessary 
additional observations on the latter will therefore be given. The second limit was 
determined by the ‘ withdrawal ’ method previously used. 

ObSEBVATIONS on the Si^lOOND EXPLOSION LIMIT 

Without making specific assumptions about the nature of the reacting species. 
Grant & Hinshelwood (1933) showed that the condition describing the limit in the 
presence of an inert gas M is 

-h -h Z^iM] = const. (1) 

The reaction is now assumed to be 

B.+ 0 ^+M = B. 0 ^+M, 

and Zq^, Zj^ in equation (1) are constants proportional, with the simpler gases, 

to the collision numbers of the respective molecules with the ‘reaction complex’ 
H-Oj. The relative values of these constants can in fact be calculated ficom the 
kinetic theory. They will be denoted fco, = ZqJZ^^-, kj^ ~ ZjfjjZg^; so that Ajh, = 1 - 
Equation (1) becomes 

[B.^ + koJiO,] + kj^[M]^K*. ( 2 ) 

Values of for O2, Nj, COj,' and HgO axe required for the interpretation of the 
, experiments to be described. They were redetermined from experiments made in 
vessels coated with potassium chloride and are given in table 1. 

The presence of the salt hardly affects the values, a result confirming that the 
main chain-breaking reaction under these conditions occurs in the gas phase. Values 
of k^ do not vary greatly with temperature, as is to be expected if they are ratios of 
collision numbers. For monatomic and diatomic gases such as Nj. Og, A and He, the 
calculated and experimental values of kj^ axe in good agreement. The experimental 
value for COg is, however, about twice, and that for HgO some ten times, greater 
than the calcxdated. 

, The high value for steam is remarkable, and was thought possibly to be due to the 
formation of a complex HgO-H with a comparatively long lifetime. 

The chain-breaking process would then be 

H20+H;fiHa0-H, HgO-H + Og = HOg-l-HgO, 

and the ‘second limit constant’ for HgO, as defined in the usual way, would be of 
tte form ^ 

*^*o = ( 5 +[Og])- 
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Hence the plot of + Tcq^ . instead of giving a straight line would give 

a curve, the gradient of which at any point would be equal to and dependent 

upon the pressure of oxygen. Figure 1 shows this plot, which is in fact linear. The 
h 5 q)othesis of the complex is therefore untenable. The increased efficiency of CO 2 
and H 2 O in the chain-breaking reaction is probably associated with the greater 
number of degrees of freedom in these molecules. 



With monatomic or diatomic molecules, dififerences in their effects are more 
likely to be due to changes in number than in efficiency of collisions: with polyatomic 
molecules the latter becomes important. 



Ajjjf (calc.) 

Table 1 

hj^ (calc.) 


gas 


%(obs.) gas 


0, 

0*4 

0*4* CO 2 0*51 

H 2 O 0*62 

0*36t 

0*90t 

H-0* 

8*26t 

N, 

0-45 

0*39* 

0*35t 

* TJnooated silica vessel at 550° C. 
t KCl-coated vessel at 580° C. 
f KCl-coated vessel at 553° C. 

8 *lt 
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Theoretical cojtsideration oe the third limit 

To apply the theory of branching chains it is necessary to assume a reaction 
mechanism, and to derive the corresponding expression for the rate of reaction. 

In the light of the previous general discussion, the following mechanism will be 
assumed: 

Initiating reaction->H or OH (rate =/i): 

(i) 0 H+H 2 = H 20 +H, . (iv) H + Oa + Jf = H 02 +Jf, 

(ii) H + 0a = 0H+0, (v) HOg-> ^HaO (wajls), 

(iii) 0+H2 = 0H + H, (vi) H0a+H2 = H20 + 0H. 

This leads, by the usual methods, to the following expression for the rate of formation 
of water in the steady state: 

" Jf fl‘5fe5 +2fcj[H2]l 

<^[HaO] ^ ^ h+hm 1 .ox 

(Equation (3) is exact if OH radicals are assumed in the initiating reaction; if H 
atoms are assumed, a term (—/i) is added which, since the chains are long, is 
negligible.) 

Two other minor variations in the reaction scheme affect the expression for the 
rate: 

(а) If in reaction (v) no water is fdhned, then the numerator in equation (3) 
becomes 

f f fe5+2fcg[Ha] ] 

^5 + 1 

(б) In reaction (vi) the products might be HaOa+H, and the HgOa would sub¬ 
sequently decompose to give water, e.g. 

(vii) HOa+Ha^HaOa + H, 

(viii) H 202 = H 20 -I-J 02 . 

In this case the numerator of equation (3) becomes 
% 

^ ( 1-5^5-Hfc,[Ha] ) 

A^+x^TLHa] r 

But in neither case is the denominator changed. 

At this stage it is relevant to consider the difficulties of applying equation (3) 
to results obtained from experiinents on the reaction rate. Although values for 
can be obtained from experiments on the second explosion limit, the 
form ofis unknown, and is a complex function of the partial pressures of all the 
gases present. It is, therefore, impossible to apply the equation as it stands to the 
experimental results—even though the reaction scheme chosen is the simplest that 
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could be imagined in the circumstances. Attempts have been made to simplify the 
equation by drastic approximations. But the significance of the resulting equations 
is difficult to assess. 

A new approach to the problem is suggested here, which overcomes these objec¬ 
tions to a large extent. It consists in factorizing equation (3) into two portions, one 
of which can be studied independently of the other. This is achieved by considering 
first the thii'd explosion limit, the condition for which is that the denominator of 
the equation shall be zero, i.e. 

^^2 _ ^5 ( 4 \ 

UklM] k,[Il,] + lc,- ^ ^ 

% 

fi is thereby eliminated, and from experiments on the third explosion limit it is 
possible to evaluate and k^. By use of the results so obtained, it is then possible 
to apply equation (3) to the rate of reaction between the limits, since the only 
unknown function is then itself. Hence this is a method of investigating the 
chain-initiating mechanism. 

For this reason the explosion limit is discussed first and consideration of the rate 
of reaction is deferred until later. 

Equation (4) must now be cast into a form such that it can be tested experimentally. 
The term Sk^M] is in full 


EklM] + ( 6 ) 


where the constants Ifcjf can be obtained from experiments on the second 

Umit. 

Iks is i'h© rate constant for the destruction of HO 2 on the walls. If it be assumed 
that the chain-breakiag efficiency of the walls is unity when they are thicHy coated 
with potassium chloride, then k^ will (for a given size of vessel) depend only upon 
the rate of diffusion of HOj. This will be assumed, although, as will be shown later, 
it can only be true to a first approximation. 

For the purposes of the calculation Jkg will be assumed directly proportional to 
the diffusion coefficient of HOg in a gas mixture consisting in general of Hj, O 2 and 
an inert gas M. A rigid calculation of the variation of the diffusion coefficient with 
composition is not possible. The following method should, however, provide a 
good approximation. 

For HO 2 molecules diffusing through a single gas fcg = 
of gases it will be assumed that 


I: 




For a mixture 




f[H2] 





Dm 


I’ 


( 6 ) 


where Dqj and Z)j,j are proportional to the diffusion coefficients of HO 2 through 

the pure gases. Formula (6) reduces exactly to the correct form when all the dif¬ 
fusion coefficients are equal, when any one of them is very small, or when any two 
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are very great. It is, moreoTer, of the right general form, and must therefore be a 
r^onably good approximation for aU cases (of. MelviUe 1932). The individual 
diffusion coefficients are given by the Stefan-Maxweh equation thus: 

D = 1 1 1 *. 

(Tja and axe respectively the molecular diameter and molecular weight. 

In subsequent calculations only relative values will be required; the function 
Djfef is therefore defined as 

- ( 8 ) 

Values of for various gases calculated according to equations (7) and (&) are 

given in table 2, for (Tho, = 4-0 A. . ^ 


Table 2. CALotrLATED valttbs of AoooEDiiirG 
TO EQtTATIOirS (7) AND (8) 


gas, M 

^JkfA 

m 



2-72 

2 

1*0. 

Og 

3-62 . 

32 

3-8 

Ng 

3*98 

28 

3*9 

COg 

4-66 

44 

6*2 

HgO 

4-66 

18 

4*1 


*6 aad Eh^M] in equation ( 4 ), from equations (6), (6) and (8), 
the following IS obtained for the third limit explosion condiLn: 

_ cg2]+-Pb.[02]+iyAfM _ 

l+*o.Po.+“ 2 jfcaAg ’ (9) 

where/jj, = [J|f]/[H2]. 

For a given temperature, equation (9) may be written 


_ CH-23+-Po.[Oa]+D^[ilf] 

l + Wo, + Wilf-A:2.4/[H2] = 


( 10 ) 

- ~m -r.^. .*** «'»/ 1 .-J 5 J 

Valu^ for and hj^ are obtainable as already described. The constant K is 

™ approzlmatly m 

I (10) for which not even an approximate in- 


iNELtJENOE OF CONDITIONS ON THIED EXPLOSION t.tmt p 

(a) Syirogen-oocygen pressures 

isthe hydiogen-oxygen ratio at 686° C 
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According to the theory outlined above, these results should be represented by 
equation (10) with {M'[ == pjj^ = 0. Curve (2) in figure 2 shows the limit calculated 
according to the equation 


[H,] + 3-0[OJ ^ 

l + 0-38po,-144/[H2] 


( 11 ) 


The agreement is quite close, and the values for the constants, which are adjusted 
to give the best fit, compare favourably with those obtained independently (tables 1 
and 2), although the value for Dq, is s%htly low. 



Figxjkb 2. Influeace of hydrogen-oxygen ratio and of nitrogen pressure on 
the explosion limit. Broken lines: experimental curves. 


(ft) Effect of nitrogen 

The effect of 100 mm. of nitrogen is also shown in figure 2, curve (3) being the 
experimental curve for 586° C. The nitrogen lowers the total pressure at which 
explosion occurs, i.e. renders the mixture more explosive. For the calculated values, 
the general equation (10) is used, with the values for ho,, and 0, taken from 
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equation (11). The independently predicted values of the constants for nitrogen are 
■Dn,~ 3-0, ifcNs,~0-35; these, however, give curve (6). The best agreement with 
experiment is given in curve (4), for which 

D'^, = 2-2, fcN, = 0 - 26 . 

Both these values are rather lower than would be expected (cf. tables 1 and 2). 

The relative importance of variations in the terms DJj, and illustrated in 

figure 3, which gives the following family of curves: 

* 


Curve 1: No N 2 present 

Curve 2; 100 rum. Na—experimental curve 


curve 



curve 


ks. 

4 

3-0. 

0*45 

6 

2-5 

0'36 

3 

3-0 

0-35 

3 

3-0 

0-36 

6 

3-0 

0-25 

7 

3-5 

0-36 


Whereas the junction of the second and third limits is displaced to lower hydrogen 
percentages both by increases in decreases in jp^,, only changes in 

affect the slope of the curves at all markedly. 

Curve (1) of figure 4 shows the observed effect of varying amounts of nitrogen on 
the third limit of 4:1 H^/Oj mixtures. Pq, the pressure of (Hg + Og), is plotted against 
the pressure of nitrogen, Pn,> fhe limit. At large values of the limit is depressed 
so much that it merges into the second limit. Measurements could not in fact be 
made for values of Pq less than 200 mm. (on account of immediate inflammation of 
the mixtures). The tendency to merge into the second limit is also shown by the rapid 
change in slope of the curve. 

In these experiments the value of Pq for Pjj, = 0 Was sKghtly lower than that found 
in the first series (figure 2). This is attributed to a slight change in the character of 
the KCl surface, which could be shown in equation (10) by a change in the value 
of ‘ <7 The required value of Pq is now given by 


[H2] + 3-0[Og]+PJg] ^ 

1 + 0-38po^+fcjjaPNs ~ 


( 12 ) 


The previous values of = 2-2 and = 0*26 in this equation lead to curve (2), 
which is of the correct general form, but not in best agreement with experiment. 
Variations in aJid give curves such as (3) and (4), the best agreement wdth 
experiment being obtained with = 2-2, kj^^ = 0-35 (curve 6). This value of 0-36 
for itjii ^ better agreement with the value obtained independently (table 2) than 
that of O’25 used above. The constants used for the other curves are 


2-2 

2-6 


cxarve 3 
curve 4 


0-30 

0-30 



(•UlUl) Oj 
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* (c) Effect of carbon dioxide 

Experiments similar to those described for nitrogen (686° C) were made with 
carbon dioxide. Figure 5 (curve 2) shows the experimentally determined effect of 
100 mm. of CO 2 on the third limit (curve 1—no carbon dioxide). The curve is quite 
different in form from that obtained with 100 mm, of nitrogen. Nevertheless, the 
general equation describes it adequately (curve 3) with suitable values of the 
constants, viz. Deo* ^ 2*5, Tcqq^ = 0*90, G = 1100. The value for Dqo, is much lower 
than the calculated value (table 2). 



The value of i^Oa? however, is identical with that obtained independently (table 1), 
It is clear, then, that the widely different effects of Ng and 00^ are due to the different 
values of (the constant which determines the effect on the second hmit). The 
effect of progressive changes in kjj^ has already been shown by curves (5), (3) and (4) 
in figure 3, and is further illustrated in^figure 5. This shows that the third limit 
phenomena are to a large extent related to what happens at the second limit, and 
that the value of determines whether a ‘COg-type’, or a ‘Ng-type' curve is 
obtained. 


The effect of small' changes in Doo* 

and is 

illustrated by curves (4) and (6) 

in figure 5, for which 


^00, 

curve 4 

3-0 . 

0-90 

curve 5 

2-5 

0-70 
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{d) Effect of water vapour 

Pigure 6 (a) shows the experimental results for 5 mm. of water vapour (in curve 1). 
The equation which might have been expected to represent the results has the con¬ 
stants 0 = 1100, HgjO = ^‘0 (table 2), = 8-25 (table 1). These values, however, 

give curve (2) in figure 6 (a) of the ‘ CO^-type’, as would be expected in view of the 
high value of A^aO- The apparent discrepancy here between theory and experiment 
is due to neglect of the specific action of water vapour on the walls of the vessel. 
Water causes a marked autocatalysis in silica, porcelain, and hard glass reaction 
vessels, being adsorbed, and thereby reducing the chain-breakmg efficiency of the 
surface. A aimilar action, even if less marked, on saM surfaces is quite possible, and 
would explain the present result. A small decrease in the chain-breaking efficiency 
would be shown primarily by a decrease in the value of the constant ‘O’, since O 
depends upon which is proportional to the chain-breaking efficiency. The equa¬ 
tion does, in fact, represent the results quite well with C=900 (curve 3, figure 6 (a)). 



30 40 50 GO 70 80 30 

% H 2 in (H 2 +O 2 ) 


FiGtrauB 6. loflueiice of water vapour on. the third limit at 686° C. 


The question now arises whether C decreases from 1100 to 900 on the addition of 
the first small amounts of water vapour, and then remains unaffected by further 
additions, or whether it decreases progressively with the amount of water vaporu. 
To answer this question, experiments were made with varying amounts of water 




366 


A. H. Willboum and C. N. Hinshelwood 


vapour and a 2:1mixture. The limits and corresponding values of O'are given 
in table 3. From this table it appears that with 9 mm. of water vapour G = 810. In 
figure 6 (b) is shown curve (5), calculated with this value for C, for the effect of 9 mm. 
of water vapom. Curve (4) was obtained experimentally. The curves are not very 
different firom those for 6 mm. of water, and the changes in slope, on increase of 
water-vapour pressure, of both experimental and calculated curves are in the right 
direction. The agreement of the two curves for 9 mm. of water is not very good, 
however, below about 60 % of hydrogen. 


Table 3 


•Ph,0 

third limit, P 
mm. 

‘C’ 

•^HaO . 

third limit, P 
mm. 

‘C7’ 

0 

510 

1100 

9 

440 

810 

2 

475 

1015 

10 

440 

790 

4 

445 

930 

12 

440 

755 

6 

440 

875 

14 

440 

722 

8 

440 

830 





The explanation is probably that the general equation ceases to hold, and in fact 
would not be expected to hold, when the chain-breaking efficiency, e, is markedly 
reduced. The equation is derived on the assumption that e is constant and nearly 
unity; if e decreases significantly then the whole form of the equation must change 
to something more complex. For quite small amounts of water it is apparently 
enough as a first approximation to adjust the value of 0, but for large amounts this 
is no longer valid. 

(e) Effect of temperature 

Some preliminary experiments have been carried out on the effect of temperature 
on the third explosion limit of 3:1 Ha/Oa noixtures. The results are given in table 4. 
Equation (9) may be written, for hydrogen and oxygen alone, as 

[Ha]-h3-0[0a] _ 

1 + 0-38po, - {KUIVS.2i) " Jf|U‘ ^ 

where . 2kjk'^ = , 

KJk, = Zj., = 

Concentrations at different temperatures in a constant-volume system are related to 
partial pressures by equations of the form [Hg] oc With poj - h therefore, 

equation (13) becomes 

i^m+3-03?o. _(const.) 

The constant in equation (2) is equivalent to the term Kl^ in the above 

equation. Experiments on the variation of the second limit with temperature have 
shown that \E^-Ef) is approximately 26 koal. K* = 144 at 586° C, hence 

Z|4 = 3-54x105. 
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(15) 


680 
650 

The left-hand side of equation (15) can be evaluated from the experimental results 
obtained at the third limit . The usual plot against IjT gives an approximate value 
for of 5000 cal. The constant C in equation (9) may therefore be Avritten 

{7 = 2-64x _ (16) 

The value of {E^ —J5g) is only approximate, since it was determined from experiments 
over a small temperature range. Its purpose, however, will be only for the extra¬ 
polation of C over narrow temperature intervals, and for this it is adequate. 

DisoTJSsroN 

Equation (9) predicts correctly the form of the dependence of the third limit on 
temperature, and on mixture composition in the presence of nitrogen, carbon dioxide, 
and water vapour. In estimating the significance of the theory on which this equation 
is based, one may first inquire how the values of the constants and obtained 
in different ways, compare with one another. 

Table 5 summarizes results Obtained from measurements on the third limit, for 
comparison with those given in tables 1 and 2. 


Table 6 


M 

- Dm 


0^ 

3-0 

0*38 

Ns 

2*2 

0*25, 0*35 

COj 

2-5 

0-90 

HjO’ 

4*0 

8*25 


The mechanism of the hyd/rogen-oxygen reaction 
Substitution of these values in equation (14) gives 


log 


0-563ph,- 1-77 X lOSTe-^sooo/jer) T 

25000-{E^-E^) 


’C 591 

total pressure P (mm.) 390 


= log (const.) + 


Table 4 

590 

440 


2-3RT 


586 

535 


583 

595 


The values of the constants for oxygen are in quite good agreement with the 
calculated values, and with those obtained from independent experiments except 
that the value of I/q^ is sKghtly low. In obtaining values for the other gases, 

Dog and were kept at 144, 3-0 and 0*38 respectively, while and were 
adjusted to give the best agreement with the experimental results. was also 
kept constant at 1100, except for the experiments with added steam, where on 
theoretical grounds variation was to be expected. 



368 A. H. Willbourn and G. N. Hinshelwood 

The values of D'j^ for both Nj and COj are appreciably lower than those calculated 
on simple kinetic theory considerations. Of the two values of obtained, 0-26 
and 0-36, the former is lower than would be expected, but the latter is in good agree¬ 
ment with that obtained independently from experiments on the second limit. 
Although the value of 0-90 for is greater than the qaloulated value, the signi¬ 
ficant thing is that it agrees with the value obtained from second l imit experiments. 
It is this large value for k^Q^ which is responsible for the special form of the third 
limit curve, apparently quite different from that given by nitrogen. 

The value of k^^Q is also in excellent agreement with that obtained from experi¬ 
ments on the second limit, in spite of the fact that for reasons already discussed it is 
much larger than the calculated value. The value of agrees well with the 

calculated value of 4-1, but this is not of great significance, since with the small 
amounts of M^ater present {ca. 6 mm.) the equation is not very sensitive to changes 
in the value of DniO- 

The fact that the third limit curve for water resembles that for nitrogen rather 
than that for COa (which might have been expected considering the large value of 
^Hjo) is attributed to the effect of HjO on the surface. The water is adsorbed on the 
walls, and lowers their chain-breaking efficiency. This appears as a lowering in the 
'value of the constant ‘O’. 

The general coherence of the results is strong evidence in favour of the isothermal 
reaction-chain theory for the third explosion limit. It seems that the third limit is 
not essentially a thermal explosion lim it, although under certain conditions the 
breakdown of isothermal conditions may appreciably affect the phenomena which 
occur. The important elements in the theory are 

(а) The operation of the independently verifiable ‘second limit’ mechanism. 

(б) The continuation of chains by the reaction of HOa in the gas phase. 

(c) The diffusion of HOa to the walls, where it is destroyed. 

In deriving the explosion condition, two major simplifications are effected: the 
chain-breaking efficiency of a Ka surface is assumed nearly unity, and the rate of 
diffusion of HOa ^ expressed by equation (6). Despite these over-simplifications 
the equations prove to be of the correct general form. The reaction medfianism 
assumed is therefore, it would seem, at least basically correct. 

The authors desire to express their indebtedness to the Department of Scientific 
^ and Industrial Research for a grant which enabled one of them (A. H. W.) to carry 
out the research. 
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The mechanism of the hydrogen-oxygen reaction 

II. The reaction occurring between the second and third 

explosion limits 

Bt a. H. WnxBotnoT, D.Phil. and C. N. Hinshelwood, P.R.S. 
{Received 21 March 1945) 

The equation for the rate of combination of hydrogen and oxygen, based upon the most 
probable chain mechanism, is very complicated and difficult to apply, without drastic 
approximations, to the experimental results. A new method of approach is here employed: 
the equation is factorized by considering first the condition for the third explosion limit 
(preceding paper) which allows the determination of most of the constants. With the help of 
these results the rate expression can be tested, and the form of the function describing the 
h:iitiating reaction examined. It is concluded that, under the experimental conditions, the 
chains are probably initiated by the dissociation of hydrogen: Ha-b AT = 2H. 


Introlxtotion 

This paper describes experiments on the rate of reaction between hydrogen and 
oxygen at pressures lying between the second and third explosion limits. The 
experimental conditions were similar to tkose under which the third limit was 
studied (see preceding paper). According to the mechanism discussed in Part I the 
rate of reaction is given by 

d\K,0] 

dt 2k, 

Zk^m ks + h[H.,] 

This equation is too complex to be applied successfully to the experimental results 
on the rate, but it now appears that all the unknown functions except can be 
determined from experiments on the third explosion limit. the function of 
concentration upon which the initiating reaction depends, is thus open to direct 
investigation. 


L5fe5 + 2fee[H,3 
^5 ^6[H-2] 


Vol. 185. A. 


24 
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A function i?* is defined such that 


Cub 


If the rate is expressed in rom./min.., t', as is often convenient experimentally, then 

/ = 

where ’ B' = (constant) T. 

With the expressions for and for given in Part I, and with the various 

constants defined there, B* can he transformed to 


B* = 


0-760 




[HJ 


u 




n [Hg] + ^OaEOz] + ~ -^24 _ rjl 1 

[Ha]+iyo.[0,]+Dif[Aa •• 


( 2 ) 


The constants in this equation can be obtained as already described. Thus, at 670° C, 
the measurements on the third limit give 


JTj* = 107, C = 1336. 

The values of the other constants, which are ratios and independent of temperature, 
are given in table 6 oi Part I. The function B* can then be cal(Sulated directly, 
without reference to any experiments on the rate of reaction. 

Now the rate of reaction is proportional to (fiB*), and the variation of (fiB*) 
with the pressures of hydrogen, oxygen, and inert gases can be calculated for 
diBferent possible forms of the function A comparison of these different possi¬ 
bilities with the observed variation of the rate should indicate the correct form of/i, 
and hence the actual mechanism of chain initiation under the prevailing experi¬ 
mental conditions.t 


COMPABIS015r WITH BXPBBIMBNT 

Evidence concerning the nature of the initiating reaction is meagre, but suggests 
that at the temperatures at which these experiments were done (> 660° 0) chain 
initiation can occur in the gas phase. According to the theory outlined in Part I, 
the reaction is one in which either OH radicals or H atoms axe produced. The total 
order of this reaction is unlikely to be greater than two: this limits the possibilities to 

(а) H 2 -t -02 = 20H, ' (c) H 2 -f 0 a^HA-> 20 H, 

(б) .Hg-t-if = 2H-t-lf, id) Ha-(walls)->2H. 

Case (a) will be considered first. Eigur6 1, curve (1), shows the observed 
dependence of the rate on hydrogen pressure in presence of 100 mm . of oxygen at 
670° C. Equations (1) and (2) give reasonable agreement with experiment (with 

t The results of this treatment should be compared with those obtained by Lewis & von 
Elbe ( 1942 ) by different methods of approach. There is a large measure of agreement, but 
there are certain differences in the conclusions reachedjabout the most probable of the various 
possible initiating reactions. ' 
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B' — 7-6 X 10*)', provided that the value of <7 is assumed to be 1200 instead of 1336 
as calculated from the observed temperature variation of the third Mmit. The curve 
given by the equa,tion / . JJ«/7-6x 10* 


is shown in figure 1, curve (2). The fact that a value oi'O' must be used which differs 
from that predicted is not in itself sufficient cause to reject case (a), since minor 
changes in surface conditions are known to occur, but the adoption of an adjusted 
value for G is far from satisfactory. 

The discrepancy is much worse for the dependence of the rate on oxygen pressure. 
The values just assumed for/i, (7, and 5', lead to curve (2) in figure 2, which predicts 
a far too great variation of the rate with oxygen pressure. Case {a) therefore seems 
to be ruled out. 

Case (6) must now be considered. Hydrogen must be dissociated in coUisions of 
the type Hg + ifef = 2H4-i^. /i will be a function of hydrogen pressure, and of the 
pressures of all the other gases present. To a first approximation 


A = . (^h.[H 2] + ^Og[0 J (3) 


where and are the relative collision numbers for hydrogen molecules 

respectively with hydrogen, oxygen, and any inert gas M. For collisions between 
molecules of hydrogen and of a gas M 

Zm = ((Tbc, +(TMf [1 /»»h,+ 


For collisions between pairs of hydrogen molecules an extra factor of a half must be 
introduced to compensate for having counted each coUMon between like molecules 
twice. 

Only relative values of the collision numbers will be required: these will be denoted 
Z'q^, Z'ja, where Z'j^j — Zj^lZ-g^^. Values of Z'm calculated in this way are shown in 
table 1. 

Table 1 


gas, M 


gas, M 


H, 

1-0 

CO 2 

2*66 

0* 

1-98 

H 2 O 

2*74 

N. 

2-22 

4 . 



A may now be written in the form 

A= hm ([Hj+i-98[o j+ z'^mi 

With this functicHi for A the dependence of the rate on hydrogen pressure is quite 
satisfactorily described (for [Og] = 100 nun.) as can be seen in figure 1 (curve 3). 
This agreement is obtained using the calctUated value of 0 = 1336, and 

r'=A-S*/33-4 x10*. 

The oxygen dependence of the rate, as given by this equation, is shdWn in figure 2 
(curve 3). It agrees quite well with the experimental results (contrast with case (a). 


24“2 



Rate (mm./mln.) 
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Curve 1. Experimental. 

Curve 2. Calc, for A = [H»] CO,], C = 1200. 

Curve 3. Calc, for A = [H,] {[H,] +1-98[0,]}, 0 = 1336. 
Curve 4. Experimental for 100 mm. added N,. 

Curve 6. Calc, for A = [H,] {[H,] +1-98[0,] + 2-22tlSr,]}. 



Curve 1. Experimental. 

Curve 2. Calc, for A = [H,] [O,], 0 = 1200. 

.Curve 3. Calc, for A = [H,] {[HJ +1-98[0,]}, 0 = 1335. 
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curve (2)), up to [O 2 ] = 400 mm. Above that pressure a rapidly increasing rate of 
reaction is predicted, while in practice one cannot measure the rates because the 
mixtures ignite. The transition to explosion seems to be rather sudden, and is 
probably due to factors which come into play as the reaction develops, and for 
which due allowance cannot be made in the rate expression which has been derived. 
This superposed complication does not, however, affect the general agreement, which 
shows that at 570° C, under the experimental conditions, the predominating 
initiating reaction is probably the dissociation of hydrogen molecules in bimolecular 
collisions. 



ZOO 300 o' 400 500 

FiauBE 3. Influence of nitrogen. 


Curve 1. Experimental: no Ng. - Curve 2. Calc. 

Ciarve 3. Experimental: 60mm. Curve 4. Calc. 50 mm. ISTg. 

A further test is provided by a comparison of the calculated and experimental 
rates as a function of hydrogen pressure (with a constant pressure of 200 mm. 
oxygen). As seen in figure 3 the agreement is quite good. (Curve 1 gives the experi¬ 
mental variation, curve 2 the calculated.) 

Arguments similar to the above show that neither case (c) nor case (d) can account 
satisfactorily for the observed dependence of the rate on hydrogen and oxygen 
pressures. Thus case (c) predicts a dependence on oxygen pressure even more marked 
than does case (a), and is therefore ruled out. 

The effect of iheet gases 

According to equations (2) and (3), the inert gas pressure, [AT], comes into both 

and iJ*. 

The experimental and calculated curves showing the effect of nitrogen for 
[Ng] = 100 mm. and [Og] = 100 mm., and for [Ng] = 50 mm. and [Og] == 200 mm., 
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are shoTm respectively in figure 1 (curves 4 and 6) and figure 3 (curves 3 and 4)._ 
The agreement is satisfactory. 

A typical curve showing the effect of 60 mm. of carbon dioxide is given in figure 4 
(curve 3). The rate equation does not predict a large enough increase with hydrogen 
pressure for the given pressure of COj. A decision about the reason for this is not 
possible with the results available. 

Some experiments were made on the effect of adding small amounts of water 
vapour to the reaction mixtures. The effect of 11 mm. at different hydrogen pressures, 
for [OJ = 200 mm., is shown in figure 6 (curve 2). The rate is increased slightly, the 
effect being equivalent to the addition of about 25 mm. of nitrogen. With a constant 
value of 0 the equations predict a decrease in the rate (curve 3). A similar discrepancy 
between theory and experiment has been found in studying the effect of water on 
the third limit (of. Part I), and is ascribed to the action of water vapour in reduciag 
the chain-breaking efficiency of the walls. This involves a decrease in the value of 
the constant C. If, in fact, the value of O' is reduced from 1335 to 1100, there is good 
agreement with the experimental results (curve 4). 

Prom this survey it is clear that the expressions derived describe the experimental 
results for the variation of reaction rate with hydrogen and oxygen pressures, and 
with addition of inert gases, quite satisfactorily. This is the more striking in view of 
the fact that all the constants involved, with the exception of a direct proportion¬ 
ality constant, were obtained either from independent experiments, or from 
calculations based on the kinetic theory of gases. 

ThB DBVBLOPMBKT OB THB BBAOTION WITH TIMB 

The rates recorded above are those for the steady state which is rapidly established 
in the initial stages of the reaction. In the presence of potassium chloride these rates 
are reproducible and, moreover, remain nearly constant for an appreciable time. In 
silica, pyrex, and hard glass vessels the reaction is very markedly autocatalytic. 
The fact that in the presence of salts the rate does not rapidly decrease as the reactants 
are consumed shows that the reaction is stiU in some degree autocatalytic even under 
such conditions. The reason for this is suggested by the calculations made above on 
the effect of water vapour on the constant 0. If the water formed in the initial stages 
of the reaction is adsorbed on the walls, and thereby lowers their chain-breaking 
effidenoy, then it will exert what amounts to an autocatalytic effect. 

Calculated values of C, corresponding to different amounts of water vapour, 
cannot, unfortunately, be taken as quantitative measures of the chain-breaking 
efficiency of the surface. This is because the rate expression has been derived on the 
assumption that the chain-breaking efficiency of the walls is unity. When this 
assumption no longer holds, the true rate'equation will assume a different and more 
complex form. 

The results do, however, show that various surfaces have widely different effects 
on the time-course of the reaction. In the presence of potassium chloride and other 
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ZOO . 300 „ 400 500 

Ph 2 mm. 


FiatTRB 4. Influence of carbon dioxide. 

Curve 1. Experimental curve: no COj. Curve 2. Calc, curve: no COj. 

Curve 3. Experimental: 60mm. COj. Curve 4. Calc, curve: 50mm. COj. 
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Figtjee 5. Influence of water vapour. 

Curve 1. Experimental: no HgO. Curve 2. Experimental: 11 mm. HjjO. 

Curve 3. Cale.: 0= 1335. Curve 4. Calc.: C= 1100. 




376 A. H. Willbourn and C- N. Hinshelwood 

salts the antocatalysis is not very marked, and the results are fairly reproducible. 
Silica and similar surfaces appear to be very variable: water has a marked, and often 
unpredictable, effect on them. The matter is further complicated by the fact that 
water actually formed in the reaction seems to have a more marked effect than that 
added from without. ♦ ‘ 

Another phenomenon, probably depending on the way the surface changes with 
time in the initial stages of the reaction is the following. At temperatures and 
pressures just below the third explosion hmit the rate rises rapidly with increasing 
pressure of hydrogen, or of inert gases, until explosion occurs at the Hmit. When, 
however, the pressure of oxygen is raised, there is quite a sharp transition to ex¬ 
plosion before the rate has attained nearly so great a value as that attainable with 
increased hydrogen pressure. It seems that an increased autocatalysis sets in at 
higher oxygen pressures, and renders impossible the observation of the steady 
initial rate. 
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The mechanism of the hydrogen-oiygen reaction 
III. The influence of salts 

By a. H. WiLLBOTJEir, D.Phil. and C. N. Hinshelwood, P.R.S. 
{Received 21 Ma/rch 1946) 

The influenoe of various salts on the explosion limits and on the reaction rate of the hydrogen- 
oxygen system has been examined. Certain specific effects of the nature of the salts appear- 
Icj^des differ markedly from other halides (but this may be due to special causes, such as 
liberation of halogen). The effects of the salts are thought to be due to specific chemical 
interactions. 

In this paper the ^eci&c effects of salts on the explosion limits, and upon the rate 
of the reaction occurring between the second and third limits, will be considered in 
more detail. 

The eiest bxplosjeon limit 

BVost & Alyea ( 1933 ), working with a pyrex vessel rinsed out with a 10 % KCl 
solution, obseived an increase in the limit of about five-fold compared with the 
values obtained by Moelwyu-Hughes & Hinshelwood in silica vessels ( 1932 ). This 
indicates a high chain-breaking efficiency for Kd surfaces compared with silica. 
An investigation has therefore been made on the relative chain-breaking efficiencies 
of various salts on the limit. 
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The method of experiment was the same as that used by Moelwyn-Hughes & 
Hinshelwood ( 1933 ). The reaction vessel was coated with a coherent visible layer of 
the salt under investigation. All the experiments were carried out at 550° 0, with 
2:1 hydrogen-oxygen mixtures. The results are given in table 1 . 


Table 1 



first limit 



first limit 



pressure 

relative 


pressure 

relative 

nature 

in mm. 

values of 

nature 

in mm. 

values of 

of surface 

(approx.) 

the limit 

of surface 

(approx.) 

the limit 

silica 

0-5 

1 

CsCl 

4-0 

8 

KF 

6-6 

13 

Csl 

8-6 

17 

KCl 

3-5 

7 

CaCla 

1-2 

2*4 

KBr 

5*0 

10 

BaCla 

1*3 

2-6 

KI 

8-5 

17 

K2SO4 

5-2 

10-4 

KCl/KI (1:1) 

9-0 

18 




This list yields approximate values for the relative efficiencies of anions and 
certain of the cations in contributing to chain-breaking. 

cations: Cs+, K+>Ba++, Ca++. 

anions: r>F, Br', SOJ, Cl'. 

The effect of the iodide ion is particularly marked. 

.These results show that for any quantitative treatment of the first-limit it is 
important to recognize explicitly the effect of the surface. Apparently discordant 
results, obtained previously by difierent workers, are probably due to imcontrolled 
surfaces. 

The ty-pes of reaction occurring at the surfaces may obviously be various, involving 
as they do three chain-carriers. Discussion is deferred. 

The second explosion Lmqr 

The effect of salts on this explosion limit is very small; among those investigated 
were KOI, Eli, CsOl, Csl. The limit is slightly depressed, and this is more noticeable 
the higher the temperature. 

Since the essential processes determining the second limit occur in the gas phase, 
only secondary effects, if any, are to be expected. 

The eeaotion above the second limit 

Some preliminary experiments have been carried out on the effect of salts on this 
reaction and on the third explosion limit. They were made with a standard mixture 
of hydrogen and oxygen (300 mm. Hg, 160 mm. O^) at different temperatures, the 
reaction vessel having been given a thick coating of the appropriate salt. 

Some work has been done on these lines by Lewis and von Elbe, who found that 
salts as different as BaCl^, KOI, K 2 B 2 O 4 , and Ka 2 W 04 had practically identical 
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actions. It was therefore considered that the limiting condition had been reached, 
where the chain-breaking efficiency of the surface was unity. On this hypothesis 
one might expect to find a number of salts behaving in a very similar fashion, and 
no salt depressing the rate more than KOI. A survey has been made of the effect of 
different anions and cations; the experimental conditions naturally limited the 
investigation, since the salts used have to be stable in the presence of hydrogen, 
oxygen and water vapour up to about 600° 0. The effects of the following ions were 
investigated: Li+, Na+, K+, Rb+, 0s+, Ca++, Ba++, So+++, Mn++, m++; F', 01', Br', 
I', SO 4 . Table 2 shows the rates of reaction at 660° C in the presence of the alkali 
chlorides. 

Table 2 

salt LiCl NaCl KOI RbCl OsCl 

rate uun./ixuii. 0'65 0'90 0‘60 0"60 0*28 


°c 



CsGl depresses the rate of reaction appreciably more than any of the others. 
Some typical results are shown in fignre 1 , plotted as log^Q (rate): [1000/7]. It can 
be seen that the diversity of behaviour among the salts is quite considerable, and 
that the relative effects of two salts may be different at different temperatures. Tho 
iodides show marked divergences from the rest. 

There are three measurable characteristics associated with each curve: {d) The 
plot is usually linear over a considerable range of temperature, and only curves 
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markedly as the explosion temperature is reached. The slope of this linear portion 
gives an ‘apparent activation energy’, J^app.. (6) The reaction mixture explodes at 
a fairly definite temperature, Tf.^. This is the third limit explosion temperature, 
(c) The rate of reaction, measured at about 1° below Tex.j be called the ‘ maximum 

observable rate ’, r,^^^ . Values of caxmot be measured very accurately, but vary 

quite widely. The theoretical significance of this fact is not quite clear. From the 
practical point of view, however, r^ax. seems characteristic of each salt under these 
experimental conditions. 

On passing from fluoride to iodide, ISfapp. decreases, while ^max. increase. 

The chloride, bromide and sulphate ions give intermediate values for JSapp. (approx. 
1-00-120 kcal.) and . but values for even lower than that given by the 
fluoride ion. The behaviour of a mixture of chloride and iodide is governed by the 
iodide. Csl is interesting in that the rate of reaction attains a low and almost constant 
value at low temperatures. This strongly suggests that Csl is a good catalyst for the 
heterogeneous reaction. Some special factor, however, seems to dperate in the case 
of the iodides over the whole range. 

Neither scandium chloride nor nickel chloride has much effect on the rate at 
660“’ C, but since they hydrolyse imder the conditions of experiment the results are 
only of qualitative significance. According to the theory discussed in Part II the 
reaction occurring on these surfaces above the second explosion limit involves the 
removal of HOg radicals from the gas phase. The final expression for the rate of 
reaction derived there caimot, unfortrmately, be applied directly to the present 
experimental results. That equation was obtained by assuming the rate of destruction 
of HOg radicals on ,a KOI surface to be governed solely by the rate of diffusion of the 
radicals to that surface. This cannot be strictly true in general, for we have seen that 
some salts may depress the rate more than KOI. Therefore the rate constant \ must 
also be to some extent a fonction of the chain-breaking efficiency of the walls. The 
larger the chain-brealdng efficiency the smaller will be the rate of reaction; hence 
the curves in figure 1 show the order of efficiency of the salts at any given tem¬ 
perature, but are not a simple function of that efficiency. The iodides, indeed, may 
introduce more profound changes into the mechanism, e.g. by liberation of mmute 
amounts of free halogen. There is, however, no evidence at present on this point. 


Discussion 

In the region of the first limit the salts probably act in virtue of their high chain- 
breakii^ efficiency for H atoms, since it is the H atom concentration which controls 
the rate of branching. In the region of the third limit destruction of HOg is im¬ 
portant. If the reaction of HOg on a surface occurs with a molectde of hydrogen, to 
give HgOg-fH, then the subsequent fate of the H atom so formed may determine 
the observed chain-breaking characteristics of the surface at these higher pressures 
also. Thus there would be no absolute necessity to postulate two separate mocjes of 
action of the salts. 
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The HgOa molecule formed might either evaporate into the gas phase, or decom¬ 
pose on the surface to H 2 O -4- In the former case HjOg would he an intermediate 

reaction product, as was found by Peasfe (1930) by passing a mixture of hydrogen 
and oxygen through a silica tube. In the latter case little or no HjOa wiU be formed; 
Pease found little or no HjOg on coating the tube with KCl. The facts concerning the 
production of HgOj might therefore alternatively be explained by assuming that 
HgOa is catalytically decompose on salt surfaces, whereas some at least escapes 
into the gas phase from sih'ca surfaces. In this connexion it is known that alkali 
halides will accelerate the decomposition of aqueous H^Oa solutions (Walton 1904; 
Walton & Jones 1916). 

It appears significant, however, that the salts with high chain-breaking eiSficiencies 
aU have cations which can form hydrides. The few salts of metals other than alkalies 
and alkaline earths, MnCla for instance, which are available for test, are no more 
efficient than silica. 

In general, Mnetio investigations of recent years have shown that catalytic 
actions usually depend upon processes which can be represented by definite chemical 
equations, often involving atoms and free radicals. The following types of trans¬ 
formations may well occm: on the salt surface. 

KCa+H = K-^HCl, K-t-Cl = KCl, 

Ka+H = KH-t-Cl, KH-fHCl^KCl-t-Ha. 

These processes can lead to a removal of hydrogen atoms without permanent change 
of the salt. The difiering reactivities of adsorbed HCl and HI towards the oxygen 
present in the reaction may explain the differences between chlorides and iodides. 

The factors determining the relative rates of the various possible reactions are 
so many and so incalculable that further speculation is hardly likely to be profitable 
at the moment. 
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The ionization of helium by neutral helium atoms 
By I’eakk Hobton, F.R.S. and Dobothy M. Millbst, Ph.D. 
{Received 3 February 1946) 


A method is described for investigatiag the iomzation produced in helium by collisions 
between quasi-stationary atoms—that is, atoms possessing only thermal velocities—and a 
beam of neutral helitom atoms with kinetic energy less than 100 eV. Ionization is shown to 
begin when the kinetic energy of the bombarding atoms is twdoe as great as the minimum 
kmetio energy which electrons must possess in order to ionize helium. 


iNTBODtronON 

The excitation and ionization produced when electrons make collisions with the 
atoms of a gas have been extensively investigated over a number of years, and a 
certain amount of work has also been done with positive ions as bombarding par¬ 
ticles; but there is little information concerning the ejffects produced when the 
bombarding particles are neutral atoms. The ]f»ossibiHty of producing reasonably 
intense beams of atoms with kinetic energy greater than that which could be 
obtained from thermal sources was first indicated by the work of Kallmann & Rosen 
(i 9 e 9 , 1930 ). They showed that when positive ions passed through the gas from 
which they had been formed, an ion might capture an electron from a ‘stationary’ 
atom or molecule, and go on its way as a neutral particle, with its speed and direction 
of motion unchanged. If, therefore, a beam of ions produced from a gas traverses a 
chamber containing that gas, and if, on emerging from this chamber, the remaining 
ions are deflected out of their original path, we obtain a beam of neutral particles, 
whose interaction with ‘stationary’ atoms may be investigated. The kinetic energy 
of the particles in the neutral beam can be controlled by adjusting the potential 
difference accelerating the original positive ions, and the homogeneity in velocity of 
the neutral particles is simply that of the ion beam. 

Several attempts have been made to measure the minimum kinetic energy which 
such neutral atoms must possess in order to excite or to ionize gases through which 
they pass; but the earlier results were vitiated by ignorance of the nature and 
relative magnitudes of secondary effects, such as the release of electrons from metal 
surfaces by atomic impact, which masked or simulated the onset of gaseous ioniza- 
■tion. These secondary effects have now been investigated, chiefly by Rostagni 
( 1934 a, 6 ), and the precautions necessary to avoid confusing them with tho ionization 
resulting from atomic collisions are fairly well estabKshed. Rostagni ( 1934 c) also 
showed that the efficiency of neutral atoms in producing ionization in a gas is very 
small. Thus in order to determine the minimum kinetic energy which such an atom 
requires in order to ionize by collision, the experimental arrangements must ensure 
that the largest possible number of atoms enters the ionization chamber, where the 
pressure must be such that as great a fraction as possible makes collisions with 
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‘stationary’ atoms. A very sensitive detecting instrument is also necessary. In the 
present investigation the point of setting in of ionization of helium by neutral helium 
atoms was examined. . 

DESCErpTiosr or appaeatus anu expeeiments 

A diagrammatic view of the experimental tube is shown in figure 1. The tube was 
made of pyrex glass, the main part of it being cm. in diameter. The electrodes 
shown were made of gas-fi:ee nickel sheet and gauze, and the nickel wires leading to 



them were welded on to tungsten for sealing through the glass. The filament F was 
of pure tungsten, and was used as a source of electrons for ionizing the helium in the 
apparatus and thus producing positive helium ions. It is shown as a straight Hne 
but is actually zigzagged in a horizontal plane. The apparatus was connected by a 
tube 1-6 cm. wide to a pumping system, through a tap of wide bore, a bulb con¬ 
taining phosphorus pentoxide and a liquid oxygen trap. The cormeoting tube leaves 
the apparatus at right angles to the plane of figure 1, and is indicated by the dotted ‘ 
circle. Two other tubes were sealed on to the apparatus to serve as inlets for the 
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helium; these are shown at X and Y. Of these, X leads to the upper part of the 
apparatus, at right angles to the plane of figure 1 , and is on the opposite side of the 
experimental tube to the exit to the pumping system. T, which is in the plane of 
figure 1 , leads to the lower end of the experimental tube. The helium, which was 
spectroscopically pure, entered the apparatus from a reservoir fitted with stopcocks, 
through a capillary tube for restricting and regulating the flow, and a tube con¬ 
taining activated carbon, immersed in liquid oxygen. 

Before admitting helium to the apparatus, the latter was subjected to the usual 
heat treatment, in order to. remove residual gas from glass and metal as completely 
as possible, and an investigation was made which showed that any impurities which 
might be emitted after this treatment were present in quantities too small to vitiate 
the measurements made with helium in the apparatus. 

The arrangement of the electrodes is shown in figure 1 . The wide cross-tube above 
the exit to the pumping arrangements will be referred to as the ionization chamber, 
for it is in the central portion of this tube that the atomic collisions occur which are 
the subject of this investigation. The cylindrical nickel electrode has its lower 
side extended at H so as to cover completely the cross-section of the vertical tube, 
except for a small slit cut over the axis of this tube; the middle of the slit is in aline- 
ment with the centres of the series of holes in electrodes JS?, D, JS and A . The electrode 
is similar to except that it lacks the extension over the vertical tube. Each of 
these electrodes has a vertical end of fine nickel gauze as shown G^) and encloses 

a plate electrode (Pg, Pg). Either of these plates, and also the plate P^ enclosed by the 
cylinder jSlj, could be connected to the measuring electrometer. Leakage to the 
electrometer „system along the surface of the glass was prevented on the inside by 
tightly fitting earth-connected spirals of wire, and on the outside by sealing wax. 

The capacity of the Dolezalek electrometer and its connexions, used for detecting 
positive ions or electrons produced by atomic impacts, was 200 cm, and its sen¬ 
sitivity 200 cm./V. An electrometer was used in preference to a 'space-charge 
detector for, although the latter instrument has the advantage of responding only 
to the arrival of positive ions and not to secondary electrons, the experiments of 
Wayland ( 1937 ) have shown that its sensitivity may be considerably lower than that 
of an electrometer. 

In investigating the effects of the collisions of fast neutral helium atoms with 
'stationary’ helium atoms, electrons from the filament F were accelerated to the 
electrode A and passed through the gauze into the region abovp it. When A and B 
were connected together outside the apparatus, a field-free region was enclosed 
between these electrodes in which positive ions were formed by collision between 
electrons and helium atoms. Some of these positive ions diffused through the hole 
in B into the space between B and D where they were accelerated across the gap into 
electrode D which formed the neutralization chamber. The beam which emerged 
from the top of I> thus consisted of fast neutral atoms formed by charge exchange 
between the ions and atoms in D, some positive ions which had not suffered such 
charge exchange and some electrons from the filament which had been slowed dovsm, 
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but not completely stopped by the opposing potential difference between B ^nd D. 
Some of the slow ions formed when the original ions capture an electron from an 
atom in the neutralization chamber may also diffuse out of the hole in the top of 
electrode J>. The charged components of this composite beam were removed by 
maiutaining the plate at a suitable potential, and by a transverse field applied 
between the vertical plates Cj and C^. Thus only neutral particles entered the 
ionization chamber through the slit in electrode H. Measurements of the effects 
occurring in the ionization chamber were usually made at the plates and 
either of which could be maintained at any convenient difference of potential from 
the gauze or 0^ respectively. In making determinations of the minimum kinetic 
energy of neutral heliTun atoms for the production of ionization, a quantity which 
for brevity we shall call the activation energy* the positive ions resulting from this 
ionization were used when measurements were made at P^ and the electrons when 
measurements were made at P^. 

The most rehable estimate of this minimum energy hitherto recorded is probably 
that of Rostagni ( 19340 ), who found that the ionization began when the kinetic 
energy of the impinging particles was in the region of 60 eV. The purpose' of Ros- 
tagni’s investigation was, however, to determine how the cross-section for ionization 
of ‘stationary’ helium atoms by fast atoms of the same kind varied with the kinetic 
energy of the latter, rather than to ascertain the mipimum energy at which the 
effect occurred at all. He makes no claim to high accuracy for his estimate. From 
the curve which Rostagni gives, it is clear that the attainment of greater precision 
must depend on increasing considerably the number of ionizing impacts made by 
helium atoms having the necessary minimum energy. In the present apparatus this 
was achieved by using a larger thermionic emission from the filament, a higher 
pressure of helium and a greater potential difference accelerating the electrons into 
the region where positive ions were to be formed, each of which factors caused the 
number of ions entering the neutralization chamber to be larger than in Rostagni’s 
arrangement. Conditions in the neutralization chamber were such that a larger 
proportion of the incoming positive ions passed out as fast neutral atoms and through 
the slit in electrode H into the ionization chamber, where the greater gas pressure 
used in these experiments caused a relatively greater number of collisions to occur. 
It is estimated that the cumulative effect of all these advantages is to give a 300-fold 
increase in the number of ionizing collisions made by fast neutral atoms in the ioniza¬ 
tion chamber as compared with the number occurring in Rostagni’s arrangement. 

With a pressure of hehum of 1-6 x 10 ~® mm. of mercury (which preliminary experi¬ 
ments had shown to be suitable), and with the general arrangement of electric fields 
already indicated, a composite beam of positive ions, electrons and neutral atoms 
passed through the hole in the top of electrode D into the region above. The kinetic 

1 

* This quantity should, in the terminology used by Massey &; Smith ( 1933 , p. 159), be 
referred to as ‘the activation energy for ionization of helium by helium atoms’. In its abbre¬ 
viated form the term is admittedly ambiguous, but it is thought that no confusion can arise 
in this particular case. 
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energy of the neutral atoms in the beam was controlled by the potential difference 
between the electrodes B and D. The charged components of the beam were removed 
by the transverse field between electrodes Oi and G^, and secondary electrons, if any 
were emitted from the negative plate (4 as a result of its bombardment by positive 
ions, were prevented from reaching the electrode H by making this electrode 20 V 
negative with respect to C^. This arrangement ensured also that no secondary elec¬ 
trons liberated from the positive plate by electrons from the filament would enter 
the ionization chamber. The beam of uncharged helium atoms which entered the 
ionization chamber was detected by the emission of secondary electrons from 
under the impact of the beam, when the gauze was at a positive potential. 

The results given in table 1 illustrate the efficiency of the transverse field in 
removing charged particles from the beam. They show that as the potential differ¬ 
ence Vc between the plates 0i and was gradually increased, the current measured 
by the electrometer connected to P^ decreased until Vq had reached a value of about 
18 V, after which there was little further decrease of the current with increase of Vq. 
The residual current then measured must be attributed to the action of the neutral 
helium atoms which had entered the ionization chamber. Vq was therefore fixed at 
a value greater than 18 V, and the current to the plate P^ was measured as a function 
of Vp, the potential of this plate above that of the gauze Q^. The graph in figure 2 
represents »typical set of results of such measurements taken with Vq equal to 40 V, 
the maximum kinetic energy of the neutral atoms entering the ionization chamber 
being 62 eV. 

The positive current indicated in the graph when the plate is negative, or only 
slightly positive with respect to Oi, is due to the loss of electrom from under 
bombardment by fast neutral helium atoms, together with the arrival at of positive 
ions produced from the gas by atomic impacts in the ionization chamber. The nega¬ 
tive current detected when is more than 3 V positive with respect to Gi is due to 
the arrival at of electrons released in the same way from G^. It does not saturate 
as completely as does the positive current, a result which is compatible with the 
view that some of the electrons emitted from the lower side of the gauze G^ travel 
towards JET; thus an increase in the field between G-^ and Pj slightly augments the 
fraction of the total emission which is directed towards Pi- When measurements of 
the current to were made, the electrodes and Pj (that is, Gz> 'were 

connected together and a potential difference to direct positive ions towards G^ was 
maintamed between these electrodes and K^. 

In investigating the activation energy, the quantity which is determined experi¬ 
mentally is the kinetic energy (in electron volts) which each positive ion of helium 
acquires in being accelerated across the gap between electrodes B and P, and which it 
maintains through the field-free space within the neutralization chamber D until it 
makes a collision. It is assumed, in accordance with the theory of KaUman & Rosen 
( 1930 ), that a neutral atom which enters the ionization chamber without making 
a collision on its journey up the tube has the kinetic energy of the ion from which 
it was formed, immediately prior to neutralization. The maximum kinetic energy 
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Table 1 

Maamiim kinetic energy of neutral helium atoms = 60 eV. Vc = potential difference 

between Oi and G^. 


Vo 

measured current 

Vc 

measured current 

volts 

in arbitrary units 

volts 

in arbitrary units 

0-0 

31-3 

12-0 

10-0 

Z-5 

26-0 

18-2 

9-40 

3-0 

22-6 

24-4 

9-36 

4*5 

18-8 

36-4 

9-35 

6-0 

15-7 

48-6 

9-38 

9-0 

11-2 

60-0 

9-36 



-20 -10 0 10 20 30 


Vy (volt*) 

FiauBE 2. Current measured at electrode due mainly to the emission of secondary 
electrons from Pj and under bombardment by neutral helium atoms. 


possessed by any of the neutral atoms is thus determined by the potential diBFerence 
between B and D. That most of the neutral atoms which enter the ionization 
chamber and whose effects are detected do, in fact, enter with this energy follows 
£com the consideration that those neutral atoms which make collisions below the 
ionization chamber and suffer an appreciable loss of energy are likely to be deflected 
from the path of the beam and prevented from passing through the slit in H into the 
chamber above. Similarly, those ions which make collisions resulting in loss of 
energy before being neutralized will not, after neutralization, be able to pass through 
the series of apertures along the axis of the tube and enter the ionization chamber. 
The small proportion of neutral atoms which collide just below H and lose energy 
and yet succeed in entering the ionization chamber will be so directed as to be unlikely 
to contribute appreciably to the measured current. 

The curve in figure 2 has been explained on the view that neutral helium atoms can 
release electrons from metal surfaces on which they impinge, when these surfaces 
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are charged negatively with respect to neighbouring electrodes. Suppose that the 
total emission from is /; then the number of neutral particles arriving per second 
at Ji is given by Ijh, h being the coefficient of liberation of electrons from nickel by 
helium atoms, w'hich increases with the kinetic energy of the atoms. The number 
of neutral atoms in the beam reaching depends on the number of positive ions 
diffusing out of B and entering D\ this also increases as the potential difference 
between B and Z>, which controls the energy of the neutral beam, increases. The 
current detected by the electrometer conmected to P^ will increase therefore with the 
kinetic energy of the neutral particles, even while this is too small for ionization 
of the gas to take place. The small additional increase due to the collection of 
positive ions at P^ when the kinetic energy of the bombarding atoms was raised 
above about 60 eV—Rostagni’s value of the activation energy—^proved to be 
very difficult to distinguish. The precise determination of the energy at which it 
first began was not possible. 

Various attempts were made to eliminate the background current due to the 
emission of secondary electrons from Px, and one of these enabled an approximate 
estimate of the activation energy to be obtained. A beam of neutral particles entered 
the ionization chamber, charged particles having been deflected away from the 
axis of the tube by the transverse field between and The gauze 0-^ was made 
negative with respect to R so that most of the electrons emitted from the former by 
impacts of swift atoms were pulled towards H. The electron emission froii» was 
suppressed by making this electrode positive with respect to Thus the resultant 
negative current to before ionization of the gas began was very small. When the 
kiaetic energy of the atoms was increased sufficiently to produce ionization, a 
positive current was detected at due to the collection of the positive ions formed 
by atomic collisions between H and O-^. This method gave a value of 66 eV for the 
activation energy. 

The advantage of this method is that it enables ionization to be detected in a 
fairly direct way. It shows that helium atoms can produce ionization in helium when 
their kinetic energy is less than the values reported in previous work; but it is not 
well adapted for a precise determination of the activation energy. Some of the 
positive ions formed between E and wUl not have enough kinetic energy to reach 
Pi against the opposing field between (?i and P^, some may be neutralized before 
reaching Px, others may be captured on the wires of 0^) and the positive current 
resulting from the collection of the ions which escape any of these fates will be 
superimposed on the negative current due to the arrival of electrons from and 
those produced by ionization of the gas between and P^. Thus the value obtained 
by this method sets an upper limit to the magnitude of the activation energy, and 
the results of this preliminary work in general showed that a different technique 
must be evolved in order to obtain a more accurate value. 

The method finally adopted was based on the following considerations. Let 
denote the current corresponding to the positive ions entering electrode D (figure 1), 
where neutralization is to take place. Let the axis of the tube be taken as thfe a;-axis, 


25-2 



388 


F. Horton and D. M. Millest 

the origin being at the point where the ion beam enters D, After travelling a distance 
which, to a first approximation, may be taken as the distance to the middle of the 
space between the condenser plates (see figure 1), the positive ions which have not 
been neutralized are removed by the transverse field between C-^ and C^* The neutral 
atoms go on alone and enter the ionization chamber at a; = The positive ions 
which these form by collision with helium atoms between and + h) are collected 
at h being the distance between the sht in electrode H and the plate 
Let p = the pressure of helium, expressed in mm. of mercury, 

== the cross-section of helium ions for neutralization, expressed in cm.^/c.c. 
at a pressure of 1 mm, of mercury, 

= the cross-section of helium atoms and ions for elastic collision with 
stationary helitim atoms.* 

Reasons for assuming that the cross-section of helium atoms for elastic collision 
is, at least to a first approximation, equal to the corresponding quantity for helium 
ions have been given by Rostagni (19346). 

Assuming that each ion and atom which makes an elastic or ionizing collision is 
lost from the beam, and ignoring for the present the limiting action of the apertures 
on the beam, it can be shown that the number of neutral atopns in the beam entering 
the ionization chamber is given by whdte 

% = % ( 1 ) 

jE?, the charge carried by each ion, is numerically equal to the electronic charge. 
Now the beam oi positive dons entering the neutralization chamber is slightly 
divergent, so not all the neutral atoms formed by charge exchange will travel along 
the axis of the tube and enter E, even in the absence of collisions. Also, if an atom 
makes a collision close to E resulting in a deflexion through a fairly small angle, it 
may still be able to pass through the slit in E and enter the ionization chamber. The 
actual number of neutral atoms entering the ionization chamber is not therefore 
given by equation (1) but by 

jL 

where the reduction factor depends on the geometry of the apparatus, and on the 
potential difference between B and 2>, sii\ce this last factor affects the divergence 
of the ion beam in the neutralization chamber. 

Consider now what happens to the beam of neutral atoms between E and 
l^Etlsss the effect of a collision near E is to deflect the impinging atom through an 
angle greater than about 30 ®, this atom will be able to reach The nearer to O-i 
the collision takes place, the greater is the angle through which the atom may be 

* For helium atoms with kinetic energy 50 eV, = 22*2 while the cross-section 

of helium atoms for ionization by collision with atoms of the same gas, possessing kinetic 
energy §0 eV, is less than 0-05 cm.®/c.c., and can therefore be neglected in comparison 
(Rostagni 1934c, 1938). 
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deflected and still be able to reach The neutral atoms reaching are therefore 
much less homogeneous in energy than when they entered the ionization chamber. 
If is sufi&ciently negative with respect to G-^ to saturate the current due to secon¬ 
dary electron emission from the former, the current measured by the electrometer 
win be 

I = (2) 

where Tc^ is the effective value of the coefficient of liberation of electrons from nickel 
for this beam. It increases as the kinetic energy of the neutral atoms comprising the 
beam increases. If the kinetic energy of the neutral atoms is increased until they 
can ionize the gas, and if the positive ions then formed are accelerated to the 
positive current to this electrode will become 

I = + is[l — h + (^) 

where 4 is the current carried by the positive ions and is the coefficient of libera¬ 
tion of electrons from nickel by these ions. 

Now suppose that the plates 0 ^ and 0 ^ are connected together, so that no positive 
ions are withdrawn from the beam, but all those in the direct line enter the ionization 
chamber. Let the emission of secondary electrons from be completely suppressed 
by making this electrode positive with respect to Gi- Then the current reaching the 
slit in H, due to those ions which have not been neutralized, and which have not 
made elastic collisions is 

ig = (4) 

where the factor m introduced to allow for the geometry of the apparatus and the 
limiting action of the apertures on the positive ion beam. 

Elastic collisions and neutralization between H and G-^ will not appreciably alter 
the number of positive ions in the beam, for the electric field will tend to pull back 
to the axis of the tube those ions which have been deflected through small angles, 
and the new, slow ions resulting from the neutralization of the original ions will be 
accelerated towards Gj. Between G^ and neutralization will result in a reduction 
of the number of ions in the beam, since in this region the new ions travel away from 
P^. The current actually measured by the electrometer connected to is 

where I is the distance from G^ to and the change of the numerical factor from 
m to mg is introduced to allow for the fact that some of the positive ions formed by 
the neutralization of the original ions between H and G-^ will be unable to reach P^ 
against the opposing field. If the cross-section of the ions for neutralization be taken 
as independent of their velocity over the small range used, this effect can be taken 

* When positive ions entered the ionization chamber, and the electrodes and 

were at the same potential, no positive current could be detected at Pg, Thus the number of 
ions deflected through large angles as a result of collisions with atoms is negligibly small. The 
same is probably true of collisions between the atoms in the beam and the atoms of the gas in 
the ionization chamber. 
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as constant in any one series of observations, where the only variable quantity is 
the velocity of the ions. 

When the kinetic energy of each bombarding atom is too small for ionization of 
the gas to take place, we have from equations (2) and (5) 

i = (6) 

where a = (x^+l) and b = 

By plotting //i^ against the potential difference V which accelerates the ions from 
B to H a smooth curve should be obtained so long as no ionization of the gas is 
produced by neutral atoms. As soon as such ionization does begin we shall have from 
equations (3) and (5) 

W2r2 

Hence at the activation energy the slope of the curve should suddenly change. 

This method of obtamiog the activation energy will be practicable only if the 
pre-ionization ratio given by equation (6) increases less rapidly with F than does 
the value of I given by equation (2). There are three reasons for believing that this 
will be the case. In the first place it is probable that the initial intensity of the 
pc^tive-ion beam, is affected by the potential d^erence between B and B. An 
increase in this potential difference increases the rate at which the ions diffuse out 
of the space enclosed by electrode B on account of the grea^r potential gradient 
just outside S, and any penetration of the field between B and*!) to the space mside 
B would accentuate this mcreased rate of diffusion. Thus the pre-ionization current 
given by equation (2) owes part of its increase to the increase of with F. This 
increase does not appear in the graph of J/i+ against F since the expression for the 
pre-ionization ratio does not involve Secondly, the term • 

appearing in equation (5) increases as F increases. Taking Rostagni’s values for 
and at the appropriate voltages, and substituting the numerical values for 
a ?2 aud Z, it can be shown that for a pressure of 1-5 x 10^^ mm. of mercury, the value 
at 50Vis about 1-5 times as large as the value at 38 V, Further, Wg probably increases 
slightly as F increase. The slope of the curve showing l/i^ as a function of F wUl 
therefore be smaller before ionization begins than the slope of the corresponding 
portion of the curve showing I as a function of F. The onset of ionization should 
therefore be more easily detectable by means of the former curve than was possible 
by inspection of the I against F curve. That this belief was justified is seen by com¬ 
paring the curve of figures 3 and 5. 

In taking measurements of J, the electric fields below electrode H were arranged 
as already described in connexion with the results given in figure 2. The secondary 
electron emission from was saturated by making this plate 15 V negative with 
respect to Anj positive ions formed in the ionization chamber as a result of 
collisions between the neutral atoms in the beam and ‘stationary’ helium atoms 
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were accelerated to through a potential difference of 18 V established between 
this electrode and E. The accelerating potential was limited to this rather small 
value in order that electrons leaving 0^ should not be able to make inelastic collisions 
with helium atoms. The presence of any excited atoms produced in this way would 
give rise to more secondary emission from and make the rate of increase of the 
pre-ionization current larger. The results obtained for three different pressures are 
shown in figure 3, 



was veiy much larger than J, and in order to measure it a condenser of known 
capacity was placed in parallel with the electrometer. To admit the beam of ions to 
the ionization chamber the plates G^ and were cormected together, their common 
potential being 27 V below that of the plate E. Throughout the measurements of 
I and this plate was 6 V positive with respect to D, so that in the latter series of 
measurements the slow ions formed when the original ions were neutralized in D 
could not reach the electrode E and were therefore lost to the beam which passed on 
to the slit in electrode E. 

Electrons from the filament which had not m^e inelastic collisions with gas 
atoms were turned back before reaching electrode H. The emission of secondary 
electrons from owing to its bombardment by positive ions and neutral atoms was 
prevents by making the potential of JF^ 15 V above that of Figure 4 shows the 
three curv^, corresponding to those in figure 3, of plotted against the appropriate 
values of F. 

In the curves of figure 5, which show the ratio as a function of F for three 
different pressures, the ordinate are obtained by dividing the ordinates of the 
curves in figure 3 by those at the same voltages on the corresponding curves in 
figure 4. This ratio is seen, as the theory has suggested, to increase with F less rapidly 
than I increases. For values of F less than about 50 V, it is a linear function of F, 
but at higher voltages it increases more rapidly. The value of F at which the more 
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rapid increase begins defines the rniniTmim energy "which the neutral atoms of helium 
must po^ess in order to ionize the quasi-stationary atoms of the same gas on collision 
■with them, i.e. what we have termed the activation energy. Taking the mean of the 
values obtained from the curves in figure 5 this critical energy is 49-6 eV, 




Figxjkb 6 . The onset of ionization of helirnn by neutral atoms of 
the same gas, having kinetic energy of about 49*5 eV. 

Ill deriving expressions for I and the photo-ionization of the gas and the 
liberation of electrons from by photo-electric action have been neglected. To show 

that the currents resulting from these effects are very much smaller than those due 
to the action of ions and atoms of helium, electrons from the jBlament were acceler¬ 
ated to electrode E and then removed by the transverse field between C-^ and 
The pressure of helium was 2 x 10“^ mm. of mercury, and the potentials of the 
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electrodes in the tube above and were the same as in the measurement of I, 
In these circumstances positive ions could be formed by electron impact over the 
whole path from A to CjCg? instead of beiug limited to the distance from A to the 
top of B as was the case in the previous measurements. Hence it would be expected 
that the amount of radiation entering the ionization chamber, due to the recombina¬ 
tion of ions with free electrons would be greater than it was in the experiments in 
which I and were measured. The current detected at was, however, less than 
one-fifbh of the smallest measured value of J. It is therefore clear that no serious 
error is introduced into the measurement of I and by the effects of radiation. 

The apparatus was designed with electrodes and Pg in the cross-tube as shown in 
figure 1 in order that the products of ionization might be investigated at an electrode 
which was not in the direct path of the neutral atom beam, for it was to be expected 
that the effect of the neutral atoms in liberating secondary electrons, and thus^ 
giving rise to a background current, would be very much less serious with such an 
arrangement and the onset of ionization of the gas thus more easily detected. In 
making this investigation the electrometer was therefore connected to Pg and the 
electrodes P^ and ig were connected together and maintained at a potential 

Vq lower than that of the gauze Gg, so that electrons produced in the ionization 
chamber would be directed towards (? 2 , and those which passed through the inter- 
atices of that gauze wotdd be collected by the plate P^ and the electrometer. The 
potentials of the electrodes below H were maintained as in the experiments already 
described. A negative current was detected, and the velocity distribution of the 
electrons composing this current was investigated by measuring the current to Pg 
as a ftinction of the potential difference between P^ and with a view to asoertamiag 
where the secondary electrons had originated. The results of such investigations, 
using helium at a pressure of 1-5 x 10“^ mm. ofmercury, are shown in the three curves 
of figure 6 , each curve corresponding to a different value of 1 ^. 

These curves show that there are two distinct groups ’of electrons present. The 
majority constitute a low energy group having a maximum kinetic energy corre¬ 
sponding to about 6 V, and there is also a second, smaller group, in which the 
maximum kinetic energy in each experiment corresponds to that which would be 
acquired by an electron in travelling to from either of the other electrodes 
bounding the ionization chamber. The number of electrons in this group remains 
constant while Vq increases from 15*6 to 28 V, whereas the number of low-energy 
electrons increases during this change. When all the electrons were prevented from 
reaching Pg a small positive current was detected, the magnitude of which was 
independent of Vq. It seems probable that this positive current is to be attributed 
to the photo-electric liberation of electrons from Pg by radiation resulting from 
recombination in the ionization chamber. 

T^om the results in figure 6 it appears that the high-energy group of electrons is 
liberated with very small velocity from one or more of the electrodes in the ionization 
chamber. Experimeni® carried out with these electrodes at different relative poten¬ 
tials showed that the gauze contributed about half of the effect and the gauze 
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and the electrode JS the remaining half. The observed order of magnitude of the 
current can only be accounted for by supposing that the electrons were liberated 
from the edges of the slit in H and from the wires of by grazing impacts of the 
atomic beam. 



Figube 6. The energy distribution of the electrons reaching electrode Pg. 

The small Idnetic energy of the electrons in the larger group shows that these 
cannot originate from any of the electrodes, with the possible exception of G^; but 
the magnitude of the current due to them is difficult to reconcile with such an origm, 
as is also the increase in the number which reach ig as is increased. It therefore 
seems clear that these electrons originate from the gas atoms by ionization. In 
order to be quite certain that these electrons originate from the ionization of helium 
by fast neutral atoms of helium and not from photo-ionization, an experiment was 
made in which no neutral atoms or positive ions could pass up the tube, but in which 
it would be expected that much more radiation would originate in such a position 
as to influence the gas in the ionization chamber than in the conditions in which the 
curves in figure 6 were obtained. The current measured was found to be much too 
small to account for the low-energy group of electrons. Moreover, the current due 
to photo-ionization, measured as a function of the gas pressure, was found to 
decrease continuously over the range 3 x 10“^ to 10“^ mm. of mercury, whereas the 
number of low-energy electrons reaching ig in the circumstances of figure 6 varied 
with the pressure in a very different way, increasing at first as the pressure of helium 
. was increased, but attaining a maximum value at a pressure of 1*5 x mm. of 
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mercury, after wMcli it decreased with further increase of pressure. This pressure 
of maximum current is the pressure of helium employed in the main experiments. 

Considerations of the distribution of electric intensity in the ionization chamber 
due to the configuration of the electrodes shows that this is capable of accounting 
for various features of figure 6 which, at first sight, seem puzzling; namely, {a) the 
fact that the current due to the ionization of the gas increases as Vq increases, while 
the current due to the secondary electrons emitted firom the electrodes does not, 
(b) the rather small value of the potential difference between Pg and required to 
stop the collection of all the ionization electrons, and (c) the fact that this potential 
diiSFerence does not alter much as that between and G^ increases. 

Having established that when the kinetic energy of the neutral atom beam corre¬ 
sponds to about 80 V the negative current measured when electrons are driven to 
jFg is predominantly due to ionization of the gas produced by the fast neutral atoms, 
measurements were made to determine the minimum energy of these atoms at which 
this ionization takes place. The pressure of the helium in the tube was adjusted to 
1*5 X 10~2 mm. of mercury, so as to obtain the maximum ionization current, and the 
voltage between electrodes B and D, which controls the kinetic energy of the 
neutral atoms, was increased step by step. The electrodes Gj^ and H were maintained 
24 V negative with respect to electrode G^ which in turn was 25 V negative with 
respect to The arrangement of the fields for preventing the original beam of 
positive ions or any secondary electrons liberated from the electrodes or from 
entering the ionization chamber were the same as in the earlier experiments. The 
results of such an investigation are shown in curves i, M and N of figure 7. In 
obtaining curves L and M the potential difference accelerating electrons from the 
filament into electrode A was 83 V. The conditions for the two curves were, however, 
different, in that for the curve L the plate electrode E was 33 V negative to electrode 
P, while for curve M it was 6 V positive to that electrode. The arrangement of electric 
fields secures that the number and energy of the neutral atoms in the beam proceeding 
from the neutralization chamber D are the same in the two cases, but those positive 
ions which escape neutralization and pass through the hole in electrode E will have 
more energy in the circumstances of curve L than in those of curve M, Also, the new, 
slow ions resulting from charge exchange in the neutralization chamber can reach the 
region above plate E in the former case, but are prevented from doing so in the latter. 

In the curve N the potential difference IJ. was reduced to 51V, the fields otherwise 
being the same as for curve M. The effect of this reduction in would be to reduce 
the number of neutral atoms formed, but not the kinetic energy which each has. All 
these curves show a current which increases with the kinetic energy of the neutral 
atoms entering the ionization chamber and which begins to increase at a more rapid 
rate when this energy reaches 49-4 eV, thus indicating that this is the point at which 
ionization by neutral atoms sets in. The current measured for lower values of the 
variable voltage corresponds to the high-energy group of electrons indicated by the 
curves of figure 6 and already explained as originating largely from grazing impacts of 
neutral atoms with the sides of the slit in electrode H and the wires of the gauze G^. 
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If in CTirves L and M we compare the increase in current above the background 
current for any value of F after ionization has set iu, by subtracting the extrapolated 
value of the background current from the total measured current, we find that the 
increase (i.e. the ionization current) is the same in the two cases. This is to be ex¬ 
pected, since the number and energy of the fast neutral atoms entering the ionization 
chamber were the same in both instances. Moreover, the ionization current is 
definitely smaller in curve N than in curves L and Jf, as might have been predicted 
from the smaller number of neutral atoms employed. The difference of the back¬ 
ground currents in curves M and N is also due to the smaller number of neutral 
atoms in the case of curve N. There is a difference of background current also in the 



Figure 7. The onset of ionization of helium by neutral atoms of the 
same gas, having kinetic energy of about 49*5 eV. 

case of curves L and M . This may be explained on the view that some positive ions 
are produced in D by those electrons which have not made an inelastic collision in 
the space enclosed by electrodes A and B and which, although slowed down by the 
potential difference V between B and D, yet retain enough energy to ionize helium 
atoms by collision in the neutralization chamber. Some of these positive ions diflftise 
out of the hole in the top of electrode D, and, in the circumstances of curve L, reach 
the region above the plate B with kinetic energy 33 eV. Those ions, which are 
neutralized by charge exchange before striking the negative condenser plate, may 
enter the ionization chamber, either directly, or after reflexion from the condenser 
plate. Since their kinetic energy cannot exceed 33 eV, these neutral atoms cannot 
ionize the gas in the ionization chamber, but they will be able to contribute to the 
back^ound current by liberating electrons from the edges of the slit in H and from 
the w^s of the gauze In curve M, on the other hand, positive ions formed in D 
and diffusing out at the top would never reach electrode E, 

The values deduced for the activation energy from afi the curves obtained in the 
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two methods of experimenting described above ranged from 49*0 to 50*0 eV, and 
there was no significant difference between the results obtained by the two different 
procedures. The mean value obtained for the activation energy was 49*4 eV, 

DlSGUSSIOIir OF BBSTJLTS 

The value obtained for the activation energy in the present experiments is con¬ 
siderably smaller than those obtained from previous investigations, the results of 
which are summarized in table 2 . 

Table 2 

authority activation energy 

Brasefield, C. J. ( 1933 ). (2), 43, 785-787 110 eV 

Rostagni, A. { 1934 )- Nuovo dm, 11, 621-634 60 eV 

Varney, R. N. ( 1936 ). Phya. Rev. (2), 50, 159-161 more than 400 eV 

The apparatus used by Brasefield was designed with the intention of eliminating 
complications due to the emission of electrons from metal surfaces—^an effect whose 
presence had led him to reject the results of his earlier experiments (Brasefield 
1932 ). In these later experiments a small residual current was detected in the 
chamber in which ionization by atomic impact was to take place, even when this 
was in direct communication with the pumping system. Brasefield suggests that 
this residual current, which bore approximately the same ratio to that obtained 
when gas was pr^ent in the ionization chamber, in the case of argon, neon and 
helium, may have been due to the secondary electrons which the swift atoms 
liberated from the edges of a narrow gap between the electrodes in the ionization 
chamber. This relationship between the residual current and that detected with 
gas in the ionization chamber would not be expected if the latter were due to a 
genuine ionization of the gas by swift neutral atoms; for the coefficient of liberation 
of electrons from metals is greater for helium atoms than for either of the other two 
gases, and the cross-section for ionization of helium by its own neutral atoms is 
smaller than the corresponding quantity for argon or neon. The result can, however, 
be explained on the view that the gas admitted to the ionization chamber scatters 
the swift atoms, thus increasing the number which collide with the electrodes, and 
enhancing the emission of secondary electrons. The cross-section of helium atoms 
for elastic scattering in helium is smaller than the corresponding quantity for neon 
and argon atoms in their own gases, but helium atoms are more effective in liberating 
secondary electrons from metal surfaces than are atoms of neon and argon. The 
fact that no increase in the current above the iresidual value could be detected until 
the kinetic energy of the swift atoms exceeded about 100 eV may be attributed to 
the fact that collisions with stationary atoms would result in a diminution of the 
kinetic energy of the bombarding atoms. Thus, although the number of atoms 
striking the electrodes increases on the admission of gas to the ionization chamber, 
the number of secondary electrons emitted from the electrodes would not neces¬ 
sarily be greater when the atoms in the beam.have only small kinetic energies. 
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The reasons for regarding Rostagni’s value as an upper limit, rather than a precise 
determination of the activation energy, have already been discussed. The failure to 
detect ionization even when the kinetic energy of the bombarding atoms was 
increased to 400 eV, in Varney’s experiments, is probably due to his use of a space- 
charge detector to reveal the presence of positive ions. Experiments on the detection 
of fast alkali ions by this device (Kienzle 1937 ) have indicated that in Varney’s 
apparatus the ions produced by atomic impact did not pass sufficiently close to the 
hot filament from which the space-charge limited current was produced. Their effect 
in neutralizing the space-charge, and consequently in augmenting the emission of 
electrons, may therefore have been too small to detect. Further, it has been shown 
(Wayland 1937 ) that an ionization current large enough to be measured by an 
electrometer failed to be detected by the space-charge method as used by Varney. 
With the present arrangements, currents of the order of 10 “^® amp. could be detected, 
and the electrons produced by the impacts of neutral atoms with metal surfaces 
were clearly distinguishable from those resulting from gaseous ionization. It is 
therefore to be expected that the onset of ionization by atomic impact should be 
determined with less ambiguity than was possible in the other researches referred 
to here. 

The results of this investigation have shown that when a collision occurs between 
a ^stationary’ and a moving helimn atom, ionization begins when the translational 
kinetic energy of the bombarding atom is just twice as great as the internal energy 
which a helium atom mu^ acquire in order that one of its orbital electrons may 
^cape. Now it follows from the laws of conservation of energy and momentum that 
when a collision occurs between a moving particle and a stationary one of equal mass, 
the maximum loss of translational kinetic energy which can take place is one-half 
that of the moving particle before impact. The value obtained for the activation 
energy of helium suggests, therefore, that it is possible for the whole of the kinetic 
energy lost at a- collision between two atoms of this gas to be transformed into 
internal energy of one of the atoms involved. Thus a collision between a rapidly 
moving helium atom and a ‘stationary’ one is in this respect similar to a collision 
between a fast electron and a stationary atom. The experimental results suggest 
also that in the collision of two helium atoms, there is no source, other than trans¬ 
lational kinetic energy, from which the energy necessary for ionization can be drawn. 
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Dielectric properties of dipolar solids * 

By H. Feohlich, H. H. Wills Physical Laboratory, University of Bristol 
{Gommunicaied by N. F. Mott, F.R.S.—Received 1 February 1945) 

A quantitative theory of the dielectric properties of crystalline solids consisting of dipolar 
long-chain molecules is developed (one dipole per molecule). In these solids the dipoles are 
concentrated in dipolar planes. In the ground state the dipolar planes have a permanent 
polarization, but usually the polarizations of successive planes have opposite directions. The 
static dielectric constant rises with increasing temperature up to a critical ;temperatiir8 Tq 
and then decreases. At the substance has a phase transition of the second kind. Com¬ 
parison with experiments by Midler on a solid ketone lead to good agreement. 

For chains with an even number of G-atoms metastable states with a permanent polariza¬ 
tion are predicted, and a method to reach these states is discussed. 

The interaction between dipoles plays a predominant role at temperatures below Tq, It is 
sho\m that Lorentz*s or Onsager’s methods are invalid in this temperature range. 

1. Intboduction 

Dipolar solids consisting of long-chain molecules iSnd a wide application as di¬ 
electrics. The most important of them, e.g. plastics, have a fairly complicated struc¬ 
ture. One can hardly hope to reach a full understanding of their dielectric properties 
unless the dielectric behaviour of long-chain solids with a simple structure (e.g. solid 
ketones) is understood first. We shall, therefore, in the present paper develop a 
quantitative theory of the dielectric properties of simple crystalline solids consisting 
of long-chain molecules. 

Substances of this type have already been investigated in a previous paper 
(Prohlich & Sack 1944 , quoted as I), where it was shown that the methods usually 
used to account for the interaction between dipoles become invalid below a tempera¬ 
ture j?o where is of the order of the dipolar interaction energy. Since may be 
fairly high (for ketones it approximately coincides with the melting-point), a new 
method must be found to treat dipolar interaction. As was shown in I the dipoles 
undergo an order-disorder transition near the temperature T^. Approximate methods 
have been developed to deal with these transitions, and it wiU be seen that they can 
be used in the case of the substances discussed here. 

As a main result it will be found that the static dielectric constant increases with 
temperature up to Tq and then decreases (§ 3). Experiments by A. MuUer ( 1938 ) on 
solid ketones lead to good agreement with the present results, as will be shown in § 4. 
Moreover, from a discussion of structure (§ 2 ), a number of interesting conclusions 
concerning the possible existence of a permanent polarization can be drawn. Experi¬ 
ments to check these conclusions will be suggested in § 4. 

It will be of interest to notice that as in I the internal field acting on a dipole is 
not proportional to the macroscopic polarization. Thus an application of the 
method of* the Lorentz field would lead to wrong results'for the substances dis¬ 
cussed in this paper. 

* Based on report L/T147 of the British Eleetrical and Allied Industries Research Associa¬ 
tion (E.R.A.). 
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2. Stbtjcture and properties op the ground state 

Thxougliout this paper discussion will be restricted to crystalline solids consisting 
of long-chain molecules each of which contains one dipole. In solids such molecules 
form plane zigzags, and it will be assumed that the dipole lies in the chain plane and 
is perpendicular to the chain axis, as is probably the case for ketones. In the simplest 
case these solids have a parafSn structure, i.e. according to Muller ( 1928 ) the mole¬ 
cular chains are arranged in layers whose thickness is approximately equal to the 
chain length. Within such a layer the molecules form rectangular cells with side 
length a, 6 , c, where 6 --7-5A and c slightly larger than the chain length. 

As discussed in I, each molecule has two equilibrium positions with opposite dipole 
direction. In the ground state the paraffin structure requires that they are oriented 
in such a way that they are nearly parallel as shown in figure 1 . It will be shown 
below that this also corresponds to the lowest interaction energy between the dipoles 
of one layer. 



FiGimE 1. Dipolar structure of the ground state. 


In such a structure all the dipoles of one layer lie in one plane (perpendicular to 
the chain axis) which will be called the dipolar plane. The unit cell of the dipoles of 
a dipolar plane is shown in figure 1 . In the ground state these dipolar planes are thus 
polarized in the 6 -direction, and it is of great importance for the behaviour of the 
whole crystal to know the relative direction of the polarization of successive dipolar 
planes. First, then, consider the position of successive layers in paraffins. According 
to Muller ( 1929 ) distinction must be made between two cases, according to whether 
the number of C-atoms of a chain is even or odd. Figure 2 shows the positions of 
two^successive layers for the two cases. Now attach a dipole to each molecule at 
distances and from the two ends, i.e. -i- C 2 = chain length. For both even and 
odd chains there exist now two possibilities. Except for the gap between the chains 
the distance between successive planes is (a) C 2 , or ( 6 ) it is alternately 20 ^ and 2 c 2 . 

Figure 3 shows that for odd chains both cases lead to opposite directions of the 
polarizations of successive dipolar planes. For even chains, however, this is only so 
in case ( 6 ), whereas in case (a) successive layers have the same direction of polar¬ 
ization. This latter case will thus lead to a strong polarization of the crystal with all 
dipoles nearly parallel, while in the other cases the polarizations of successive layers 
cancel. 
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For paraffins both cases {a) and (6) are identical. Their energies, therefore, differ 
only in the contribntions of the dipoles. To calculate the dipolar interaction energy 
notice that the distance between neighbouring dipoles within a dipolar plane is less 
than 5 A, and is thus much smaller than the distance between neighbouring planes 
(unless the chain length is very small). First, then, one may calculate the interaction 
energy of a dipole with all the dipoles of the same dipolar plane, and then consider 
its interaction with the other dipolar planes. As in I, we assume the dipoles to be dis¬ 
persed in a continuous medium with dielectric constant The interaction energy 
between two dipoles whose distance is r is then given by 



odd even odd even 

PiGUBE 2. Position of parafiSn Figijbe 3. The two possible positions of 

chetins in the ground state. dipoles in the ground state. 


where and dipole moments of the two dipoles respectively. According 

to figure 1 the dipoles form an ai^le of about ± 30° with the b axis. Thus their com¬ 
ponents and pi, in the a-b frame are given by 

/{„ = /tsin(±30°) = ±|, /if, =/ic^±S0°) = ^/t. (2) 

The interaction of the central dipole of figure 1 -with its four nearest neighbours is 
thus given by (considering that bja = 1-6) 


3-251, 2^^ 2 


:h-|.1-5) 



To this interaction the contributions of the farther distant dipoles of the same 
dipolar plane' have to be added. This, however, is very small. Taking a total of 
twenty neighbours the interaction energy becomes 




r2 = 




(3) 
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It is thus seen that the mam contribution is due to the interaction between nearest 
neighbours. This is of great importance for the calculation of the interaction ha the 
excited states (§ 3). It is due to the strongly anisotropic structure of long-chain 
substances. In other crystals the nearest neighbours frequently contribute only a 
small fraction to the total dipolar interaction energy. 

Since according to I each dipole has two equilibrium positions with opposite 
dipole direction, other structures can be considered in which some of the arrows 
in the unit cell in figure 1 have the opposite direction, and which would lead to 
a vanishing polarization of a dipolar plane. It is found that they all lead to a higher 
interaction energy between dipoles than the arrangement of figure 1. 

To obtain the total interaction of a dipole with all other dipoles, its interaction 
with the other dipolar planes must be added. In view of their large distance it seems 
reasonable to consider a dipolar plane as a two-dimensional continuum with a 
constant polarization in the 6-direction (dipole moment ^Z/il2 per surface a6/2). 
This would lead to a reduction of the interaction between a dipole and a dipolar 
plane to an interaction of the dipole with the charge at the circumference of the 
dipolar plane. This latter interaction energy vanishes if the dipolar plane becomes 
infinitely large. In order to check this result, Mr R. Sack kindly calculated that the 
interaction energy between a dipole and an infinite dipolar plane at a distance z is 
of the order of magnitude 




63 




which is thus about 100 times smaller than the interaction between neighbouring 

dipoles. For a distance of a; ~ 20 A (30 A) this leads to a factor lO^® (10^^). It thus 
seems to be a veiy good approximation to treat the dipolar planes as a continuum. 
Hence the interaction of a dipole with all the dipolar planes except its own can be 
reduced to its interaction with the surface charges which they produce at the surface 
of the crystal in view of the fact that each dipolar plane is polarized. To these surface 
charges may be added the surface charge due to the dipole’s own dipolar plane, 
because the interaction of the dipole with the surface charge of a single dipolar plane 
is negligible if the crystal size is large compared with the distance between neigh¬ 
bouring dipoles. The surface charges produce an electrical field E inside the crystal 
which in general depends on its macroscopic shape. It gives rise to the interaction 
energy -(itE). 

The total interaction energy £7 of a dipole with the other dipoles is thus given by 
(making use of (3)) 

(4) 

The field E has to be calculated from the charges at the surface of the crystal which 
will be considered as of macroscopic dimensions. For all practical purposes it thus 
vanishes if the macroscopic polarization of the crystal vanishes. In the absence of 
an external field this is always the case for odd chains where successive dipolar 
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plan^ have opposite polarization, so that the contributions of their surface charges 
to the field E inside the crystal cancel. For even chains, however, it was seen that 
the direction of the polarizations of successive dipolar planes may either be equal or 
opposite. Such a crystal may, therefore, have a certain permanent polarization P- 
Suppose, as an extreme case, that all dipolar planes have the same polarization and 
that the crystal has the shape of a thin plane parallel plate with the polarization 
perpendicular to the surface. Then the polarization is given by 

p-^ 

abc’ 


since each dipole occupies the volume ^(abc) and contributes -^3/^/2 to the polariza¬ 
tion in the 6-direction. In the absence of a field due to external charges, the electric 
displacement D vanishes, i.e. since — 1) Ej4c7T in the polarization of the continuum 


In this case, therefore, the energy TJ becomes ^considering that ((lE) = 




(5) 


Since the total dipolar energy of a crystal of N dipoles is ^?7/2 it is seen that crystals 
with a permanent polarization have a higher energy than unpolarized crystals. As 
mentioned before the magnitude of the (ftE) term depends on the macroscopic 
shape of the crystal. Actually it may be smaller than but in the case of 

a permanent polarization its contribution to 17 is always positive.* 

The physical implications of this result will be discussed in § 4. 


3. Excited states 

According to I each chain has two equilibrium positions with opposite dipole 
direction. Thus from the ground state discussed in § 2 excited states can be obtained 
by turning a chain (including its dipole) by 180° around the chain axis. In equili¬ 
brium, chains will always be considered as plane. Thus, if from now on one speaks 
of a certain direction of a dipole, this implies the direction of the whole chain, i.e. 
turning a dipole by 180° from the one to the other equilibrium position implies a 
turning of the whole chain over the potential hill separating the two equilibrium 

* For isotropic crystals Sauer ( 1940 ) has carried out similar calculations. In his final remarks 
he says that electric dipole coupling leads to results which are different from magnetic dipole 
coupling. Surely this cannot be correct, since in both cases he assumes exactly the same form 
for the interaction between individual dipoles so that the sum over a number of dipoles must also 
give the same result considering that no external fields are contemplated in both cases. His 
mistake seems to be that he thinks that ‘nothing in the electrical case corresponds to the 
demagnetization factor in the magnetic ’ which in the case of permanent electric polarization 
can hardly be correct. 
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positions. A detailed description of this process was given in a previous paper 
(Frohlich 1942 ). The first object in this section is to calculate the energy of an excited 
state. As in § 2 first consideration will be given to the interaction between chains of 
the same layer, i.e. dipoles of the same dipolar plane, and then the interaction with 
the chains outside it and with fields due to external charges will be added. Consider 
first the interaction between nearest neighbours and suppose that they are directed 
as in figure 1 , i.e, the 6 -components of the dipoles are parallel. Now turn one of the 
dil)oles (i.e. the whole chain) by 180° into its second equilibrium position and denote 
by 2 F the increase of the interaction energy with one of its four nearest neighbours. 
Then 8 F will be the increase in the interaction energy of the central dipole with its 
four neighbours if it is turned by 180°. If, on the other hand, n of its four neighbours 
have the opposite direction firom that indicated in figure 1 , then the corresponding 
energy increase is only 


The energy F can be written as 


.(4-2»)2F. 

TF 

F=-|+F, 


( 6 ) 

(7) 


where IF is the dipolar interaction energy given by eqn. (3), while F' is due to non- 
dipolar interaction between molecules. This latter energy decreases quickly with 
distance so that interaction between nearest neighbours only has to be considered. 
The same holds of the dipolar mteraction energy of a dipole with the dipoles of the 
same dipolar plane, because the number of dipoles within a distance r firom a central 
one increases proportional to whereas their interaction decreases proportional to 
1 /f®. In fact it was seen in § 2 that in the ground state the nearest neighbours account 
for more than 90 % of the total interaction. To obtain the contribution due to the 
interaction with chains of a different layer it seems reasonable to neglect the non- 
dipolar part, i.e, to assume that this part of the interaction is independent of the 
dipole direction. The dipolar interaction can be treated as in § 2 . Thus a dipolar plane 
outside the plane of the dipole in question can be treated as a continuum. Its total 
interaction with all the outside planes thus reduces to its interaction with the 
surface charges which are produced by the polarization of the dipolar planes. These 
charges, together with possible external charges, produce the macroscopic electric 
field M inside the crystal whose interaction with the dipole is 

where and are the components of jE in the a- and 6 -directions respectively. 

In the structure indicated in figure 1 there are two types of dipoles, those forming 
an angle of about 30° (or 210° in their second equilibrium position) with the 6 -axis, 
and those for which this angle is — 30° (150°). Unless the field E vanishes, these two 
types of dipoles behave in a different way. In order to simpHfy the following cal¬ 
culations the a-components of the dipoles wdll be neglected, thus not dealing with the 
structure indicated in figure 1 but treating that of figure 4 instead, in which all 
dipoles are in the 6 -direction and have the moment This does not affect the short- 
range interaction which will be used in the general form ( 6 ) which does not contain 
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explicitly the dipole direction. Moreover, the teims contribute less than 3 % to 
the total dipolar interaction W as can be seen from eqns. (i) and ( 2 ). No appreciable 
influence of this simplification may therefore be anticipated. The two possible 
dipole directions will be denoted by + and —. Then, using ( 6 ) and ( 8 ), the energy 
required to turn a dipole from the + into the — direction is 

(4—27i)2F-i-2/ij^ J?cos0, (9) • 

if 91 of its nearest neighbours are in the — direction, i.e. 4 — are in the 4- direction. 

6 is the angle between E and /ify. With an appropriate normalization of the energy it 
can thus be said that a dipole in the 4 - (—) direction has the energy - ( +) where 

B = (4 —2?i) F+/^5 JS?cos^. (10) 



Figtoe 4. Simplified dipolar structure. The dotted arrow indicates 
the second equilibrium position for each dipole. 


Next calculate the probability that a dipole has the 4 - direction. To do this a 
method by Bethe ( 1935 ) will be used. Bethels original method would apply to -S = 0 . 
Weak fields will be assumed throughout, i.e* 

fiiyE<kT, ( 11 ) 

where T is the absolute temperature. 

Let {w :^) be the probability that a dipole is in the -f (—) direction while n of its 
four neighbom^ are in the — direction. Then according to the Boltzmann theorem, 
making use of ( 10 ) 

_ ^2BlkT — ^2ni-2n)lkT+2fti^QOBaikT 


Developing this expression with respect to E (making use of ( 11 )) one obtains 


where 


l^F 


X = e“-2F/A;r 



/Ij,Egos6 

w~ 


«1. 


(13) 


and 


(14) 
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Krst consider the zero-order problem F = 0. This reduces exactly to Bethe’s 
case. Therefore, only the results will be given. Bethe’s z is equal to 4 in the present 
case, while his e will he denoted by A. Then according to Bethe 


(16) 


(16) 

The total probability of finding the dipole in the -f- direction is thus 


w= S = 0(1+Aa:)*, 

n—Q 

(17) 

whereas for the opposite direction it is 



(18) 

^ “ (1+Ac)*+ (A+*)*‘ 

(19) 



0 0-1 0-2 0-3 0-4 0-5 0-6 


FiGtnuE 5. A as a fimction of a; = 

The parameter A is obtamed from the condition that all dipoles‘are equivalent. 
This leads to 

7h 

l-w = S-{w^+w-). (20) 

InsertxDg (15) and (16) into (20), and equating it ■with (18), leads 'with 'the 'use of 
(19) to 



A solution of this equation is shown in figure 6. In particular 

Tfx- 41 , i.e. kT'^V, 
A=l, if 


and 


( 22 ) 

(23) 
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Hence = 1 if 2^ = 0, i.e. all dipoles are parallel in the + direction. With A, also 
1/A is a solution leading to = 0 for IT = 0, i.e. \>o the case in which all dipoles are 
in the — direction. A => 1, according to eqns. (17)-(19), leads to = 1 - 
i.e. to disorder. The order-disorder transition thus occurs at a; = i.e. using (13), 
at the temperature Tq given by 

i;ro = 2F/log2. (24) 

Let us now introduce the jP-terms. Then from (12) it follows that (15) and (16) 
have now to be replaced by 

W+ = O'Q a;«A'«(l + F), w" = C7'Q - F), 

where G' and A' depend on F. Since for zero order in F they must be identical with 
C and A respectively, then, neglecting higher order terms, 

C' = C{l+yF), A' = a(i+5?j), A'’‘ = A»|l+|57Jf’). 

Thus = G^^)a:"'A®|^l + J'^7+j7?+l)J, (25) 

w- = J’(r+l)J. (26) 

Let us denote by Wp the probability that .in the presence of the field the dipole 
has the positive direction, -while w as before refers to J?" = 0. Using (15) and (16) 

wp = Zw+ = wj^l + l)J, (27) 

l-wp = 2:w- = {l-w)j^l+J?’('3/+?j^-l)J. (28) 

Adding these two equations leads to 

Using (17), (18) and (21) the second term is found to be 'ij{l—w). Thus 

7 = 1 —2w—^(1—w). (29) 

In order -bo obtain t; eqn. (20) is extended to the first order, i.e. 

\-Wp = S-{wt-^w-). 

Inserting (25) and (26) and making use of (27), (28), (17), (18) and (21) a short 
calculation leads to 

_ 2(1 +Aa;) (A+a;) 

^ ~ A(l—ic®) —i(2A+a;+A%)‘ 


( 30 ) 
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From (27) the increase in the probability of positive dipole direction caused by 
the field is found to be 

or inserting y from (29) 

w(l-w) • T^- ^)] • 

Since according to (18), (19) and (21) 

1 11+Aa: 

■''AA+a;’ 


then, using (30), = i_iX(l-x^)K2X+x+m’ 

Tims of N dipoles, N{w;gf--w) will be tnmed by the field. Each turned dipole pro¬ 
duces a dipolar moment 2ju^ cos 6 in the field direction. Considering polycrystalline 
material, i.e averaging over all angles 0 (thus replacing cos^0 by 1/3), the moment 
M induced by the field H is given by (cf. (31) and (14)) 


if = 




(32) 


where 

Since, according to (13) and (24), x = (i)^®^^, (34) 

and since A is a function of a;, (9 is a function of TjT^. For 0—1 expression (32) 
becomes identical with the induced moment if the interaction between dipoles is 
neglected. Thus O is the factor which accounts for the interaction. Let us calculate 
it in some, limiting cases. If A = 1 and = J. Thus in the case of disorder 

Thus 1 as T-->oo. At the transition point T — Tq^x — ^ and hence G’^co, On^ 
the other hand, for using (22), (34), and (17)-(19) 

G-4a^ = 4(J)42^o/^ (T^To)- (3^) 

Thus-3f->Das T-^O, 


4. RnSTTIiTS AND DISCUSSION 

We are now prepared to discuss the dielectric properties of crystalline solids with 
a paraffin structure consisting of long-chain molecules each of which contains one 
electric dipole such as ketones. According to § 2 chains with an even number 
of carbon atoms (even chains) may be expected to behave differently from those 
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containing an odd number (odd chains) because for the former there exists the 
possibilily of a permanent polarization. The simpler case of odd chains will be con¬ 
sidered first. 

Odd chains. According to §§ 2 and 3 the dipoles of these substances are concentrated 
in dipolar planes. Below the temperature Tq given by eqn. (24) these dipolar planes 
have a permanent polarization. The polarizations of successive dipolar planes have 
opposite direction, so that in the absence of an external field the total polarization 
vanishes. At the substances undergo a phase transition of the second kind (A- 
point). A lower limit for Tq can be given if the non-dipolar energy terms F' in F be 
neglected, eqn. (7). From eqns. (24), (7) and (3), making use of (2), it is found that 


kTo^ -^Wflog2 = 


€^r^log2'~ 




a2 + 62 

4 ‘ 


(37) 


As mentioned before, this result will be obtained for the actual structure (figure 1) 
as well as for the simplified one used for the present calculations (figure 4), since they 
lead to a dipolar interaction which differs by less than 3 %. With a = 5 A, 6 = 7*5 A, 
6^ = 2*5 and — 2x 10""^® e.s.u., then Tq = 300° abs., i.e. room temperature. 

To obtain the static dielectric constant 6^ the non-dipolar contributions are 
required in addition to the dipolar moment (32). As in I the substance will be con¬ 
sidered as consisting of a continuous medium with a dielectric constant in which 
dipoles are dispersed according to the structure. Thus if M' is the dipolar moment 
per unit volume 

4“ 47r , 


or with (32) e. = G{TjT^), (38) 

where N is now the number of dipoles per unit volume. The function TJT . Q{TITq) 
has been plotted in figure 6. It should be noted that refers to constant volume 
(independent of T), The most characteristic feature of our result is that for T < Tq^ 
the dielectric constant increases with increasing T in contrast to its behaviour 
above Tq. Previous theories always lead to a decrease of with T, but then, as was 
shown in I, they are valid only forf T > Tq, Eqn. (38) contains two unknown para¬ 
meters, Tq and while N can be easily determined from the structure. On the 
assumption that the interaction F is entirely of dipolar nature, can be eliminated 
with the help of eqn. (37). Thus 

6, = e„+l-3e„2^r«|G(y/iro). (39) 

where r, the distance between nearest neighbours, can also be easily obtained from 
the structure. 


t if T^T^f expression (36) 
Eqn. (38) then becomes 


lur uf ujiin 
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It is fortunate that experiments of exactly the type required to check the theory 
have been carried out by Muller ( 1938 ). He investigated the dielectric constant at 
constant volume of an odd ketone [CH 3 {CH 2 ) 7 CO(CH 2 ) 7 CH 3 ] at a frequency of 
10 ^ cyc./sec., in a temperature range up to the melting-point which is near 340*^ abs. 
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Figube 6 . Full line: the function T,jTnG{TjT,) which is proportional to the dipolar con¬ 
tribution to the dielectric constant. Dott^ line: experimental value of 10 (e— 2 - 6 )/ 3*5 for 
the ketone measured by Muller ( 1938 ). The experimental value of T, has been determined by 
equating theoretical and experimental curves at the point marked with *. 


It seems likely that his results represent the static dielectric constant because a 
theoretical estimate of the time of relaxation t from eqn. ( 12 ) of Frohlich ( 1942 ), i.e, 

o / 7r2 5600, ^v\ 

2nT = exp ^-50-4+j-^tanh—j 

(v = number of C-atoms, i.e. p = 17) yields at 300° abs. Thus r is much 

smaller than the period of 1 0 “^ sec. Muller gives all his results in terms of (e — 1 )/(e+ 2 ), 
from which € can be calculated and thus a number of curves for various volumes are 
obtained, giving an increasing e with rising T right up to the melting-point. It is 
remarkable that at the melting-point the dielectric constant is the same for aU 
volumes. Since the change of with volume is very small this suggests that melting 
occum at a constant value of the reduced temperature TjT^, 

The experimental curves for e are in good agreement with eqn. ( 39 ) if the reduced 
temperature of the meltmg-point is chosen to be 0*965, independent of the volume. 
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In factj sm(^ the chain length is about 23 x cm., or using a = 5 A, 6 = V-5 A, 
“ 1-2 X 102i per c.c., i.e. = (a^-f = 0*9 x IO -22 c.c. With = 2*5 which 

is suggested by the low-temperature part of the experimental curves, eqn. (39) 
becomes 

1A 'T 

i^(e,-2-5) = ^«G‘TO). 

In figure 6 the dotted line represents the average of the experimental values of 
10(€—2*5)/3*5. The only appreciable deviations from the theoretical, curve occur 
for small values of This should be anticipated because the value chosen for 
is probably not very accurate. This close agreement suggests that the interaction 
F is actually mainly of dipolar nature because otherwise agreement with eqn. (38) 
only should be anticipated.! Thus eqn. (37) may be used to estimate and hence, 
using eqn. (2), the dipole moment of a ketone found. With the experimental values 
Tq = 340*^ abs. and = 2-5, then 

^ = (i 10-“’e.s.u. 

Although this is a reasonable value more experiments should be carried out in 
order to establish whether the interaction F is actually of mainly dipolar nature. 
This could be done by varying the chain length as well as the volume over a 
fairly large range. Then, for a given distance r between nearest neighbours, should 
not vary with chain length if F is of dipolar nature. An experimental determination 
of the time of relaxation r should also be carried out so as to make sure that the 
estimate that lO”'^ sec. is correct. This is of importance because in alternating 
fields at sufficiently low temperatures the dielectric constant increases with tem¬ 
perature even if the static dielectric constant decreases. This increase depends, 
however, strongly on frequency- It would, therefore, be sufficient to show that 
Muller’s experimental curve does not change appreciably if the frequency of the 
field is altered. 

Even chains. In contrast to odd chains the polarizations of two successive dipolar 
planes may be either parallel or antiparallel for even chains. This may lead to a 
permanent polarization of a crystal although it has been shown in § 2 that in the 
absence of an external field a state with a permanent polarization has a higher energy 
than an unpolarized one. Suppose for a moment that it would be possible to reach 
equilibrium in these crystals. Then, owing tp an external field, a number of dipolar 
planes would change the direction of their polarizations. Let d be the number of 
dipoles in a dipolar plane, and let cxd/i be its dipole moment. Then, if one neglects the 
small change of the polarization of a dipolar plane due to a weak external field, 
± a = 1 — 2w, where w heis been calculated in § 3, i.e. tt? = 1 at T = 0, and ~ J for 

t Unless it is an accidental agreement which then should hold for the chain length v = 17 
only. 
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T > 2^. It now follows from eqn. (9) ttat the energy reqmred to reverse the polariza¬ 
tion of a dipolar plane in an external held is 2d/iaE cos 6 {0 angle between E and the 
polarization). This leads to a dielectric constant 

e, = e«, -I- 477 cos® 6 ^ Nd, 

i.e. €«, A times larger than for N independent dipoles of strength /i. Even for 
small single crystals d is at least 10 ®. This clearly would lead to enormous values for 
the static dieleqtric constant. 

In order to reach this equilibrium value the chains of some dipolar planes would 
be required to reverse the direction of their chain axis because they have to make the 
transition from the position shown in figure 36 (even) into 3<x (odd). It is difficult 
to imagine that in the solid state such a transition is possible. It would, therefore, 
be expected that if a field is applied to a solid ketone of even chain length the 
equilibrium requiring a turning of dipolar planes cannot be reached and that such 
a ketone behaves like an odd ketone. If, on the other hand, it should be possible to 
bring a ketone into a state of polarization of the type discussed above, then one 
would expect this polarization to persist for a long time after removal of the external 
field. A possible way to reach this state might be to cool an even ketone in the presence 
of an electric field from a high temperature (liquid state) to a temperature below 

Phase iramiUon of the second kind. According to the discussion in § 3 the sub¬ 
stances wiU undergo phase transitions of the second kind at the temperature 
where the dipoles of a dipolar plane undergo an order-disorder transition. Such phase 
transitions are also to be expected in paraffins (Erohlich 1944 ), and it would be of 
interest to compare the transition points of paraffins and ketones of the same chain 
length and with the same specific volume because this would allow conclusions to 
be drawn upon the influence of purely dipolar interaction. Eor the particular ketone 
whose dielectric behaviour was discussed above, Tq is higher than the melting-point 
and thus cannot be observed directly. This may, however, be different for ketones 
of a different chain length. 

From a discussion of the entropy chai]ge connected with the phase transition it 
was concluded that iu paraffins the chains may be twisted at temperatures near and 
above This might also be so in the present case, and some modification of the 
theory might be required at temperatures near and above This modification 
should, however, be small if (i) the interaction V (cf. eqn. (7)) does not depend on the 
state of twisting, e.g. if it is of dipolar nature only, and (ii) if the energy differences 
between the twisted states and the untwisted one do not depend on the direction of 
the dipole. From a comparison of our results with Muller’s experiments it had already 
been concluded that condition (i) was fulfilled, and it may now be concluded that 
this also holds for condition (ii). It thus seems likely that the theory would require 
only minor modifications to account for the twistmg of chains. It should be em¬ 
phasized, however, that for molecules with more than one dipole—which are 
not considered in the present paper—^the effect of twistmg should be of major 
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importance because it may affect the value of the total dipolar moment of such 
molecule. 

Comparison with the previous theory. The present theory holds for an isotropic 
crystalline material only. It can, therefore, not be considered as an extension of the 
theory developed previously (Frohlich & Sack 1944), which can claim validity for 
isotropic crystals and for amorphous substances but only at temperatures 
that is, itL the temperature region in which the dielectric constant decreases with T. 
There is, therefore, no theory, at present, which covers amorphous substances (e.g. 
plastics) at temperatures below T^. It seems likely, however, that qualitatively the 
present results should apply to plastics as well. This means that the existence of a 
transition temperature may be expected below which the static dielectric con¬ 
stant increases, and above which it decreases with increasing temperature. 

The local field. In the development of the theory of dipolar interaction, one of the 
main problems is to find the local field/acting on an individual dipole. Energetically 
/ may be defined by equating 2/ with the energy required to reverse the direction of 
a dipole. Lorentz suggested the expression 


where P is the macroscopic polarization due to the macroscopic field E. This expres¬ 
sion was widely used until Onsager (1936) showed that a part of the local field/ is 
due to the reaction field R produced by the interaction of the dipole with its sur¬ 
roundings. Lorentz’s expression is obtained if the local moment due to. the dipole 
is replaced by the average macroscopic polarization which obviously is incorrect. 
Instead, Onsager suggests that the reaction field has always the same direction as 
the dipole. By reversing the direction of the dipole the reaction field would also 
reverse its direction and does thus not contribute to the energy required for this 
reversal. He thus finds (to simplify the foflowing discussion it will be assumed that 
there are ordy dipolar contributions to the polarization) 


/= 


Ze 

2e+l 


E = E+ 


AmP 

2 ^' 


It was shown in I that this would mean that the reaction field is &ee of inertia which 
is not the case. From I, § 6, it follows that for a given dipole direction the average 
value of the reaction field is where is the value which it would have if the 
dipole would never change its direction. Thus 


S=E+ 


AttP 

2e+l 



There is a fundamental difference between this expresaon and both Onsager’s and 
Lorentz’s. They both vanish if the external field E vanishes (since inP = {e—l)E), 
while that given here becomes 2?i/2. The present local field (cf. (9))isofthesametype, 
but the way to calculate and its influence upon the dipole differs. While in I it 
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was treated as a perturbation it is of predominant influence in the present paper.* 
Thus, in conclusion, it may be said that at low temperatures below the transition 
point Tq the local field is nearly independent of an external field in contrast to tem¬ 
peratures above T^, Sufficiently well above Tq the terms become negligible and 
Onsager’s field becomes correct. The Lorentz field, however, is in dipolar substances 
only correct when the temperatiire is so high that e — 1 1. 

I am indebted to the British Electrical and Allied Industries Research Association 
for permission to publish this paper. 


Addendum added 14 December 1946 

Dr V. Daniel (Electrical Research Association) kindly dre^ my attention to 
^ numerical mistake in comparing the results of the theory with experiments by 
Muller. The number N of dipoles per c.c. is 2-3 x 10^^, and not 1*2 x 10^^ as stated. 
This means that Muller’s experiments are not in agreement with ( 39 ). Agreement 
with ( 38 ) will be obtained, however, if 

4 c 7 TfilN 3*5 

T 10’ 

because this leads to figure 6. Hence, using (2), = 340 ®, and the above value 

for JV, one finds /^ = 1*6 x 10“^® e.s.u. instead of 2*1 x 10““^® as stated before. 

The disagreement of the experiments with eqn. ( 39 ) means that the interaction V 
should no longer be considered as of dipolar nature only, for this (cf. (37)) would 
lead to Tq= 230 ® instead of 340 ®. This is rather more satisfactory than the results 
obtained previously (V purely dipolar) since paraffins, although being non-polar, 
show a transition of the type discussed here. 

Finally it should be emphasised that /i is the average dipole moment in an 
equilibrium direction which in view of thermal oscillations and of chain twisting 
should be lower than the absolute dipole moment. Actually the value for the 
latter is usually given as 2-8 x 10^^® e.s.u. This indicates appreciable chain twisting 
in agreement with the conclusions reached for paraffins (cf. FrohHch 1944). 
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Theory of the rheological properties of dispersionsf 

By H. Feohlich A3sti> R. Sacx, H, H. Wills Physical Laboratory^ 
University of Bristol 

{Gommunicaled by K F, MoU, F.B.S—Eeceived 1 February 1945) 

A thewDiy of flow of substaaices showing elastic recovery is developed. It leads to a set of 
differential equations which contain three parameters. In the case of dispersions these 
parameters be derived from the properties and the composition of the components. 


1 . Inteoduction 

In the mechanics of continua the theories of two types of substances have been 
mainly considered, those of Hookean elastic solids and of Newtonian fluids. It is 
common knowledge that there are many substances of great importance which 
cannot be classified under either headi n g. Some of these substances exhibit both 
elastic and viscous properties; they flow under the influence of applied stresses, but 
on removal of stress pairt of their deformation is gradually recovered, a phenomenon 
known as elastic recovery. 

The aim of the present paper is twofold. First, we shall derive a set of fundamental 
differential equations which describe the properties of flow of substances which 
show elastic recovery. These equations contain a number of parameters, and it is 
the second aim of this paper to relate these parameters to structural properties of 
such materials. Many of the substances which exhibit elastic recovery are two-phase 
systems forming colloidal sols, or dispersions consisting of independent solid 
micelles embedded in a viscous fluid. They can be represented by a simplified physical 
model in which the micelles are considered to be elastic spheres, while the fluid is 
treated according to the classical theory of hydrodynamics. This is a model which 
we were able to treat without undue mathematical difficulties, while on the other 
hand sols are also of considerable experimental interest. 

Although we shall restrict ourselves to dispersions, the resulting equations of flow 
are of a very general nature if we do not specify the parameters by the expressions 
which coimect them with the structure of the dispersions. We, therefore, hope that 
these equations may also be applicable to other substances. On the other hand, we 
are aware that they can be generalized in various ways, but in the present paper it 
is our intention to present them in their simplest form. 

2 . Steuctuee AE'n methob 

First, then, consider a substance consisting of equal elastic spheres dispersed in 
a Newtonian fluid of viscosity To simplify calculations a unit length is chosen such 
that on an average there is one solid sphere contained in the volume 47r/3, i.e. in a 

t Based on Report L/T. 150 of the British Electrical and Allied Industries B^eeurch 
Association (E.B.A,). 
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sphere of unit radius. If a is the radius of the elastic spheres measured in this unit, 
is the relative volume occupied by the dispersed particles compared to the total 
volume of the mixture. By definition 

a^<l. ( 1 ) 

It wiU be assumed that the fluid adheres to the surface of the spheres, which means 
that the velocity of flow at such a surface is the same for the fluid as for the elastic 
sphere. It is easy to consider qualitatively the rheological properties of such a sub¬ 
stance. Consider first the spheres as rigid. As has been shown by Einstein (1906, 
1911) such a ^stem behaves like a fluid with an effective viscosity 

1 /* = i?(l+|a3), (2) 

provided a® < 1. (3) 

Actually the spheres are not rigid, which means that on apphcation of a stress they 
are deformed. In view of the adherence of the fluid to the sphere this deformation 
requires a certain time which depends on the viscosity Thus on application of an 
external stress to our substance one would expect a flow whose velocity gradually 
decreases, and which ultimately reaches a value determined by the effective viscosity 
On removal of the external stress the spheres, in view of their interaction with 
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time in days 

Fiouke 1 . Experimental strain-time curve of a bitumen according to Lethersich ( 1942 )* 
A constant load is applied at the time ^ = 0 and removed at ^ 

the surrounding fluid, will again require some time to go back to their undeformed 
shape. This gives rise to an elastic recovery. A behaviour of the type described just 
now is displayed by many substances. As an example figure 1 shows the experi¬ 
mental strain-time relation of a bitumen of the sol type. 

The next task is to develop the above consideration into a quantitative theory. 
This will be done for those substances for which the volume occupied by aH the 
spheres is small compared with the total volume of the substance, i.e. for which 
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condition (S) is vaEd. The spheres as well as the fluid wiU be assumed to be incom¬ 
pressible and isotropic, and that their inertia can be neglected, i.e, oscillations will 
not be considered. The elastic behaviour of the spheres can thus be described by a 
single elastic constant, e.g. the modulus of rigidity ifc, which means that a shear stress 
produces a shear strain given by 

Sijc = (^) 

The fluid obeys the following equations (cf. text-books on hydrodynamics). Let u 
be the velocity of flow with the components u^{i = 1,2, 3 ) in rectangular co-ordinates. 
Then the condition for incompressibxEty is 

divu = 0 . ( 5 ) 

Furthermore, if 8^^ ii,lc= 1 , 2 , 3 ) are the stress components in rectangular co¬ 
ordinates, 

= (i,i= 1 , 2 . 3 ), (6) 

where p is the hydrostatic pressme while 

if i =j= 

1, if i = k, 

aearly, using ( 5 ) and (6), /S^ + 8^2 + /S33 == - ( 7 ) 

Assuming that there are no external volume forces, general principles of mechanics 
if appEed to (6) lead to the wefl-known differential equations 

vAui-^ = 0 (i= 1,2,3). (8) 

A method must now be found to derive the macroscopic rheological properties 
of our substance from the behaviour of its components. For this purpose a method 
has been generalized which has been used to calculate from the behaviour of a single 
dipole the macroscopic dielecfric polarization of a dipolar substance in an external 
electric field. A *unit ceE’ is chosen consisting of one sphere and some fluid and the 
whole medium treated outside the unit cell as a macroscopic continuum. Then it is 
demanded that the macroscopic flow remains unchanged if the unit cell too here- 
placed by the macroscopic medium. This will lead to the conditions from which the 
macroscopic properties of flow can be deduced. 

Einstein (1906, 1911) used a different method for his case of rigid spheres which 
can also be generalized and appEed to the case of elastic spheres. In view of ( 3 ) both 
methods consider the influence of the spheres as a perturbation of the viscous flow 
of the fluid and should, therefore, lead to the same result. We have satisfied ourselves 
that this is actually the case, although the mathematical treatment is different. In 
the foUovring we shall present the calculations according to our method which we 
think, in the present case, leads in a more direct way to the macroscopic rheological 
properties. 

27 


Vol. 185. A. 



418 


H. Frohlicii and R. Sack 


To bring the present method into a mathematically convenient form it will be 
noticed that the equations (4)-{8) for the components of our substance connect 
stresses in a linear way with deformations and their time derivatives. Therefore, in 
view of the incompressibility and of the isotropy of our substance, any suitable 
system of external stresses and any suitable macroscopic shape of the substance may 
be chosen in order to calcodate its flow. Its behaviour under another system of 
stresses or when its macroscopic shape is different will then follow from symmetry. 

A cube of our substance will be chosen whose centre coincides with the origin of 
the co-ordinate system, and whose surfaces are perpendicular to the co-ordinate 
axes At the surfaces perpendicular to a uniaxial stress ZT is applied. Instead, 
in view of the incompressibility at the cube, the following equivalent system of tensile 
stresses may be applied: 

^11 = 2T, S22 — ^33 = — Ty i.e. p = 0, (9) 

which differs from the uniaxial stress only by adding the hydrc||tatio pressure T, 
Although the properties of flow of our substance are not known, its incompressibility 
and isotropy in conjunction with the linearity of equations (4)-(8) require the 
following spacial distribution of flow: 

% = u^=^--yx^, %==--yaJ3, (10) 

♦ 

where y depends on the stress, T, but is independent of the co-ordinates x^. For the 
same reasons the stresses inside the substance are also given by (9), i.e. they are 
independent of the co-ordinates x^. y may, and in general wiU, however, depend on 
time, and the calculation of this time dependence is our main task. 

The subsequent consideration of the macroscopic structure wiU give rise to axial 
symmetry. We shall consider within our substance a macroscopic sphere of radius 
1. If polar co-ordinates (r, 6 , (j>) with the 1-direction as axis be chosen, the stress 
system (9) is given by 

8 „ = ^TP^fsosB), 8^ = TP's{oos6), = 0, p = 0, (11) 

while the componenl^ of the flow (10) are now 

M, = 2yrP2, iig = yrP'^, u^ = 0 , (12) 

where is the second Legendre pol3niomial, i.e. 

P^icoB 6) cos2 d-i, P4(cos ^) = - 3 cos 0 sin 0, (13) 

The s uffix es r, 6 ^^ of S and u refer to the r, 0 and (j> components respectively. 

Under the influence of stresses of the type (11), such a macroscopic sphere will be 
transformed into a spheroid. It will be considered as long as it can be approximated 
bytheoriginalsphere,andtheflowcompkredatitssurfacer = JB with that of another 
sphere which has the same radius Jf but in which a ‘ unit cell ’ of the substance near the 
centre has been replaced by its microscopic structure. This second representation of 
our substance (cf. figure 2) consists of three concentric spheres of radius < 1,1, and 
1. The inner sphere contains the elastic material described by the modulus of 
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rigidity the shell between r = a and 7* = 1 is filled with the fluid with the wiscosity 
while the shell outside r = 1 contains the continuum with the macroscopic properties 
which is to be calculated. For both inner surfaces r = a and r = 1 continuity of 
stress and flow will be demanded. At the outer surface r =: It, the stress system (11) 
will be applied and the flow at this surface must be calculated considermg the 
condition (3). This flow will then be equated to the flow at the surface of the first 
(homogeneous) sphere of radius It which is given by equation (12)ifr = i2is inserted. 
It may be expected that this is possible only if jB> 1. In this case the two macro¬ 
scopic spheres, i.e. the homogeneous one and the one containing the unit cell, are 
equal except for the parts within the racMus r = 1. The influence of the substance 
inside this radius upon the flow at the external surface r = It must be of the order 
of the ratio of the volumes, i.e. -- l/iJ^. It will, therefore, |)e demanded that the 
ratio of the flow at the surfaces r = It of the two large spheres must be unity if terms 
up to the third power in. I jit are considered. 


flow of sphere with structure of figure 2 
flow of homogeneous sphere 


1 + 


^ const. 


at 7* = jB. 


(14) 


This will allow the calculation of y. 


Figuhe 2. Structure of a sphere consisting of an elastic body (r<a), a Newtonian fluid 
(a<r<l), and a continuum with the macroscopic properties of our substance (l<r<jB, 



3. CAIiCTJIATIONS 

The following calculations will be greatly simplified if the case in which the 
spheres of radius a are rigid is considered first. This wall not lead to any result 
beyond (2). The calculations will, however, be given in some detail, because they 
will be required for the case of elastic spheres which is the main interest. In view 
of (3) the higher powers in a than a® will be neglected throughout. 


27-2 
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A. Rigid s'pK&res 

In this case the macroscopic substance can be assumed to be a fluid with the 
unknown viscosity 9*. The value of 7* must follow as a result of the calculations. 
One requires: 

(i) The flow of the homogeneous macroscopic sphere consisting of fluid of the 
viscosity With the stress system (11) (or (9)) it is well known to be given by (12) 
(or (10)), where * m 

r = ^.- (IS) 


(ii) The flow of the ^second big sphere which is made up as shown in figure 2. 
In the present case it consists of a shell between r = a and r = 1, containing fluid 
with a viscosity 7 whiojpi has to satisfy equations (6)-(8), and of a shell between r = 1 
and r = R containing fluid with a viscosity which has also to satisfy (5)~(8), if 
7) be replaced by 9/*. Moreover, the following boundary conditions have to be fulfilled: 


11 

p 

11 ■ 
o 

at r = a, " 

(16) 

Uj, and U0 continuous 

11 

1—1 

(17) 

and continuous 

at r = 1, 

(18) 


while at r = i?, and must be given by equation (11). 

(iii) Thenthe condition (14) mustbefuMlledwhichwillleadtoadeterminationof^/*. 
In view of the symmetry of the problem the ^-component of the flow, will be 

expected to vanish while the angular dependence of ahdp should be given by 
and that of % by P^. This leads actually to a solution. To obtain it, it is necessary to 
transform (5)-(8) into polar co-ordinates and take = 0. In equations (16)-(18), 
this latter condition has already been used. One thus obtains from (5) 


tom (8) i = = «, 

1 a 




r^dr\* drj'^r^smddd 




+ 


2 du^ 


Uq 


- 11^=0 

lirdd ’ 


aixdfrom(6) 


( 20 ) 

( 21 ) 

( 22 ) 


The most general solution of (19)—(21) with a ig symmetry contains four constants 
A, By 0 , D and has the form. 


lAr^ B 3D\ ^ 

+ ^+20?--— 

(23) 

/S^r® ^ D\ ^ 

(24) 


(25) 
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Insertmg these solutions into ( 22 ) one finds 


SL 


/ Ar'^ 


ZB . ^ 24D\ 




(ZAt^ 


r® 

B 


+ 4C+- 




2> 


+ 7r^ + 20 


21 2r3 
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(26) 

(27) 


These solutions refer to a<r<l. The solutions in 1 <?■< JJ are the same if 1 / be 
replaced by y* and the four constants A, B, O, D hy four other constants Ai, 5i. 

Assuming that 7/ and Tj^ are given, the solution thus contains eight constants. 
To determine them one has six homogeneous equations from the botodary conditions 
(16), (17), (18) together with the two inhomogeneous equations at r = 5 required 
to give and S^q the values ( 11 ). These are just sufficient equations to determine aU 
the eight constants. It is thus seen that the flow of a sphere with the structure of 
figure 2 can be calculated for any value of ^ and in terms of the external stress. 
To determine ly* it is necessary, in addition, to fulfil equation (14), i.e. one must 
equate the flow at the surface r = J? of the sphere (given by (23) and (24) if A, B, C, D 
are replaced by jB^, Dj) to the flow at the surface r = iJ of a homogeneous 
sphere of fluid with the viscosity 7 * which is given by ( 12 ) and (15). For 1 , this 
condition must be fulfilled independently of i?. It therefore ufcludes the con¬ 
dition according to which the stress at r = jB must be given by ( 11 ). Equation (14) 
thus means for 




r \ 


14. _ 4 l. jja+JL 

2Cy 


and for u. 


•$ 


Ug{R) ^ Cl I 

yBP'^ y \ 




- 


const. 

»>3 ’ 


1+ S 

»>3 


const. 


It follows that 
and 


ci = r 

Ai = 0, jBi = 0. 


Solutions in 1 < r < B thus become 



(28) 

(29) 

(30) 

(31) 


There remain the five constants A, B,0, D, and the six boundary conditions 
(16), (17) and (18). Since y is known fi;om equation (15) they lead to six inhomo¬ 
geneous equations. These can be solved only if the coefficients of the equations fulfil 
a certain condition. This leads to the detemuhation of nj*. One obtains from (16), 

using (23) and (24). a s B ZD 

_+_ + 2(7a-^ = 0. 


6Jo» 

42 


-4- Go. -)—j = 0, 


( 32 ) 



422 H. Prohlich and R. Sack 

from (17), using (23), (24) and (30), 

y+| + 2C'-32) = 2y-3i)i, 

^ +0+D =y+D^, 

and from (18), using (26), (27) and (31), 

- y - 35+4^7+24Z) = ^ (y+6Z)i), 

84 
21 


[ B 2v* 

^+1 +20-SD =^(y-4Z)d. 

% •" V ^ 


The solution can easily be found by anticipating 

^ = 0. 


(33) 


(34) 


(35) 


In the final result for 7}* terms of a higher order iu a than a® will be neglected (cf. (3)). 
Keeping this in mind, then 

= ya®, B = — lOya®, G = y(l +a®), D = —ya®, (36) 

and the value (2) for rj*. 

It is of interest to calculate the stresses at the smface r = a of the rigid sphere. 
Insertii^ (36) and (15) into (26) and (27) then in zero order in a 

8„ = 5TP^, (37) 

This stress system has the same symmetry as the external stress system (11), but 
it has f times its magnitude. 


B. Elastic spheres 

If the spheres of radius a are considered to be elastic according to (4), a stress of 
the type (37). will tend to deform them into spheroids. In equilibrium the com¬ 
ponents d, and dg of ibe displacement of the surface are thus given by 

5T 5T 

In view of the viscosity of the fluid which adheres to the surface r = a, this deforma¬ 
tion cannot be established at once on application of the external stress. Instead, a 
deformation of the form 

= JEaP^y dQ = 

may be expected where P depends on time. Throughout, the stresses will be assumed 
to be weak enough to make 




(40) 
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so that the defornaed surface of the elastic body can be approsimated by the un- 
defoimed ^here r — a. One thus obtains at this surface for the stress, using (4), 

8„ = 21cEF^, 8^ = hEP'z, r = a, (41) 

and for the velocity of flow 

£l 

Ur = EaP^, Ug = r = a (42) 

where the dot means differentiation with respect to time. 

It must be mentioned here that the most general deformation with a P^ symmetry 
is not given by equation (39) but contains additional terms with one further constant 
F. Byputting.y = Owe anticipate already part of the solution. Subsequently, when 
the constants from the boundary conditions are derived, this will lead to one super¬ 
numerary equation. The fact that this equation wfll be a consequence of the other 
equations, i.e. thatit does not lead to a new incompatible condition, is a proof that 
assumption (39) for the deformation is correct. 

In view of (40) the solution of equations (19)-(22) in the shell a<r<l is stfll 
given by (23)-(27), but the coefficients A, B, O, D may now depend on time. 

The outer shell 1 < r < J2 is now flUed with a medium with miknown properties. 
In view of (40) and (3) it is known, however, that the mathematical expressions 
describing these properties can be developed into power series in a, and that the 
elastic terms (containing E or F) will not appeal in the zero-order terms. !Prom this 
the general shape of the expressions for the flow of this substance may be derived. 
Consider first the homogeneous sphere of radius B whiph consists entirely of this 
substance. As discussed ia §2 its flow is given by equation (12), but y is no longer 
connected with the stress by equation (16) which referred to a viscous fluid where the 
stress is entirely due to internal friction. For our substance this should be only so 
when the deformation of the elastic spheres has become stationary. Otherwise an 
additional term proportional to E would be expected which means that the total 
velocity of flow contaias one term which is proportional to the velocity of defqima- 
tion of the elastic spheres. Thus, instead of (15), 

where ^ is a constant whicjh is expected to vanish if a = 0. In view of (43), the con¬ 
nexion between stress and flow is no longer given by 

.S„ = 2TP^ = ^*yP^, Sre = TP^ = 2^ W, 

but by ' S„ = 4:v*i7-0)P^, 8rg = 2^*{y-CF)P^. (44) 

The following calculations have now to show that a value for ^ exists for which 
hypothecs (43) actually leads to a self-consistent solution, i.e. that the two big 
spheres of radius B will actually show the same flow at the surface (in the sen^ of 
equation (14)). 
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Now return to the flow in the outer shell l<r<B of the spji^re described in 
figure 2. In the case A this flow was given by equation (30), i.e. it was composed of 
a homogeneous flow = ^yrP^, Uq = and a non-homogeneous flow (J9j~term) 
which represents the influence of the inner shell and which is of the first order in 
(cf. (36)). The influence of the elasticity of the spheres which is "now considered is to 
change the flow considered in § A by adding terms of the first order in a®. Therefore, 
any correction of the terms in equation (30) would lead to second-order terms 
which are neglected here. On the other hand, y-terms will be influenced so that ex¬ 
pression (15) is replaced by (43). Considering this, (30) still represents the flow in 
the outer shell, and condition (14) is thus fulfilled in the same way as in § A. Equation 
(31) does, however, no longer represent the stresses but has to be supplemented in 
the same way as (44). Thus 


= S^= 2r{y-0-^y',. (46) 

Again the terms ne'ed not be improved as they are already of the first order. 

Now proceed in a similar way as in § A. The boundary conditions (17) and (18) 
at r = 1 must be fulfilled, while (16) must now be replaced by 

Uj, Ug, S„, Sfg continuous at r = a. (46) 

This leads to the following equations. From (46) using (23)-(27) and (41) and (42) 

A,^ B ZD 


5Aa® 

"42 

Aa® ZB 
T~'c^ 


"b (Ja “1" 


a* 

D _Ba 

a*~~2’ 




a® 


V 


21 2a® o® Tf 


From (17) one obtains as in (33), 


^ + ^+^G-ZD=2y-ZD^, 


5A 

42 


+ C+ D=y+D-^, 


and from (18), using (45) and the left-hand side of (34) 


- 35+40 + 24Z) = ^ (y _ ^5+eDj), 

8A 7? 9./W* 


(47) 


(48) 


(49) 


(50) 



Theory of the rheological properties of dispersions 425 

It will be noticed that for ^ = 0 equations (47), (49) and (60) are identical with 
(32)--(34), while both equations (48) become equivalent and can be used to calculate 
E, This represents one solution of the system of equations. It leads to the value (2) 
for 9/*. Having thus determined now find the influence of the elasticity of the 
spheres of radius a on the flow, i.e. one is now interested in solutions for which jS =}= 0. 
Now (47)-(60) is a system of eight inhomogeneous equations for the seven unknowns 
A, B, C, D, Di, E and S, As discussed above one of the equations (48) must be con- - 
sidered as a consequence of the other equations because the value of one further 
unknown F has been anticipated by writing the deformation of the elastic spheres 
in the special form (39) which requires only one constant. This leaves seven equations 
for seven unknowns. They have one solution expressing them in terms of the coeffi¬ 
cients of the equations. This is the solution mentioned above in which ^ = 0, Other 
solutions for which will express the six unknowns A, B, 0, D, D^, E not only 
in terms of the coefficients but also in terms of j®. They exist only if the coefficients 
fulfil a certain conditioSS. which will be used to determine 

The actual solution can be found quickly if again, as in (35), 

A = 0 (51) 

is anticipated. Inserting this into (47), then 

= (52) 

which, introduced into the first equation (48), yields 

10C-Zil = — E. (53) 

V 

The second equation (48) is then fulfilled without leading to any inconsistency which 
means that (39) was anticipated correctly. 

Inserting (51) and (52) into (49), then 

C = r(l +a®)i>i = (54) 

so that neglecting higher order terms in a, (52) and (53) become 

= £=lo(|-r)a3, ^ = ^[10r(l+a®)-(3 + 5a»)je]. (55) 

Equations (51), (54) and (55) represent the six quantities A, B, (7, D, and E in 
terms of y and as required. Inserting them into the first equation (50) and 
neglecting terms of a higher order than a®, then 

With (51), (54)-(56) the second equation (60) is fulfilled which shows that A = 0 
was anticipated correctly. Thus all equations (47)-(50) have been satisfied and the 
solutions of the required type found. 
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Now insert the value (56) into the relation (43), i.e. 

T = 2i/*(y-.|a3^). (57) 

To obtain the required coonesion between stress and flow of the maorosoopio sub¬ 
stance it is necessary to eliminate from this relation. This can be done by uitro- 
ducing the tune derivatives t and y. Using E from equation (65), then, neglecting 
terms of a h^er order in o than a\ 

T+Tj^T == 27i*{y+T^j), (68) 

where = ||(l-|a«). (69) 

Equations (2), (68) and (59) represent the main result of the calculations. 

The introduction of T requires a further condition because at certain times, e.g. 
on application or removal of stress, T will be allowed to be a discontinuous function 
of time. In this case an additional condition is required for the solution of the 
differential equation (58). To obtain it (57) is used to eliminate y from equation (56) 
and yields, with the use of (2) and (3), 

21cE+ZriE{l-^^) = 5^(1-|a3). 

The solution of this equation can be written in the form 

E — 

where a and are constants easily derived from the preceding equation. This shows 
that E remains continuous when T has a discontinuity. Thus, using again (55) and 
(67)-(69), it is found that 

—= T-j^T—'2nri*r^y = continuous. (60) 

This is the condition which T and y have to fulfil when T is discontinuous. 


4. Kestilts and discussion 

Erom the discussion in §2 it was seen that the main task was to calculate the* 
quantity y expressing the flow by equation (10) in terms of the stress. This has now 
been done (equations (58)-(60)). Hence it may be concluded that the connexion 
between the stress system (9) and the components of flow % is given by 

27*^^(Wi+T2«i), (i = 1,2,3). (61) 

This equation can easily be generalized to comprise an arbitrary stress system. 
First by a suitable rotation of the co-ordinate ^stem, the system of tensile stresses 
can be transformed into a system of shear stresses, while the corresponding trans¬ 
formation of the components of flow follows from the isotropy of our substance. 
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Secondly, in view of the incompressibility of our substance the addition of a hydro¬ 
static pressure p cannot have any influence on its flow. Thus equations (61) which 
refer to jp = 0 can be extended to the case p 4= 0 by adding the term — (jp+to 
the right-hand side of the three equations (61), which in view of (7) just cancels the 
hydrostatic terms at the left-hand sides. The generalized equations (61) can thus 
be written as 

= (62) 

if one introduces the three quantities 

= + 7r = j)+TiP, = % + (63) 

derived from stress , pressure p — - +JS^+S 33 ) and fLowu^. These equations 

have to be supplemented by condition (60) which, after being treated in a similar 
way as (68), leads to 

Ti(Sik+P^ih) - = coiitinuous. (64) 

In general the stresses may now be allowed to depend on the co-ordinates if 
only they can be considered as approximately constant within a region which con¬ 
tains many of our elastic spheres. The equilibrium of forces then demands 

S^ = 0 (lfc = 1,2,3), 

if acceleration terms and external volume force (e.g. gravitation) are neglected. 
Differentiating these equations with respect to time, and making use of (62) and 
(63) then 


The condition of incompressibility requires divu = 0 and hence 


while (64) leads to 




dp 

dXi 


divv = 0, 

continuous on application or release of stress. 


( 66 ) 

(67) 


Equations (62)-(67) together'with (2) and (69) represent the results of the theory. 
They can be divided into two parts, (i) a macroscopic theory of flow which contains 
the three parameters Tj, and •>]*, (ii) the calculation of these parameters from the 
properties and the concentration of the two components. 

Erom the mathematical point of view the equations of flow have a great similarity 
to the hydrodynamic equations. In fact, the fundamental hydrodynamic equations 
(6), (6) and (8) are identical with equations (66), (62) and (65) if the three quantities 
7 T and V are replaced by p and u respectively. This means that to each hydro- 

d 3 mamical problem there exists a problem for our substances whose solution is 



428 


H. FrohKch and R, Sack 


obtained from the hydrodynamic solutions by making the substitutions just men¬ 
tioned. To obtain then the velocity of flow and tbe stresses, equations (63) have to be 
solved (in which 0^;^, n, and % are now known) using the conditions (64) or (67). 
This mathematical similarity leads to a similar physical behaviour only if and 

are independent of time, because only then are they equal to 0^-^ and v^. Otherwise, 
the physical behaviour of our substance may be very different from that of a viscous 
fluid. 

As a simple example consider the case of a homogeneous flow. Suppose a tensile 
stress acts parallel to the axis of a prism which is assumed to be the oj^-axis. 
This wiU lead to a homogeneous flow and its rri-component u-^ will be calculated. 
Let 0*11 be the tensile strain in the Z-direction. Then clearly 


( 68 ) 

Suppose that the stress is applied at the time Z = 0 , having the magnitude /c, and that 
it is removed at Z = t\ Thus since 3^2 = ^33 = 0 , 



0, 

'0, 

A 

p 

'Sn=- 

AT, p = ■ 

at. 



.0, 

0, 

t>t\ , 


Inserthag these expressions for and p into (62) one finds, making use of (63), 

U^u+Ti^xi) = (70) 

i.e. a differential equation for 

Assuming ^ = 0, (70) with the use of (69) becomes 




0 i:<0andi>i', 
f/c 


(71) 


Since is discontinuous, use must be made of condition (64) at i = 0 and t = t'. 
Inserting (68) and (69) this condition becomes 


fri/S^ — 2 t 27 *o"ii = continuous. 
Since = 0 for t<0, then, making use of (69), 


(72) 


. K Tj^ 

~ Z7I*T^ 


at J = 0 


+ 0) — — 0) = — —^ — at i = t', 

where d'n(f' + 0) refers to the value of jiist before (t' — 0) or after ft' + 0) the time 
i = t'. 

With these conditions and with trn=0 at f = 0 the solution of (71) bewmes 

= ^el. + <^vls.> (73) 


- =JLI* 0<f<t',) 

37/* [i' t>f, 1 


(74) 


where 



and 
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(75) 


It is seen that the total deformation can be split into (i) a viscous part cr^jg which 
increases proportional to t during the application of stress and remains constant 
when the stress is removed, and (ii) an elastic part which on application of stress 
becomes time independent if ^|>T 2 , and on removal of stress is recovered following 
an exponential law. 

From this simple example it is seen that for a homogeneous stress the theory leads 
to a strain-time dependence of the same type as that found experimentally on 
certain bitumens (figure 1 ). In particular, it shows an elastic recovery described 
by a time of relaxation T 2 . Suppose that a substance has been found which obeys 
the equations given. Then in an experiment of this type (figure 1 ) aU the three 
parameters and can be determined. is obtained from the slope of the 
strain-time curve for a time t^r^ (i.e. the dotted curve in figure 1 ), because 
► according to (73)-(76) 


Tg is obtained as the time of relaxation of the elastic recovery, while (r^—and 
hence can be determined from the total strain recovery, since according to (7 3)~-(7 5) 

Z[tr = o-ii(«')-o-ii(oo) = ^(Ti-T2) ifi>T2. (76) 

Having thus determined the three parameters it is possible to check the results 
by an independent experiment. Supposing that at the time t\ instead of removing 
the stress, the strain is kept constant so that (Th = ix^i = 0 . It then follows from 
equations ( 68 ) and (72) that decays exponentially 


= Tl —I? ^ 

with the relaxation time r^. 

So far equations (62)-(67) have been discussed as macroscopic equations con¬ 
taining three parameters, r^, and 9 /*. According to the present theory these quanti¬ 
ties are cormected by equations (2) and (59) with the three microscopic quantities 
a^, h and 9 /, i.e. with the relative volume of the elastic spheres, their modulus of 
rigidity, and the viscosity of the fluid in which they are dispersed. It should be 
possible to check these formulae by varying a®, and by using various materials 
whose k and rj values are known. A variation of a?, for instance, changes all three 
quantities and 7 ^. It is connected in a very direct way with the total elastic 
recovery which can be easily measured and which according to (76), using (2), (59) 
and (3), is given by 
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There are, at present, no experiments available which allow a quantitative check 
of our theory. Such experiments would require sols or dispersions of a known 
structure. We have tried to compare our results with experiments on bitumens, 
some of which, according to Pfeiffer & Saal (1940), form sols. We compared the 
elastic recovery curve of a bitumen measured by Lethersich (1942) with our results, 
according to which it should be an exponential function of time. Figure 3 shows that 
this is the case for most of the recovery curve, but for (relatively) short times there 
is an additional recovery. It seems evident that the structure of bitumens is more 
complicated than was assumed in our model, and there are a number of suggestions 
one can make to account for the additional recovery (e.g. an interaction between the 
elastic spheres, or an elasticity of the fluid in which they are dispersed). It is not the 
object of this paper to study bitumens, but it seems interesting to notice that such 
a simple analysis in the light of our theory leads at once to suggestions concerning 
their structure. 



Figuub 3. Expernnental values of the elastic recovery of a bitumen according to 
Lethersich ( 1942 ) compared with an exponential function. 

Before going into a detailed study of such complicated substances it seems desir¬ 
able to have experiments on materials which agree as closely as possible with our 
model. We do not doubt, however, that it will be possible to generalize our theory 

so as to comprise more complicated structures. 

% 
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Tlie dissociation constants of the carboxyl and hydroxyl 
groups in some insoluble and sol-forming polysaccharides 

By S. P. Sabic and R. K. Schofield 

Soil Physics DepaHment, Bothamsted Experimental Station, Harpenden, Herts 
{Communicated by B. A. Keen, F.R,S.—Received 26 October 1944) 

In order to establish the conditions under which the buffering of insoluble substance may 
most usefully be studied, suspensions of fibre cellulose, hemicellulose and xylan have been 
examined to determine the relationship between pH and the degree of dissociation of their 
carboxyl groups. The materials were suspended in normal potassium chloride solution, in 
order to confine local gradients of hydxion concentration to the immediate vicinity of each 
charged buffer group. Under these conditions the dissociation curves are all of the simple 
Henderson type with a common constant pK = 2-95 (n/IOO hydrochloric acid in normal 
potassium chloride being taken as pH 2). 

Sols of arabic and pectic acid follow the same dissociation curve, showing that the dis¬ 
sociation of the carboxyl groups is not necessarily influenced by the state of aggregation. 
Within the accuracy of these measurements, uronic and gluconic carboxyls have the same 
pK. The dissociation of pectic acid departs from the Henderson curve in the same general 
way as the dissociation curv^ of maleic acid differs from that of fomaric acid. It is suggested 
that some of the carboxyls in pectic acid are linked by hydrogen bridges. To a less extent 
such linkage may also occur in alginic acid below pH i when a gel is formed. 

The pK for the first stage of acid dissociation of the hydroxyl groups in wheat starch is 
close to 13-S. The same value was obtained whether potassium hydroxide, calcium hydroxide 
or barium hydroxide was used. The alkalis were made up in normal solutions of the corre- 
i^onding chlorides. The same constant holds for alginate within the limits of experimental 
error. The dissociation in cellulose up to pH 13*5 is much less than in starch. 

Using a new method based on a determination of the ratio of chloride ions to hydroxyl 
> ions, the dissociations of starch and cellulose were measured in Sisr alkali (approximately 
pH 14*7), The second pK of starch is estimated at roughly 15*0. The cellulose, largely 
mercerized at this pH, exhibited a dissociation not much less than that of starch, and agreeing 
closely with the prediction of Neale. 

An insoluble btiffer substance suspended in an electrolyte solution is a two-phase system. 

The hydrion dissociation can be determined in two-phase systems over a greater pH range 
than is possible in one-phase systemis. 

Intboduction 

The investigation described in this paper is part of a programme of work on the 
buffer action of the plant residues which make up the soil organic matter. At the 
outset it was necessary to establish the conditions under which the buffer action of 
solid matter can most profitably be studied. From theoretical considerations set out 
below it appears that the solid should be suspended in a solution of electrolyte, 
strong enough to confine local gradients of hydrion concentration to the immediate 
vicinity of,each charged buffer group. In order to obtain the simplest conditions it 
was desirable to study some suspensions in which the buffering over a range of, at 
least, 5 pH units is due to buffer groups of one kind only. Several polysaccharides 
were found that fulfil this condition. These contain carboxyl groups which exert 
buffer action below pH 6, and hydroxyl groups of the primary alcohol type which 
exert buffer action above pH 10. The two buffer regions are so widely separate that 
each can be studied independently of the other. 

[ 431 ] 
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" The theoretical reasoning shows that the buffer curve, obtained by titrating such 
a soM suspended in a salt solution, should have the same shape as the Henderson 
curve for a weak monobasic acid or base in true solution. The results set out in the 
following pages completely support the theory. They also give the first precise value 
for the dissociation constant of carboxyl groups in polysaccharides, and show that, 
provided sufficient electrolyte is present, the same constant holds whether the 
substance remains undissolved or disperses to form a sol. 

A study has also been made of the buffering due to the hydroxyl groups of poly¬ 
saccharides. The results again show the desirability of carrying out the titration in 
the presence of sufficient electrolyte, for then a Henderson curve can be fitted to the 
experimental points. In this way a fairly precise constant is obtained for the first 
stage of the dissociation of the hydroxyl groups. 

Finally, a procedure has been developed in which solvation does not inWfere with 
the measurement of hydrion dissociation at very high pH values. In this way an 
estimate has been made of the constant of the second stage of dissociation of the 
hydroxyl groups in starch. 

The most tangible result of these investigations has been the evaluation of three 
dissociation constants for polysaccharides. Of more general importance, however, 
is the demonstration that such constants can be evaluated for substances in the 
solid state. The way is now open for similar studies of more complex substances. As 
a method of analysis, the study of buffer action has the great advantage that it makes 
•use of a reversible reaction which does not involve destructive breakdown of the sub¬ 
stance investigated. 


Influence of electeolytes 

When a sohd, which exerts buffer action, is suspended in pure or nearly pure water, 
there is a gradient of hydrion concentration in the diffuse electric double layer sur- 
roxmding each particle. If the particles are negatively charged, the hydrion con¬ 
centration increases towards their surface; if they are positively charged, it decreases 
towards their surface. Under these conditions it is difficult, if not impossible, to 
establish any quantitative relationship between the degree of dissociation of the 
buffer groups (the chemical grpups responsible for the buffer action) an^ the hydrion 
concentration measured by a glass electrode or equivalent device, in which a liquid 
junction is made with a salt solution. 

In the presence of sufficient electrolyte, these local gradients of hydrion concen¬ 
tration are confined to the immediate vicioity of the charged groups; so that the 
region roxmd one charged group in which the hydrion concentration differs from that 
in the bulk of the solution does not embrace any of the neighbouring buffer groups. 
Moreover, if the salt used in the standard half-cell is the same, and at the same con¬ 
centration, as that in the suspension, there is no junction potential to introduce 
uncertainty in electrometric pH measurements. When these conditions are fulfilled 
in the suspension of a solid containing only one kind of buffer group, the pH will be 
given by the equation . pH=yZ+logr, (1) 
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in which r, the dissociation ratio, is the ratio of the number of buffer groups that are 
dissociated to the number that are undissociated, and pK is logarithmic form of 
the dissociation constant. Writing a for the degree of dissociation so that 

r = a/(l-a), 

and substituting, then pH = pZ+log a/(l - a), ( 2 ) 

which has the same form as the Henderson equation for the dissociation of a weak 
monobasic acid or base in true solution. 

Whenever the titration of a solid suspended in a salt solution furnishes a curve 
of pH against a conforming to the Henderson equation ( 2 ) it may be concluded: 

( 1 ) that suflSicient electrolyte is present to confine local gradients of hydrion con¬ 
centration to the immediate vicinity of each charged group; 

(2) that all the buffer groups that can exert buffer action within the range (4-5 pH 
units) covered by the curve are equivalent to one another. 

Polysaccharides ooisttaining carboxyl groups 

Measurements were made of the carboxylic buffering in fibre cellulose, xylan, 
hemiceUulose, arabic acid, alginic acid and pectic acid. The first three substances 
are insoluble throughout the range (pH 1 - 6 ) in which the carboxylic buffering 
occurs. The sodium salts of the last three disperse as clear sols at pH 6 . Arabic acid 
is not precipitated by the addition of hydrochloric acid, but alginic acid and pectic 
acid are precipitated in this way. 

Cellulose is represented in the well-known structural formula as consisting of long 
chains formed by yff-gluco-pyranose rings joined by glucoside linkages through the 
1 :4 positions. This formula makes no provision for the carboxyl groups which are 
present in small amounts in all natural cellulose. Starting with an ideal cellulose, 
carboxyl groups could be introduced either by oxidation of some of the -^OHgOH 
groups to form uronic carboxyls, or by oxidation of some of the reducing groups 
which should be present, one at one end of each chain, to gluconic carboxyls. 

Xylan has a structure similar to that of cellulose, but is bruit of xylo-pyrazone 
units. Thus the linked pyranose units have no —GH 2 OH side-chains that could be 
oxidized to uronic carboxyl groups. The carboxyls occurring in xylan are pre¬ 
sumably attached at the ends of the chains in the same way as the gluconic carboxyls 
of cellulose. The chains are relatively short. 

HemiceUulose is a complex and variable substance in which pyranose rings of the 
gluco-xylo and the galacto-arabino types occur. Uronic carboxyls are attached to 
some of the rings. The chains are shorter than those of cellulose, so there is more 
opportunity for the presence of carboxyls of the gluconic type, 

Alginic acid consists of mannuronic acid (pyranose) units linked through the 1 :4 
positions (Hirst, Jones & Jones 1939 ). This structure may be derived from the 
cellulose formula by substituting uronic carboxyls for all the —CH 2 OH groups and 
interchanging the —^H and the —OH attached to each C 2 carbon. According to this 
ideal formula there is a uronic carboxyl attached to each ring. 
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Arabic acid is *a> complex polysaccharide which gives on hydrolysis ?-arahinose, 
Z-rhamnose, glucuronic acid and the disaccharide 3 -Z-galactoside-Z-arabinose (Smith 
1939 , 1940 ). Thus arabic acid contains uronic carboxyls. Smith found 1;3 and 
1:6 as well as 1 :4 linkages between the units. 

Pectic acid is a polysaccharide which is hydrolysed to galacturonic acid, galactose 
and arabinose. It owes its acidic properties to the presence of galacturonic acid 
units. The details of its struc^e are not known. In pectin, some of the uronic 
carboxyls are combined as methyl esters. When these are hydrolysed by dilute 
alkali the salt of pectic acid is formed. Acetic acid is also Liberated from some pectins 
during hydrolysis. 


Pbepahation or materials 

With the exception of the alginic acid the materials were prepared by Dr A. G. 
Norman at the Eothamsted Experimental Station some years ago. The methods he 
used are only outlined here. 

Cellulose was separated from jute, from ramie and from silver-fir wood, by treating 
the raw materials with boiling 1 % sodium hydroxide, gaseous chlorine and alkaline 
sodium sulphite. 

HemieeEulose was prepared from beechwood by extracting with 2 % sodium 
hydroxide for 4 hours at 80° 0, followed by 4 % sodium hydroxide at 100° 0 
for 4 hours. The combined extracts were made acid by adding glacial acetic acid. 
The precipitate was centrifuged out and dried from alcohol. This fraction is 
usually called ‘HemiceUuloae A’ to distinguish it from that not precipitated by 
acetic acid. 

Xylan was obtained by treating oat huUs as for the extraction of hemicellulose. 
The xylan was precipitated from the clear liquid, separated in the centrifuge from 
hemicellulose A, by adding to it half its volume of acetone. It was purified by re¬ 
dissolving and reprecipitating and finally dried from alcohol. In general, material 
separated in this way is classed as ‘ Hemicellulose B ’, but with oat hulls the material 
consists almost entirely of xylan. 

Arabic acid was prepared from a solution of raw gum arabic in warm water by * 
acidification with hydrochloric acid and precipitation by alcohol. The acid thus 
separated was dried from alcohol. 

Pectic acid was prepared by hydrolysing a commercial citrus pectin in cold n/IO 
sodium hydroxide, acidifying with acetic acid and precipitating calcium pectate 
with calcium chloride. The precipitate of free pectic acid, obtained by the action of 
hydrochloric acid on the calcium pectate, was washed and dried from alcohol. 

Alginic acid was obtained as the sodium salt under the trade name ‘Manucor, 
and this was used without further purification. 

Cotton (Texas) had received the following treatment at the Cotton Industry 
Research Association whence the samples were obtained. Sample 336 was boiled 
for 4 hours in 1 % sodium hydroxide solution at 35-40 Ib./in.^ pressure in excess of 
atmospheric. Sample 341 was boiled for 4 hours in 1 % sodium carbonate solution at 
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5-101b./m.2 pressure in excess of atmospheric. Air was excluded during the boiling 
in both cases. Methylene blue absorptions were 1-06 in sample 336 and 1-58 in 
sample 341. 


MeASUBEMENTS of carboxylic BIJFFERmG 

The immediate object of the measurements was to obtain experimentally the 
relationship between the pH in the salt solution and the degree of dissociation, a, of 
the carboxyl groups. Potassium chloride was preferred to other salts because its 
use eliminates junction potentials in the glass electrode cell. Normal concentration 
was chosen for convenience, and it is evident from the results that this strength is 
sufficient to confine the local gradients of hydrion concentration. The glass electrode 
pH meter was set to read pH 2 for a solution of x/100 hydrochloric acid in normal 
potassium chloride solution. 

The experimental procedure differed according to whether the material was in¬ 
soluble throughout the range of pH to be investigated or whether, as the sodium salt, 
it dispersed to form a sol. , 

Insoluble materials—cellulose, hemicellulose and xylan 

One g. samples (|g. for hemicellulose) were weighed into a set of resistance glass 
test-tubes 6 x IJ in. fitted with rubber bungs, and shaken with 10 ml. of n/ 10 
sodium hydroxide on a rotary shaker overnight. This pre-treatment was to complete 
the hydrolysis of any ester hnkages that might otherwise have disturbed the 
measurements. To each tube a different amount of hydrochloric acid was then added 
so as to give a series of pH values ranging from pH 1 to 6. Enough water and strong 
potassium chloride solution was added to bring the total liquid to 50 ml. and make 
it normal in potassium chloride. The tubes were shaken for a further 24 hours. The pH 
values were then read from the glass-electrode pH meter, the electrode being dipped 
into each tube in turn while the solid was in suspension all around it. The tubes were 
then centrifuged. One-half (25 ml.) of the clear liquid (the extract) was pipetted out 
and titrated separately with alkali to pH 6. The remaining liquid with the solid in 
suspension (the remainder) was titrated in each tube to pH 6. These end-points 
could be obtained quite sharply with bromo-cresol purple. All the solutions were 
made up with boiled distilled water so as to avoid disturbance from carbon dioxide. 

The excess of the titre of the remainder over the titre of the extract evidently gives 
the amount of alkah which reacts with the solid between the pH measured by the 
glass electrode and pH 6. When the initial reaction was below pH 2, the volumes of 
Kquid in the extract and remainder were checked by weighing, so that allowance 
could be made for any small inequality. 

The results of the measurements are plotted in figure 1. The ordinates are the pH 
values given by the glass electrode before titration. The distance of each point from 
the right-hand edge (i.e, the value of 1 — a) was obtained by dividing the measured 
difference between extract and remainder by the limiting difference for very low pH 

28-2 
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values. This limiting difference was, of course, a measure of the total hydrion dis¬ 
sociation of the solid at pH 6. 

The curve in figure 1 was drawn to conform to the equation (2) taking pK. = 2-95. 
The points for jute cellulose, ramie cellulose and xylan all fall close to the curve, 
and show no systematic departure from it. Thus the hydrion dissociation at pH 6 
in these substances is solely due to carboxyl groups of pK 2-95. The carboxyl con¬ 
tents so determined are given in table 1. 



Figukb 1. Carboxyl groups of insoluble polysaccbairides in n Kd. 
X jute cellulose; O xylan; + ramie cellulose; # bemicellulose. 


Table 1. Total cabboxtl content expressed in miuueqtjivalents 

PER 100 G. OP DRY MATERIAL 


Jute cellulose 

16-0 

hemicellulose A 

28-6* 

ramie cellulose 

9'2 

xylan 

21*6 

wood celliilose 

1*30 

alginic acid 

438t 

cotton 336 

0'5 

arabic acid 

"65 

cotton 341 

1*25 

pectic acid 

528 


* Hydrion dissociation at pH 6, 29-5. -j- Per 100 g. free 


Examination of the results for hemicellulose showed that the buffering between 
pH 4 and d was a Ettle greater than would be the case if carboxyl groups of pZ 2*95 
alone were present. The total dissociation at pH 6 was 29*5 na.equiv. per 100 g. The 
values of a plotted in figure 1 were obtained by taking the carboxyl content as 
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28-6 m.equiv. The additional 0*9 m.equiv. which develops between pH 4 and 6 may 
be due to a small amount of lignin present as impurity. With this adjustment the 
points for hemiceUulose below pH 4 fit the curve well. 

The carboxylic buiOfering was very small in the wood cellulose and in the two 
cottons. The estimated carboxyl contents are included in table 1. 

Sol-forming materials — arabic, alginic and pectic acids 

In the case of the polyuronides, samples were weighed out into tubes as already 
described—0*5 g. of arabic acid, 0-2 g. of sodium alginate (Manucol) and 0-1 g. of 
pectic acid. The alginic acid being already neutralized with sodium hydroxide, 

15 ml. of water only was at first added to each tube, which was shaken until a clear 
sol had been formed. To the arabic acid just enough isr/20 sodium hydroxide 
was added to form a clear sol at pH 6. To obtain a clear sol of the pectic acid it 
was necessary to go to pH 8 with alkali. The sol was then brought to pH 6 by 
adding a few drops of n/ 20 hydrochloric acid without causing any precipitate 
to form. 

The samples were then brought to a series of pH values by adding a different 
amount of hydrochloric acid to each tube. In the case of arabic acid no precipitate 
formed. Enough strong potassium chloride solution was added to bring the potas¬ 
sium chloride concentration to normal, and the pH was determined after a brief 
period of shaking. With the aid of blank experiments the amount of hydrochloric 
acid needed to bring the sam§. volume of normal potassium chloride to the same pH 
was found. The amount of acid that had reacted with the arabate to form free arabic 
acid was obtained by difference, and could be obtained in this way with sufficient 
accuracy down to pH 2-3. 

With alginic acid, the addition of acid tends toiprecipitate a gel. One ml. of n/ 10 
acid was, therefore, introduced at a time, and the tube was shaken so as to give the 
gel that was precipitated an opportunity to redissolve before the next 1 ml. was 
added. With the larger total additions a stage would be reached when the gel would 
not redissolve. The tube was then shaken for 24 hours between each addition of acid 
until the whole had been introduced. Finally, enough water was added to bring the 
total volume added to 25 ml. together with 25 ml. of 2sr potassium chloride. The tube 
was again shaken'^for 24 hours, and the pH was then taken. 

Down to pH 3-5 the material remained as a sol, and the quantity of acid that had 
reacted was obtained as in arabic acid. Below pH 3*3 all the material could be 
thrown down in the centrifuge, and so the amount of reaction could be obtained 
from the difference in titre of extract and remainder as for the insoluble materials. 
The gel easily redissolved on the addition of alkali to give a sharp end-point at pH 6. 

With pectic acid the precipitation caused by the addition of acid is progressive, 
and it is not easy to determine the pH at which it is complete, idioreover, the pre¬ 
cipitate did not redissolve on back titration with alkali until pH 8 was reached, 
although acid could then be added to pH 6 without causing precipitation. For both ^ 
reasons it is considered that down to pH 2*4 the amount of acid that had reacted 
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was more accurately given by the direct method. A few values below pH 2-7 were 
obtained by back titration. 

The total carboxyl content of the arabic acid is computed from the amount of 
alkali required to bring it to pH 6. The total carboxyl content of the pectic acid was 
found by subtracting from the alkali needed to make a sol at pH 8 the acid required to 
bring it back to pH 6. The total carboxyl content of the alginic acid was found by 
adding sufficient hydrochloric acid to the neutral sol to bring it to pH 1, and back 
titrating extract and remainder as for the insoluble materials. 



_ Fiottke 2. Carboxyl groups of sol-fonmng polysaccharides m N KOI. 

direct titration 
+ alginic acid 

O arabic acid 

Pigure 2 shows the results for the sohforming materials. As in figure 1, the curve 
conforms to equation (2) (p. 433) withp^ = 2*95. The points for arabic acid, which 
remained as a sol throughout, all agree well with the curve. Alginic acid is a sol above 
pH 3*4, and the points relating to the sol condition also fall close to the curve. Below 
pH 2*8 there is an unmistakable discrepancy. It is just possible that, in spite of the 
time allowed, equilibrium had not been established throughout the lumps of gel, 
but it is more probable that the equilibrium condition is not here represented by the 
Henderson curve. 


by difference 
X alginic acid 
f pectic acid 
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The departure of the points for pectic acid is more striking. Below pH 3 it is in 
the same sense as for alginic acid. Making all possible allowance for the experimental 
difficulties it is considered that this departure is real. Above pH 3 the departure is 
in the opposite sense, and is quite outside the limits of experimental error. 

Discussion 

The results set out in figures 1 and 2 show that the carboxyl groups of the two 
celluloses, the hemicellulose, the xylan, the arabic acid and the alginic acid, have 
the common dissociation constant pA = 2-95. In xylan the carboxyls are presumably 
of the gluconic type, and no chain can have more than one of them. The carboxyls 
of alginic acid and arabic acid are of the uronic type. In the sample of alginic acid 
used in this investigation more than three-quarters of the rings had uronic carboxyls 
attached, whereas in the arabic acid the proportion was only about one in nine. The 
close approximation of the points for both substances to a common Henderson curve 
can only mean that, even where uronic carboxyls are attached to neighbouring rings, 
as must largely occur in alginic acid, they are far enough apart on the molecule to 
dissociate independently. Although these acids are polybasic in the sense that more 
than one carboxyl is attached to each molecule, their dissociation is characterized 
by a single constant. It was disappointing to find that the pK for gluconic carboxyl 
is so close to that for uronic carboxyl. Had a significant difference been found it 
would have been possible to estimate the proportion of gluconic to urol^c carboxyls 
in the celluloses and the hemicellulose. A separation of the gluconic and uronic 
carboxyls in cotton might have provided information about the chain length. No 
doubt there is a small difference in the dissociation of these groups, but it is evident 
that very exact measurements will be needed to determine it. 

Our results show beyond doubt that a coUoidal system can yield a dissociation 
curve of the simple Henderson type defined by a single constant. The governing 
factor is not the degree of dispersion of the system, but the equivalence and independ¬ 
ence of the active groups. It is clear that the dissociation constant of an active group 
attached to a large molecule is not governed by the size of the molecule. Nor is it 
altered when the molecule becomes part of a crystalline or semi-crystalline aggregate 
so long as the immediate environment of the group is not altered thereby. Crystal¬ 
lization would, for instance, quite alter the environment if it prevented free access 
of ions to the active group. Our results thus show that the crystalline state of the 
cellulose, the hemicellulose and the xylan allowed free access of ions to gluconic 
and uronic carboxyl groups. 

In seeking the cause of the departure of the points for pectic acid from the Hen¬ 
derson curve we are handicapped by lack of knowledge regarding the chemical 
structure of this substance. The best that we can offer is a hypothesis which appears 
to fit the facts. We suggest that some of the carboxyl groups come together in pairs, 
the hydrogen of one —COOH group forming a 'bridge’ to an oxygen of another 
—COOH group or of a —COO~ group. 
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We further suggest that essentiafly the same complication arises in maleic acid. 
Dissociation curves for fumaric and maleic acids were obtained by titration in it 
potassium chloride. These are shown in figure 3. Measurements were not made 
below pH 2*3. The broken portions of the curves were obtained by symmetry. 



Figubb 3. Carboxyl groups in fumaric and maleic acids in n KOI. 
-- fumaric acid; —-- maleic acid. 


Structures for the fumaric acid and maleic acid molecules and for the spcid maleate 


anions are given below: 

0 

i 




I 

fumaric acid 
molecule 


o/* 


maleic acid 
molecule 


0 

-o/^\o/® 

H 

I 

acid maleate 
anion 


Before the theory of the hydrogen bridge had been developed, it was difficult to 
see why the first dissociation of maleic acid is stronger than the first dissociation of 
fiimarie acid. It was easier to see why the second dissociation of maleic acid is 
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weaker than the second dissociation of fmnaric acid. The negative charge on the 
first carboxyl contributes more to the attraction by which the second hydrion is 
held to the molecule, the closer the two carboxyls are to each other. 

Both facts are readily accounted for if a hydrogen bridge forms both in the maleic 
acid molecule, and in the acid maleate anion. The weakening of the second dissocia¬ 
tion is then attributed to the added stability which the hydrogen bridge confers on 
the acid maleate anion. The strengthening of the first dissociation is to be inter¬ 
preted as showing that the decrease in free energy due to hydrogen bridge formation 
is considerably greater in the acid maleate anion than in the maleic .acid molecule. 

The way in which the points for pectic acid in figure 2 depart from the Henderson 
curve is strikingly similar to the way in which the curve for maleic acid in figure 3 
departs from the curve for fumaric acid. The effect on the dissociation curve would 
be the san\e whether the carboxyls that become linked are attached to the same 
molecule or to different molecules, but the magnitude of the effect in pectic acid, and 
its persistence up to high values of a, inclines us to the view that, in this substance, 
the links are mainly between carboxyls attached to the same molecule. 

In the case of alginic acid, there is no reason to think that linkage occurs between 
carboxyls attached to the same molecule, since, in the sol condition above pH 3*5, 
the points for this substance fall on the Henderson curve. Below pH 3, when a gel 
forms, it is possible that some linkage occurs between carboxyls attached to different 
chains. Indeed, such linkage may be a factor in causing the gel to form. 

These ideas may prove fruitful in explaining the power of pectin to form jellies 
at about pH 3. In this substance some rings have carboxyl groups attached to. 
them, but more have — COO.OH3 groups. Pectic acid is obtained when all the 
latter groups are hydrolysed. The formation of a jelly by pectin suggests that con¬ 
siderable linkage is taking place between carboxyls of different chains, presumably 
because there is less opportunity for linkage between carboxyls in the same chain 
when many of the rings have — COO. CH3 groups attached. This aspect of jelly 
formation deserves further study. 

When making the measurements on pectic acid, difficulty was experienced in 
obtaining reproducible results. This was at first put down to slow attainment of 
equilibrium, but the fundamental cause is probably the dependence of the amount 
of the hydrogen bridge formation on the exact way in which the substance is handled. 
This complication does not arise in maleic acid which has a reproducible dissociation 
curve defined by two constants. 

If our views about the formation of hydrogen bridges in pectic acid are correct, 
it follows that the Henderson curve is only obtained where such bridges are not 
formed. We can regard this condition as part of the general requirement that all 
the carboxyls must be equivalent and able to dissociate independently. 

Measurement of hydroxylic buffering between pH 11 and 13*6 

Although it has long been recognized that the hydroxyl groups in polysaccharides 
have a very weak acidic nature, the pH range in which they dissociate is so high that 
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ordinary methods cannot be used to determine the dissociation constants. Previous 
investigators have also been handicapped by their concentration on the investigation 
of cellulose. It is now clear that native cellulose is peculiar as regards the dissociation 
of its hydroxyl groups. The present work shows that the groups in starch and 
alginate exhibit a normal behaviour. 

Measuremerds on alginate 

0*5 g. portions of the sodium alginate were placed in each of a series of 100 ml. 
resistance glass boding tubes containing 15 ml. carbon dioxide-fcee distilled water. 
The tubes were shaken until all the solid had dispersed to form a clear sol, which 
was found to be neutral. A different measured quantity of carbonate-free isr/20 
potassium hydroxide solution was then added to each tube, and the volumes were 
made up to 50 ml. by addition of carbon dioxide-free distilled water and enough 
potassium chloride solution to make a normal solution. Actually the water and 
potassium chloride solution were added first so as to minimize the uptake of carbon 
dioxide, and the tubes were immediately closed by rubber bungs after each addition. 
A second set of tubes similarly filled but containing no sodium alginate served as 
blanks. 

Although the pH values were too high to be obtained directly from the readings 
of the glass electrode, it was possible by direct comparison to find the blank that gave 
the same reading as a tube contaiaiag the alginate. The pH was computed from the 
hydroxyl-ion concentration in the blank, taking3sr/100 as pH 12. To find the hydrions 
that had dissociated from the alginate, the difference was taken between the alkali 
added to the sol and that added to the blank of the same pH. 

According to the ideal structure of alginic acid in which a uronic carboxyl is 
attached to each pyranose ring, the fiirst stage of hydroxyl dissociation should yield 
668 m.equiv. of hydrions per lOO g. of free acid or 505 m.equiv, per 100 g. of sodium 
alginate. The carboxyl content given in table 1 is only 438 m.equiv. per 100 g. of 
free alginic acid. This shows that not all the rings in the sample used had carboxyl 
groups attached. I£ the other rings have —CHgOM groups attached, the dis¬ 
sociation of one hydroxyl group per ring should yield 532 m.equiv. per lOO'^g. of the 
sodium alginate. The measured hydrion dissociation expressed as noiilliequivalents 
per 100 g. of the sodium alginate were, therefore, divided by 532 to obtain a. 

The results for the alginate are plotted in figure 4 and are discussed below in con¬ 
junction with those for starch. The measurements do not extend beyond pH 12*4, 
as the glass electrode appeared to be unreliable above this pH. 

Measurements on starch and cellulose 

The procedure was slightly different in measurements on wheat starch and cellu¬ 
lose. The starch was a commercial sample, and was used without further treatment. 
0*5 g. portions were added to each of a series of tubes containing 50 ml. of solution 
normal in potassium chloride and containing graduated quantities of potassium 
hydroxide. The tubes were closed with rubber bungs and shaken overnight, after 
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which the starch was allowed to settle. 25 ml. of clear solution was then extracted 
from each tube and titrated with n/ 20 hydrochloric acid, using bromo-thymol blue 
as indicator. The 25 ml. remaining in each tube with the starch in suspension were 
then similarly titrated. 

The pH values were calculated from the hydroxyl-ion concentration of the 25 ml. 
of clear extract. The amount of hydrion dissociation was found by subtracting the 
titre of the 25 ml. of clear solution from that of the 25 ml. with the starch in suspen¬ 
sion. Expressing the result as milliequivalents per 100 g. of dry substance and 
dividing by 617 we obtain a, the degree of dissociation. 



FiGintE 4. Hydroxyl groups of polysaccharides. + starch in it KCl; + starch in n BaClj; 
O starch in N CaClg; • alginate in ir KCl; □ cotton 337 in N KCl; O methylated cotton 337 
in 2T KCl. 

This method could not be used above pH 12*5 with potassium as cation, because 
the starch tended to go into solution. It did not, however, dissolve when barium 
hydroxide in normal barium chloride solution was used, and measurements in this 
solution could be made up to the limit, pH 13-5, set by the solubility of barium 
hydroxide. A few measurements were also made with calcium hydroxide in normal 
calcium chloride solution. 

Since starch consists essentially of a gluco-pyranose units linked through the 1:4 
positions, the first stage of dissociation of the hydroxyl groups should yield 617 
m.equiv. of hydrion per 100 g. of dry starch. The measured hydrion dissociations 
were, therefore, divided by 617 to get a. The results are plotted in figure 4. 

Similar measurements were made on the samples of cellulose used^n the investiga¬ 
tion of carboxylic buffering. The dissociation was not the same in the different 
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celluloses, but in every case it was much less than in starch. A detailed examination 
of these results is outside the scope of this paper. To indicate the order of magnitude, 
points for one of the cottons are included in figure 4. 

The full-line curve in figure 4 was drawn assuming = 13-3 for the first stage of 
dissociation and pK = 15*0 for the second. The dotted curve would result if there 
were only one stage of dissociation for which pK = 13-3. 

Considering first the points for starch between pH 11*5 and 12*5, it will be seen that 
those for potassium and calcium are generally in close agreement with the theoretical 
curve, and show no systematic departure from it. Several of the points for barium 
are equally close, but others fall below. The reason for the discrepancy is not known. 
Taking these results as a whole there is no doubt that the dissociation is well repre¬ 
sented by the constant = 13*3. 

The points for alginic acid fall in the same range. They are certainly less accurate 
than those for starch, and it is difficult to decide whether the pK for this substance 
is the same as for starch or slightly smaller. The pK may be slightly affected by 
substitution of —COO Na for —CHgOH. Until more precise measurements are 
made pK = 13*3 can be taken as applying to the alginate as well as starch. 

With increase in pH above 12*5 the points for barium fall more and more to the 
left of the theoretical curve. In calculating the degree of association it was assumed 
that there are as many free hydroxyl ions in the 25 ml. in which the starch was 
suspended as in the 25 ml. of clear solution. Actually there are less, so the degree of 
dissociation is greater than the points in figure 4 represent. It is only above about 
pH 13, however, that this effect exceeds the other inaccuracies of the method. 

The behaviour of the cotton cellulose is in striking contrast to that of the starch 
and the alginate. If we reject the view that the hydroxyls here are governed by a 
different dissociation constant, we must conclude that the majority of them are 
built into the native cellulose crystal in such a way that they are not able to dis¬ 
sociate normally. The observed dissociation is then due to a fraction only of the 
hydroxyls which, owing to crystalline imperfections and exposed surfaces, are 
accessible, and can dissociate normally. The effect of mild methylation with dimethyl 
sulphate is greatly to reduce the dissociation, while the treatment with alkali 
(mercerization), which is known to open up the structure, increases it. These obser¬ 
vations do not provide a basis for precise conclusions, but they are in keeping with 
the interpretation here advanced. 

Measurements of dissociation at about pH 14*7 

In order to get a rough estimate of the second dissociation constant for Starch it 
was necessary to make measurements above pH 14. For these to be of any value it 
was useless to calculate the dissociation on the assumption that the water in the 
starch contains free alkali at the same concentrations as the surrounding solution. 
This was the assumption originally made by Vieweg ( 1907 ), in computing tlfe amount 
of alkali that combines with cellulose. ITeale ( 1929 , 1931 )? applying the principle of 
the Itonnan membrane equilibrium, showed that the water in the cellulose must 
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contain a lower concentration of free hydroxide than the surrounding solution. He 
computed that in 20 % sodium hydroxide solution (approximately 53sr), the amount 
of combined alkali is close to one equiTalent per glucose anhydride unit and not 
half this amount as computed by Vieweg. 

In the present investigation use was made of a new principle. Assuming the 
general correctness of Neale’s idea that the free hydroxyls are less concentrated 
within the starch or cellulose because of the electrical potential difference set up in 
the Donnan equilibrium, it follows that the concentration of any other small 
univalent anion wiU be similarly affected. In order to determine how much alkali 
remains uncombined when A equivalents are added to a measured quantity of 
starch or cellulose, a small amount, D equivalents, of chloride was also added. 
24 hours was allowed for the attainment of equilibrium, and a volume of blear extract 
was found to contain a equivalent of alkali and d of chloride. Assuming that the 
concentrations of free hydroxyl and chloride are affected in the same ratio by the 
Donnan equilibrium it follows that the*total free hydroxyl is Dajd, The hydroxyls 
which have reacted with hydrions that have dissociated from the polysaccharide 
are, therefore, given by the expression A—Da]d. 

It was fortunate for our purpose that wheat starch shows no sign of dissolving in 
5 k potassium hydroxide solution. Measurements were, therefore, made with a 
solution approximately 5 k in potassium hydrpxide and 0-05 k in a potassium 
chloride. The weight composition was such that ll*84g. of the solution contained 
48*4 m.equiv. of hydroxyl and 0*498 m.equiv. of chloride. The measurements and 
results are set out in table 2. The amounts of hydrions that dissociated are given in 
the last two columns in miQiequivalents per gram of substance as taken, and in 
equivalents per glucose anhydride unit (162 g. dry weight) respectively. 


TabIoE 2 


substance 
weight, 
and moisture 
content 

g* 

3 g. starch 58*94 

moisture 58-78 

11-5 %’ 58-86 

4 g. cotton 58-87 

337 mois- 58-98 

ture 8*7 % 58*93 

4 g. cotton 59*11 

342 mois- 59*10 

ture 9-3 % 59-02 



chloride 

A 

D 

m.equiv. 

m.equiv. 

240*9 

2-479 

240-3 

2*473 

240*6 

2-476 

240*6 

2-476 

241*1 

2-481 

240-9 

2*479 

241*6 

2*486 

241-5 

2*485 

241-2 

2-482 


solution extracted 


alkaH 

chloride 

a 

d 

m.equiv. 

m.equiv. 

46-58 

0-530 

48-48 

0-526 

46-55 

0-525 

45-62 

0-515 

45-79 

0-5225 

45-85 

0-5175 

45-82 

0-5225 

45-72 

0*5187 

45-82 

0*5225 


dissociation 

per w per 162 g. 
A-^-Dafd dry weight 


m.equiv. 

equiv. 

23*8 

1-39 

21*7 

1*31 

21*1’ 

1*27 

21^2 

0-93 

23*6 

1*04 

21-3 

0*94 

23-5 

1-04 

22-4 

0-99 

23*5 

1-04 


solution added 


weight 

W 


The results for the two samples of cotton are remarkably close to the calculation 
of Neale that one equivalent reacts per glucose anhydride unit in 5 n alkali. In the 
case of starch the amount of reaction is greater, but the dissociation of cellulose is 
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approximating to that of starch in this strong alkali (pH 14-7 approximately). The 
cellulose had largely changed from the native to the mercerized state. It is possible 
that a cellulose completely mercerized would have the same dissociation constants 
as starch. 

In the case of starch the first stage of dissociation is complete and the second stage 
has proceeded to about one-third by pH 14-.7. Thus at pH 15-0 the second stage would 
be roughly half complete, and the second pK is, therefore, approximately 15-0. 
This is not sufficiently removed from 13-3 for any inflexion to occur as the dissociation 
curve is traced from the first stage to the second. The theoretical course of the curve 
to the end of the first stage, based on these dissociation constants, is given by the 
full-line curve in figure 4. 

iTiterpreiation of the pK values for hydroxylic dissociation 

The chemical structure of the gluco-pyranose ring suggests that the strongest 
hydroxyl is that on C^, because this carbon atom is bonded to Cj with two oxygen 
atoms attached and C 3 with one oxygen atom attached. The next is that oh C 3 which 
is bonded to €3 and C 4 , both with one oxygen atom attached. The weakest is on Cg, 
bonded only to Cj with one oxygen atom attached. It is assumed that no hydrogen 
bridges are formed. 



a-gluco-pyranose ring (diagrammatic) 

The completion of the first stage of dissociation merely indicates that the total 
dissociation is equivalent to the loss of one hydrion per ring. It does not necessarily 
mean that every ring has lost one hydrion. No doubt a few have lost two, and the 
same number none (neglecting the possibility that any ring has lost three at this 
stage). Amongst those that have lost one, the largest fraction will have dissociated 
at the Cg hydroxyl, the next at the Cg hydroxyl, and the smallest at the Cg hydroxyl. 
Thus the pK determined for the first stage of dissociation is a property of the whole 
ring structure, and not of one identifiable hydroxyl group. The same is true of the 
pK for the second stage. 

The structure of sucrose is such that one would expect the hydrion dissociation of 
one molecule of sucrose to be very similar to that of two a-gluco-pyranose rings,in 
starch. The value, pK = 13-0, reported for sucrose (Britton 1929 ) relates to the 
dissociation of one hydrion per molecule. The two rings in the sucrose molecule 
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presumably dissociate their hydrions almost iadependently, and to about the same 
degree, so that the pK for the first stage of dissociation of either ring must be close 
to 13-3. 


CONCLXJSIOlSr 

This investigation has shown that insoluble buffering materials can be found which, 
when suspended in a neutral salt solution, exhibit the same form of relationship 
between degree of dissociation and hydrion concentration as is found with weak 
acids and bases in true solution. The dissociation of the carboxyl groups in cellulose, 
hemicellulose and xylan is of the simplest type corresponding to the dissociation of 
a weak monobasic acid in true solution. The dissociation of the hydroxyl groups of 
starch corresponds to that of a polybasic acid. The reaction of these substances with 
alkali is due to the dissociation of hydrions from identifiable buffer groups that 
behave in the same way as they do when attached to small molecules in true solution. 
Hydroxyl ions of the added alkali combine chemically with hydrions as they dis¬ 
sociate ; the corresponding cations are held to the material by electrostatic attraction. 
The ‘sorption’ of the alkali may thus be said to be both chemical and physical. 

The fact that the suspension of an insoluble buffer substance in an electrols^te 
solution is a two-phase system permits us to determine the hydrion dissociation 
over a greater range of hydrion concentration than is possible in the one-phase system 
given by soluble buffer substances. Similar determinations would be possible with 
a sol if we could obtain the electrolyte solution in equilibrium with it through a semi- 
permeable membrane. It is through the study of two-phase systems that we may 
hope to extend our knowledge of the behaviour of buffer groups that dissociate at 
very low and very high hydrion concentrations. 

Our thanks are extended to Dr A. G. Norman for preparing several polysaccharides 
for our use, and to the Director of the Cbtton Industries Research Association for 
supplying samples of cotton. This paper embodies material from a thesis submitted 
by the fij^st named author and approved for the degree of Doctor of Philosophy in 
the University of London. 
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Structure and thermal properties of crystals 
VI. The role of hydrogen bonds in Rochelle salt 

By a. R. Ubbelohde and I. Woodward 
{Communicated by Sir Henry Dale, P,R.8.—Received 18 September 1944) 

[Plate 4] 

X-ray measurenieiits have been made of changes in the lattice spacings of Rochelle salt 
between —90 and +40® C. Rough visual estimates have also been made of changes in the 
intensities of X-ray reflexions with temperatiare. 

The thermal properties of Rochelle salt have been correlated with its crystal structure. 
As with other crystals containing hydrogen bonds, thermal expansion is largest in the 
direction of these bonds, but above the upper Curie point this predominance largely dis¬ 
appears. Between the two Curie points the thermal expansion shows anomalies and is 
subject to hysteresis. 

Two main theoretical problems are discussed in the light of the observations. In the first 
place, the themiodynamic changes at the lower and upper Ctirie points have hitherto 
appeared to be transitions *of the second kind’, occurring within single crystals without 
change of phase. Fresh X-ray evidence shows that over the transition range of temperatures 
measurable differences can be detected between subcrystalline domains within a ‘single* 
crystal. These differences reach a maximum value in certain directions in the crystal, but 
appear to be insufficient to cause it to break up into powder, with change of phase, at the 
two Curie points, so that most of the properties of a single crystal are retained over the whole 
range of temperatures. The experimental conclusions throw light on the general theory of 
phase transitions of the second kind. 

Secondly, the onset of anomalous dielectric properties at the lower Curie point is ascribed 
to the stretching of short hydrogen bonds owing to the thermal expansion of the crystal. 
This changes the bonds from a non-polar to a polar character and is correlated with thermal 
effects in other crystals containing hydrogen bonds. 

In extension of apparatus previously described a new controlled temperature chamber 
has been devised, which has been used with various X-ray cameras for single crystal work 
at temperatures down to — 90® 0. 


Intbodttction 

Anomalous thermal expansion, and isotope effects associated with hydrogen bonds 
in crystals, have been previously investigated for the following substances whose 
structure is completely known: oxalic acid dihydrate (Robertson & Ubbelohde 
1939 ), resorcinol (Robertson & Ubbelohde 1938 ), KH 2 PO 4 (Ubbelohde 19390 ), 
(NH 4 )H 2 P 04 (Ubbelohde & Woodward 1942 ). 

An extension of these observations to Rochelle salt was undertaken in view of the 
determination of the complete structure of the crystal by Beevers & Hughes ( 1941 ), 
who have assigned co-ordinates to aU the atoms except hydrogen. 

OrystaMographic data 

Above or below the temperature interval between the two Cmie points (- 20° to 
24'5 C), Rochelle salt ENaC^H^Og. 4 H 2 O crystallizes in the orthorhombic system 

P2j2j2. 


C 44S ] 
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But within the temperature interval between the Curie points the electrical 
properties of the crystal indicate a lowering of the crystal symmetry. Various 
suggestions have been made to explain the fact that this lowering of symmetry is 
apparently not accompanied by a change of phase at the Curie points. According to 
Beevers & Hughes ( 1941 ), the absence of measurable discontinuities in the positions 
or intensities of the X-ray reflexions, within this temperature interval, is explained 
by supposing that only the hydrogen atoms undergo marked changes of position in 
the crystal. According to MiiUer ( 1940 ), careful experiments with mirrors glued to the 
crystal faces show that the crystal is really monoclinic-hemimorphic between the 
Curie points, but that the angle between the b and c axes only differs from 90° by 
3' 45". A theoretical analysis by Jaffe ( 1937 ) led to the suggestion that the behaviour 
is only pseudo-orthorhombic between the Curie points, as a result of twinning about 
the 6 or c ai^es. 

Some measurements of the specific heat (Rusterholz 1935 ) indicate anomalous 
maxima at the Curie points, which would mean that the thermodynamic transitions 
are of the second kind, but other measurements show no marked anomalies (Wilson 
1938 ). The experimental results described below throw fresh light on this problem. 
But the apparently inconsistent results obtained by different authors suggest that 
the behaviour of Rochelle salt is sensitive to its method of preparation. 

Thermal expansion 

Previous measurements (cf. table 2 ) have been made by macroscopic methods 
using an interferometer (Valasek 1922 ) or a dilatometer (Habltitzel 1935 ; Vigness 
1934 , 1935 ). The X-ray method described below has the advantages, especially 
important near transition points in the crystal, that it uses much smaller crystals 
and records actual lattice changes. 

In addition to recording lattice expansions the X-ray films permit estimates of 
changes of intensities of reflexion with rise of temperature. Only rough visual 
estimates of these changes have been made on the films so far obtained, but the 
results give fresh information about the thermal vibrations in the crystal. Finally, 
experimental evidence has been obtained from the X-ray films which throws fresh 
light on the nature of the transitions in Rochelle salt, and on thermodynamic changes 
of the second kind, in general. This is described below. 

Experimental methods 
Crystals 

These varied from 1/2 to 2 mm. in linear dimensions. A solution of (A. R.) Rochelle 
salt in distilled water just not saturated at 40° 0 gave prismatic crystals on cooling 
in air, convenient for setting with the c axis vertical. By slow evaporation of a 
solution saturated at room temperature in a shallow dish, flat plates were obtained 
which could be cleaved to shapes convenient for setting the a axis vertical. Crystals 
for the diagonal settings were cut from both these forms. 
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Unless otherwise stated, the crystals were stored at room tenaperature and 
hmnidity. Exposure to the dry air flowing through the temperature chamber might 
influence hysteresis phenomena by affecting the water content of the crysta s 
(Valasek 1922 ; Staub 1934 ), but this was not specially investigated m the present 

series of es 5 »eriments. , -x- 

After exposure to temperatures around 46° C, which approaches the decomposition 
point of the salt {65° 0, Valasek 1922 ), the faces of the crystals were observed to 
whiten, indicating superficial loss of water. 

Temperature control 

In order-to traverse the region of dielectric and thermal anomalies in Rochelle 
salt, measurements were made from just below the decomposition temperature to 



^ouBiE 1 . Cold-air chamber. 1, cold dry oxygen; 2, hdlit insulation; 3, heating coil; 4, glass 
sliielding tube; 5 , silver gauze to equalize gas temperature with copper chamber; 6 , main 
thermocouple junction; 7 , cellophane; 8 , copper chamber, walls 0*8 mm. thick, internal 
diameter 4*6 rom.; 9, X-ray beam. 

— 90° C. Since the constant-temperature chamber previously described (Ubbelohde 
& Woodward 1943 ) is unsuitable for work below room temperature, a cold-air 
chamber for single crystal measurements was constructed as shown in figure 1 . 
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A uniform stream of cold (and very dry) gas was produced by boiling liquid oxygen 
in a vacuum flask, at a rate controlled by the current through a small immersion 
heater consisting of nichrome wire wound on a pyrex former and dissipating up to 
18 W. When the crystal was maintained at —40° C, about 100 c.c, of liquid oxygen 
were boiled away every hour. The cold oxygen passed through a heat-insulated glass 
tube held in a rubber bung closing the vacuum flask and then flowed over both inside 
and outside surfaces of the copper constant-temperature chamber illustrated in 
figure 1. To improve heat exchange, a plug of silver gauze was pushed into this 
copper chamber just above the crystal. A glass tube with cellophane extension served 
to direct the stream of cold air around the outside of the copper chamber and thus 
to shield it from the surroundings. No difSiculty was experienced jfrom condensation 
of ice on this apparatus, but the X-ray camera was protected with a loose cover 
during prolonged exposures to keep out moist air. 

During an X-ray photograph, the temperature of the copper chamber was 
repeatedly determined by means of a fixed copper-constantan thermocouple. By 
adjusting the gas flow and heating of the chamber, this temperature could be 
maintained to within ± 0*1° C over the whole range. 

A correction was necessary to allow for a small difference in temperature between 
this copper chamber and the actual temperature of the crystal surrounded by the 
air stream. To determine this, a small auxiliary couple of 36-gauge wire was used, 
with one junction fixed to the copper chamber and the other occupying the position 
subsequently occupied by the crystal. As the temperature of the copper chamber 
was decreased to — 90° C, the auxiliary couple showed that the temperature differ¬ 
ence between the middle and the walls of the chamber increased gradually and 
uniformly to not more than — 5° C at the lowest temperature. Exploration of the 
temperature gradient within the chamber by the same means showed that this was 
less than 1° per mm. shift at the lowest temperature, so that there appeared to be a 
small jump at the surface of the copper. Since accurate centering of the crystals 
could be ensured, it was estimated that after appljdng the above correction the 
error in the determination of crystal temperature did not exceed ± 1° C at -- 80° C, 
and was less at higher temperatures. 

Mounting of the crystals 

The crystals were mounted with nitrocellulose dissolved in amyl acetate, on glass 
fibres, and were held in the X-ray beam about 1 cm. above the bottom of the copper 
chamber. Two small windows in this chamber, covered mth cellophane, allowed the 
{)assage of the main X-ray beam and of the back reflexions under investigation. 
Unless otherwise stated, from 5 to 10 min. was allowed for the crystal to take up 
its new temperature before beginning the X-ray exposure. This was considered to 
be sufficient to ensure thermal equilibrium of the lattice vibrations which determine. 
the thermal expansion of the lattice, but would not necessarily be sufficient to permit 
the relaxation of hysteresis effects, which may involve rearrangements of the lattice 
between the Curie points (see below). 


39-2 



462 


A. R. Ubbelohde and I. Woodward 


X-ray methods 

The method of carrying out oscillation photographs using the multiple exposure 
camera with the crystal at different temperatures has been previously described 
(Ubbelohde 19396 ; Ubbelohde & Woodward 1943 ). 

Only reflexions with Bragg angles greater than 76° were used. Convenient planes 
with normals near to the crystal axes were found to be 

15, 3,0 at 13'5° to the a axis, 

16, 4,0 at 17*8° to the a axis, 

1,18,0 at 2-7° to the h axis, 

2,18,0 at 5-3° to the b axis, 

3,18,0 at 7-9° to the h axis, 

1, 0 ,8 at 3-6° to the c axis. 

Measurements were also made in directions which would give the reflexions from 
the 0 , 12,6 and the 0 , 12,6 planes, assuming the crystal became monoclinic. 

With 15° oscillations of the crystals, the intensities of unfiltered Cu^a radiation 
available gave satisfactory photographs in from 10 to 30 min. exposure. 

Tests showed that the error in film measurements was not more than ± 0-06 mm. 
under favourable conditions. The actual shifts due to change of temperature of the 
lattice ranged from 0-4 to 7*6 mm. The probable error in individual measurements 
of the lattice expansion coefficients for a 10 ° rise m temperature was ± 8 %. Sufficient 
independent measurements were made to obtain the mean values of the thermal 
expansion to ± 3%, except in the region where hysteresis was observed, where mean 
values were not taken (see below). 

Experimental results 

These may be conveniently grouped under four headings: 

(i) the axial lengths of Rochelle salt, 

(ii) observations on thermal expansion, 

(iii) intensities of X-ray reflexions, 

(iv) observations on the nature of the thermal transitions in Rochelle salt, 

(i) Axial lengths of Bochelle salt 

On the basis of an assumed spacing for crystalline sUver of atomic weight purity 
of 4*0775 A at 20 ° C (Hume-Rothery & Reynolds 1938 ), table 1 shows the axial 
lengths obtained from observations on the planes quoted above and on the 7 , 0 , 7 
plane. 

The values at — 50 and at + 35° C of the present series are based on fewer observa¬ 
tions than those at + 20 ° C, and are probably less accurate. Freshly crystallized 
(A.R.) Rochelle salt was used. The new values for the b axis appear to differ 
appreciably from those determined by earlier workers. Xo explanation of this 
difference is offered, but experiments are in hand to determine the effects on the 
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lattice of adding small quantities of impurities and of removing some of the water 
of crystallization. 

Evidence which is described in § (iv) below shows that up to —15® C the angle 
between the b and c axes does not differ measurably from 90®. It rises to about 
90® 1' 48" at 0® 0 and decreases to 90® again at around + 25® C. 


Table 1. ^xial lengths op Rochelle salt 




present series 


Beevers & 
Hughes 

( 1941 ) 

Staub 

( 1934 ) 

axis 

-50*^0 

+ 20° C 

+ 35°C 


A 

A 

A 

A 

A 

a 

11-815 

11-867 ±0-007 

11*878 

11-93 

11-91 ±0-04 

b 

14-203 

14-236 ±0-008 

14-246 

14*30 

14-32 ±0*05 

c 

6-195 

6-213 ±0-004 

6-218 

6-17 

6-20 ±0*02 


(ii) Thermal expansion of the lattice 

In order to foUow the thermal expansion of the hydrogen bond, over 150 measure¬ 
ments were made of the lattice spacing of the 15,3,0 plane at temperatures ranging 
from — 90® to + 55® C. Considerably fewer determinations were made on the other 
crystal planes quoted. 

It was found that whereas the thermal expansion normal to the 15,3,0 plane was 
reproducible and showed a uniform trend with temperature both below about 
— 25® C and above about -i- 25® C, between these temperatures the lattice expansion 
could assume a range of values which are further discussed in § (iv) below. The 
general range of results so far obtained is given in summarized form in table 2. 


Table 2. Thermal expansions op Rochelle salt 


temperature 

range 

expansion 

coefficient 

present 

series 

macroscopic methods 

X 10® 

(X-ray) 

Valasek 

Habliitzel 

Vigness 

-60 to -30° C 

aa 

60 

— 

57 

— 


aj 

30 

— 

— 

— 


ac 

41 

— 

— 

— 

-30 to +25° C 

a® 

-50-82 

(-10 to +20° G) 


(range of anomalous 



59-9 

40-70 

— 

properties) 


30-53 

38*1 

— 

— 


ac 

42-58 

44-8 

— 

— 

+ 25 to +40° C 


60 

— 

— 

58-3 


aj 

54. 

— 

— 

37-6 


a® 

54 

— 


42*9 


Features to note about these experimental results are: 

(a) Below the upper Curie point, the thermal expansion is a maximum in the 
direction of the hydrogen bonds (cf. the polar diagrams of axial expansions, figures 
2 and 4). Above the upper Curie point, the relative enhancement of thermal expansion 
in the direction of the hydrogen bonds practically vanishes (the polar diagrams in 
figures 2 and 4 become practically circular). 
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(b) Between the two Curie points, the range of thermal expansions is illustrated 
in the polar diagram for 0 ° C (figure 3 ), which gives the extreme values observed 
owing to hysteresis (see below). Owing to this hysteresis it has not been possible to 
verify whether the thermal expansion passes through a max imum , though there are 
indications that this may be so. Hablutzel (i93S)j ^bo allowed 3—4 hr. after each 
change of temperature, obtained definite evidence of such a maximum, though no 
detailed results are given. Vigness ( 1935 ), who allowed 6 hr. for equilibrium observed 
no such anomaly, so that this point must be left open. 



Figxjre 4. Projection on (001) showing expansion above and below the Curie 
interval of temperatures. Scale and symbols as figure 2. 


A further point to note is that if Rochelle salt is monoclinic between the two Curie 
points, the axes of the expansion ellipsoid need not coincide with the crystallographic 
axes, as ha s been assumed in figure 3. Actually the departure from orthorhombic 
structure in this region of temperatures is found to be so small (see § (iv) below) that 
this assumption is unlikely to lead to serious error. 


(iii) Intensity changes in the ^-ray reflexions 

Visual estimates were made of the relative intensities of the 16,3,0 reflexions at 
various temperatures between 180 and 320° K. The multiple exposures on the same 
film made it possible to bracket the effect of a change of temperature on the intensity 
of reflexion, andd 3 hus to control possible changes m the intensity of the primary 
X-ray beam during a series of exposures. 
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Although, visual estimates of intensity are necessarily somewhat rough, calcula¬ 
tions were made of the exponent M in the Debye-Waller expression for the change 

of intensity _ 

I = M = 87r2j7?(sin^/A)2, 

where tJ^ is the mean square 'amplitude of the thermal vibrations of the atoms 
normal to the reflecting plane, d the Bragg angle, and A the wave-length. The plot 
of Jf against temperature gives a smooth curve (figure 6 ) in good agreement with a 
Debye-Waller function for the amplitude of thermal vibrations 

m r?i(a:) nsin^d* 

X ■^4j A>> ’ 

with a characteristic temperature of 0 = 255° K and a value of Jf = 0-95 at 0 ° C; 
is taken as the mass of the sodium atoms only, for reasons given below. 



Features to note about this result are: 

{a) Calculations of the structure factor for the 15,3,0 plane, from the data given 
by Beevers & Hughes ( 1941 ), show that the main contribution to the intensity is 
made by the sodium atoms. Staub ( 1934 a) used the 2 , 2,2 plane, for which all the 
atoms E, Na, C and 0 in Eochelle salt contribute to the intensity of reflexion, and 
obtained a characteristic temperature of 0 = 249° E outside the Curie range. 

The agreement between these 0 values shows that there is no anomalous vibration 
of the heavy atoms in the direction of the a axis. This confirms the general conclusion 
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that the exceptionally large thermal expansion in this direction is that due to the 
hydrogen bonds, which would only have an indirect eiBfect on the intensities of 
reflexion. 

( 6 ) Within the Curie range, Staub^observed an abrupt rise in the intensity of 
reflexion frorn the 2 , 2,2 plane. The final interpretation of this rise of intensity must 
await further experimental work. Provisionally, it may be suggested that it is not 
due to any large change in lattice vibrations over the Curie region of temperatures, 
which was suggested by Staub, but to a break-up of the lattice decreasing the primary 
extinction (see § (iv) below). Within the accuracy of measurement, no similar rise 
of intensity of reflexions from large spacing planes has been observed in the present 
series of measurements on the 15,3,0 plane, and this may tentatively be ascribed 
to the fact that the crystal shows much less break-up in this direction, between the 
Curie points, compared with the direction studied by Staub. 

(c) Prom the intensity data, the amplitude of vibration of the sodium atoms 
normal to 15,3,0 is calculated to be 0*17 A at 0 ° C, and increases by 0*12 A over the 
temperature range 170-320° K. By a coincidence, the actual expansion of the a 
axis in this direction over the same temperature range is nearly the same, being 
O-IOA. 

(iv) The nature of the thermal transitiom in Rochelle salt 

Transitions of the second order. Measurements by various authors have shown that 
fairly large changes occur in a number of crystal properties of Rochelle salt over a 
narrow range of temperatures around the lower and upper Curie points (— 20° and 
■f 24-5° C), but that there are no abrupt transitions corresponding with a simple 
change of phase. X-ray measurements of lattice spacings along the crystal axes, 
described above, likewise show no abrupt changes of lattice spacings at the Curie 
points. On the basis of aU this evidence, the transitions at the two Curie points may 
be said to be thermodynamically of the second order. 

As has been stated in § (ii) above, between the two Curie points the lattice expan¬ 
sion could assume arrange of values, probably due to hysteresis. The scatter was 
particularly noticeable around the a axis (cf, figure 3). Indications have been 
obtained that the hysteresis is correlated with the sequence and rate of temperature 
changes imposed on the crystals. However, in view of statements that a corre¬ 
sponding hysteresis observed in the electrical properties of the crystal (Valasek 
1921 , 1924 ; Staub 1934 a; Habliitzel 1939 ; Bantle&Busch 1937 ) is dependent on the 
water content of the crystals, a more detailed discussion of the hysteresis in the 
thermal expansion is deferred pending farther experiments with salts of varying 
degrees of dryness. It may be added that hysteresis frequently accompanies transi¬ 
tions of the second order in crystals (Ubbelohde 1937 ). 

Evidence for an internal breah-up within the ^single^ crystals. In order to obtain a 
more sensitive control of the thermodynamic change in Rochelle salt between the 
Curie points than can be obtained from measurements of the axial planes, an 
additional series of X-ray nieasurements has been made, using the multiple exposure 
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spectrometer and crystal oscillations to give the 0 , 12,6 and 0 , 12,6 reflexions at 
various temperatures. If the crystal became monoclinic between the two Curie 
points, this might merely involve a measurable departure from 90® of the angle 
between the b and c axes without a measurable change in the axial lengths. Com¬ 
parison of the spacings of the above two planes by the multiple exposure X-ray 
method is a particularly sensitive means of determining how far the angle between 
the b and c axes differs from 90°, since in the reciprocal lattice the reciprocals of these 
spacings form the diagonals of a parallelogram, with the sides perpendicular to the 
010 and 001 planes nearly equal. 

The measurements so far obtained are listed in table 3. Four different crystals 
were mounted so as to give reflexions from 0 , 12,6 and 0 , 12,6 in a pair of oscillations, 
described as [a) and ( 6 ) in table 3 and plate 4. This pair of oscillations was recorded 
at the same temperature on successive strips of the multiple exposure spectrometer, 
so as to permit accurate determinations of any difference in spacing. The temperature 
of the crystal was then changed and the procedure repeated. In order to traverse 
the temperature region between the Curie points, measurements on these diagonal 
planes in the crystal were made at —15® C, at around 0 ® .C, and at -f-16® C. Other 
details are given in table 3. 

It may be noted that proceeding round the axis of the crystals each of the (a) 
and (b) refliexionh occurs twice. These are numbered b^ in the table, where 

ai, a 2 correspond with the same diagonal viewed from opposite sides of the crystal. 

The following experimental results contained in table 3 are of interest: 

(i) Just above the lower Curie point (— 20 ® C), sharp well-defined single reflexions 
are obtained in aU cases (plate 4). There is'no measurable difference between the 
spacings of 0 , 12,6 and 0 , 12,6 within ± 6 x 10 “® A, which means that around this 
temperature the angle between the 6 and c axes does not differ from 90® by more 
than 12 '' of arc. 

(ii) In the neighbourhood of 0 ° C the reflexions from both of the (nominal) planes 
0 , 12,6 and 0 , 12,6 are split into the same two components. The relative intensities 
of these components differ according to the direction in which the crystal is viewed, 
and in some cases one of the components is faint (983) or practically absent (964). 
Tests suggest that the relative intensities can be changed by heating the crystal 
above the Curie pomt and then cooling (cf. fiObms 981 and 984), but further experi¬ 
ments are in hand to confirm this important point. 

Since the X-ray beam of cross-section about 1*4 mm. illuminates practically the 
whole face of the crystals, which ranged in size from 0-7 to 1-6 mm., the observation 
of a pair of reflexions from each of the diagonal planes implies that in the Curie region 
the single’ crystal becomes monoclimc, not as a whole, but in domains with the (z 
axis up and down at random. From the magnitude of the split in the reflexions, the 
angle between the b and c axes at 0 ® C is about 108" of arc. The sharpness of the split 
reflexions suggests that individual monocHnic regions are not less than 10 ^ A across, 
but this requires further investigation. Their size is much smaller than the macro¬ 
scopic regions of polarization described by Muller ( 1933 ). 
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{iii) At 4- C/the difference between the diagonal planes is only sufficient to 
give a blurred single reflexion with the resolution used. This implies that the angle 
between the b and c axes differs from 90° by not more than 50" of arc at this tem¬ 
perature. 

(iv) Finally, above the upper Curie point a single sharp reflexion is obtained. 


Table 3. Split reelexions prom Rochelle salt between Curie points 



storage before 


cycle of 

appearance of 0 , 12 , 6 

crystal film 

exposure 

reflexion 

temp. ®C 

or 0 , 12 , ^ reflexion 

A 964 

room temp. 


+ 15 

blurred 




+ 4 

split = 0*3 mm. 




-16 

single 



■ h 

+ 15 

single 




+ 4 

single 




-16 

single 


Subsequent temperature cycles with this crystal led to a deterioration of 
the crystal faces and a blurring of the split reflexion at + 4® C 

B 971 room temp. and at 0 only split = 0*4 mm. for all three reflex¬ 

ions, but relative intensities of the 
tw’o components of each reflexion 
very different 

972 20 hr. at 0® 0 and 0 split == 0;4 mm. 

—16 single 

0 again split = 0*4 mm. 

The relative intensities of the two components were different for % and but 
the two exposures at 0 ® showed reproducible intensities for each reflexion 

973 at 0 ® C and 6 ^ 0 split very clearly = 0*4 mm, 

— 16 single 

0 split 


G -980 

at 0®C 

^ 2 , €tnd &2 

0 only 

all four reflexions split , 

The relative intensities of the twd components of these reflexions were different 

981 

atO^C 

only 

0 

^lit, sharp 




+ 16 

blurred, split just visible 




+ 30 

single 




0 

split, relative intensities practically 
repeat the first exposure at 0 ® C 

984 

at 0 °C 

^ 2 , 62 , and &2 

0 only 

split 

comparison .with film 980 suggests 
that the relative intensities of the 
components in these four directions 
is more nearly equal after heating 
to +30® m 981 

D 982 

atO^O 

% and 

0 only 

shows only 0 , 12 , 6 , 61 split 





= 0*5 mm. 

983 

at 0 °C 

^2 0^7 

0 

split, 0 , 12 , ^ much stronger 




14 

single 




29 

single 




15 

single 




0 

presence of 0 , 12 , 6 just visible 
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It may be added in connexion with these experimental results that out of the 
large number of X-ray reflexions from Rochelle salt studied in the course of these 
investigations, split reflexions have only been observed in the directions and at the 
temperatures recorded. In all other respects,, the crystals behave as conventional 
"single’ crystals. Studies of the total intensity of X-ray reflexion in the region of 
the anomaly are in hand, in view of their bearing on the mosaic theory of crystals. 


Disotjssioit of the expeeimbntal results 

The bearing of the experimental results described above on two main theoretical 
problems may be briefly indicated. 

(i) Nature of the thermodynamic transitions in Rochelle salt 

As is well known, the specification of the 230 possible space groups of crystal 
structure has been developed purely from the geometrical standpoint. Prom a 
physical standpoint it is clear that space groups of lower symmetry can only be 
differentiated from related groups of higher symmetry when the observable departure 
from symmetry exceeds the resolving power of some or all of the methods of crystal 
study available. Only the development of polar properties in Rochelle salt, for 
example, suggested a change from orthorhombic to monoclinic structure at the lower 
Curie point (cf. Jaffe 1937 ), until the refined X-ray methods described in this paper 
were applied. 

But these refined methods show that more has occurred than can be described in 
terms of conventional space-group theory. The ‘single’ crystal of orthorhombic 
Rochelle salt changes not into a ‘single’ crystal of monoclinic Rochelle salt, but into 
an assembly of monoclinic domains with the polar axis up and down at random. 
The small difference between these domains leads not only to the trivial fact that a 
high resolving power is required to observe the change from orthorhombic to mono- 
clinic structure, but also to the physical consequence that the domains can be 
accommodated within a framework which retains practically all the properties of a 
single crystal. 

As has been described above, measurements of lattice spacings with a resolving 
power up to ± 2 x 10 “^ A show a break-up of the lattice only in certain directions in 
the crystal. Owing to current conditions, it has not yet been possible to determine 
whether the primary extinction of the X-ray beam is preferentially lessened in 
these directions as a result of the break-up. Such an effect might explain the enhanced 
intensities observed normal to the 2 , 2,2 plane by Staub ( 1934 U). The brittleness of 
Rochelle salt may also be due to this break-up. 

The X-ray evidence obtained on the nature of the lattice change in Rochelle salt 
throws fresh light on the general problem of thermodynamic changes of the second 
kind in crystals. When a substance such as orthorhombic sulphur is heated above 
the transition point, each single crystal is transformed into a powder of smaller 
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crystals of the new phase, A transformation of this kind has been illustrated by X-ray 
photographs of the transition from to a resorcinol (Robertson & Ubbelohde 1938 ). 
This kind of thermodynamic transition^ which involves a comparatively gross 
rearrangement of the lattice at a specific temperature with accompanjTing abrupt 
changes in volume and heat content, is called a thermodynamic change of the first 
order. An increasing number of examples is being studied, however, in which the 
changes in volume and heat content are spread over a range of several degrees, 
instead of involving an abrupt change of phase at a specific transition point (Ubbe- 
lohde 1939 c). Such thermodynamic transitions of the second order can frequently be 
ascribed to minor changes of structure occurring within the lattice, such as the onset 
of rotation of the molecules. X-ray data have not hitherto made it clear whether the 
crystals remain * single’ during structural changes of the second kind. The direct 
experimental evidence now obtained with Rochelle salt appears to be the first to 
show that thermodynamic changes of the second kuid involve discrete changes of 
structure, occurring within regions of the single crystal. 

It is suggested that a phase change in general remains of the second order when 
the changes of structure are sufficiently small to be accommodated without a break¬ 
down of the ‘single’ crystal. Two consequences of this generalization are that in 
transitions of the second kind sufficiently refined measurements should give evidence 
of discontinuities within ‘ single ’ crystals over the transition range, and that internal 
strains between the domains modify the free energy of the crystal in such a way as 
to lead to hysteresis (Ubbelohde 1939 c). The effect of imposing an electric field on 
the split refiexions from RocheUe salt is being investigated in this connexion. 

(ii) Physical effects of stretching hydrogen bord^ 

As Rochelle salt is cooled through the upper Curie point (+ 24-5'’ C), the dielectric 
susceptibility increases in a nianner similar to the onset of ferromagnetism in a 
paramagnetic substance below its Curie point (Valasek 1922 ). Both these pheno* 
mena can be ascribed to the mutual orientation of permanent electric or magnetic 
moments in the molecffies by an inner field which overcomes the random thermal 
orientations below the Curie point. Detailed mathematical discussion of this effect 
in RocheUe salt has been made by Fowler ( 1935 ). 

But RocheUe salt differs from the magnetic analogy in exhibiting a further 
‘Curie’ point at a lower temperature, below which the anomalous dielectric 
properties disappear again. Fowler suggested this might be due to a freezing of 
rotating dipoles, but for various reasons this is unlikely (Busch, Habliitzel & 
Scherrer 1937 ). ^ 

The explanation of the lower Curie point suggested by X-ray work on hydrogen 
bonds in crystals (see references above) is that short hydrogen bonds do not become 
polar until they are sufficiently stretched either by the thermal expansion, or by 
tension appUed to the crystal. The lower Curie point marks the temperature at 
which the bonds have been sufficiently stretched by thermal expansion, for polar 
properties to be developed, and for an inner field to be estabUshed. 
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Potential energy curves for the hydrogen bonds in the Rochelle salt lattice are not 
available. In their default, the effects of stretching hydrogen bonds may be illus- 
trated from the potential energy curves for a hydrogen atom placed between two 
free oxygen atoms (Huggins 1936 ). If such a free hydrogen bond is shorter than 
2-592 A, there is a Tninirnmn of potential energy at the middle of the bond. The 
hydrogen atom occupies this •mmiTmiTrij and the bond has thus no permanent polarity. 
When the bond is stretched beyond 2-592 A, for example, by the thermal expansion 
of the crystal as a whole, the middle of the bond is a maximTim of potential energy. 
The hydrogen atom can occupy either of two minima which bring it closer to one or 
other of the oxygen atoms, and in either of these configurations the bond possesses 
a permanent electric moment. When an electric field is applied, spirals containing 
hydrogen bonds extending throughout the crystal (Reevers & Hughes 194 ^) become 
polarized, when the hydrogen atoms can jump over the smaU. potential barrier at 
the of the bond, so as to assume the configuration with polarity in the same 

sense as the field. 

Data in support of this explanation of the lower Curie point include the foUowmg: 

(а) The hydrogen bond length in RoeheUe salt is of the correct order to exhibit 
a change from non-polar to polar properties on stretching. Actually the value of 
2-66 ± 0-05 A (Beevers & Hughes, private communication) is in excellent agreement 
with the critical length calculated below for a ‘free’ hydrogen bond (2-592 A), but 
since the crystal forces may be expected to modify the potential curves, too much 
weight cannot be given to this good agreement. 

( б ) Available information on ‘free’ hydrogen bonds may be correlated with the 
known properties of Rochelle salt. Using data given by Huggins ( 1936 ), if 2 d is the 
distance between the two oxygen atoms of the bond, the potential energy U of a 
hydrogen atom situated between them, distant r from one oxygen atom and 2 d—r 
from the other, is 

U = + [e-“C2^-»-u) — 

where is in units of 10 “^® erg, and a = 6 - 0 , a' = 1-29, = 1*125, C" = 11-83, 

Tg = 0-969. Taking a new origin midway between the oxygen atoms, and putting 
p — d~r, the potential at a distance p from this new origin is 

Differenriating this once, dUjdp = 0 when p = 0 or when 

gC-a((j-ris)+a'(d..re)] _ OV sinhpa'/a sinhpa. 

He solution p = 0 implies that the mid-point between the oxygen atoms is always 
either a minimum or a maximum. 

Differentiating twice, d^U/dp* = 0 at p = 0 when 2d = 2-592. It can easily be 
shown that for bond lengths smaller than 2-592 A, the mid-point is a miniTirmTin of 
potential energy, and amaximum for bond lengths greater than 2-692 A, so that the 
character of the hydrogen bond changes at this stage. 
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When p^O, numerical methods of solution give the following information about 
‘free’ hydrogen bonds: 


length of bond (2d) in A 

2-592 

2-60 

2-65 

2-70 

2-75 

2-80 

height of potential bar¬ 

nil 

0-001 

0-021 

0-065 

0-133 

0-221 

rier at bond centre, 

■ above U min. (in 
10-12 erg) 

distance of H atom from 

nil 

0-058 

0-157 

0*217 

0-265 

0-308 

centre of bond (in A) 

U min. (in lO-i® erg) 


-14-74 

-14-37 

-14-02 

-13-68 

-13-41 


The above data make no allowance for zero-point energy, which is known to be 
of importance for hydrogen bonds, and cannot be applied directly to hydrogen bonds 
within a crystal lattice because of the effect of crystal forces. Nevertheless, the 
order of magnitude of the following quantities (all in erg) substantiates the 
explanation of the Rochelle salt effect briefly re\newed above: 

(i) Within the Curie range of temperatures, x 10~^® erg. 

(ii) Taking the OH dipole as 1-66 x 10“^® e.s.u., and the inner field in Rochelle 
salt to be somewhere between 6x10® and 0*6x10® V/cm. (various values are 
calculated by Staub (19346), Muller (1935) and Rusterholz (1935)), the difference of 
potential, energy in the two extreme positions of a single dipole lies between 0*064 
and 0*0064 x 10~^® erg, which is comparable with ^kT. 

(iii) Assuming the whole of the enhanced expansion in the direction of the a axis, 
to be due to the hydrogen bond, this increases in length by about 0*03 A from — 60® 
to + 25® C, which is sufficient to account for the change from a non-polar to a polai 
hydrogen bond. 

(iv) When the hydrogen bond is shortened by applying hydrostatic pressure to 
the crystal, the lower Curie point must be shifted to a higher temperature, sinpe a 
greater expansion is required to reach tibe critical length for the change from non¬ 
polar to polar character. This has been observed experimentally (Bancroft 1938). 
Similarly, compression of the crystal along the a axis lowers the dielectric constant 
(Nemet 1935). 

(c) On the basis of this explanation of the lower Curie point, other crystals con¬ 
taining short hydrogen bonds should exhibit RocheUe salt effects, though the 
influence of crystal forces on the hydrogen bond may shift the temperature region 
where Rochelle salt effects occur. 

Such effects have in fact recently been observed for KH2PO4 (length of H bond 
2*68 A) below — 158®C, and for KH2ASO4 below -182°C (Busch 1938). In these 
crystals, as in Rochelle salt (and in oxalic acid dihydrate), the hydrogen bonds are 
linked in spirals through the crystal. But nominally, crystals such as KH2PO4 
belong to space groups possessing symmetry elements prohibiting polarization, just 
as in the case of (orthorhombic), Rochelle salt. It may be predicted that a corre¬ 
sponding departure from standard space-group theory will be observed below their 
upper Curie points. This is being investigated. 
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The case of oxalic acid dihydrate is in interesting contrast with KH2PO4. Its short 
hydrogen bonds (length 2*52 A) show isotope and thermal expansion effects similar 
to the other crystals referred to. Its nominal space group {P likewise 

prohibits polarization. But whereas the polar arrangement of molecules in mono¬ 
clinic Rochelle salt can b^ constructed without any change of symmetry of the 
tartrate molecule, and similarly for the PO4 group in KH2PO4, in the case of oxalic 
acid dihydrate (and also in the anhydrous acid (Hendricks 1935)) the molecule itself 
possesses central symmetry. Permanent polarization of this crystal could not occur 
without the loss of this molecular symmetry. Since such a change would involve the 
resonance energy of the oxalic acid molecule, the energy magnitudes involved are 
probably considerably larger than ^JcT, and the existence of a Curie point for this' 
salt appears unlikely. » 

No evidence is yet available about'KIHP2 or KHCO3 (Ubbelohde 1939a). In the 
case of (NH4)H2P04 (Ubbelohde & Woodward 1942) transitions are found at —53 
and —118° 0, but the crystals are said to remain para-electric (Busch 1938). 

{d) Finally, brief mention may be made of the possible bearing on biological 
problems of the physical effects of stretching hydrogen bonds described above. It 
is not known how far short hydrogen bonds occur in macromolecules such as proteins, 
though studies of the isotope effect may ultimately give information on this point. 
When such short bonds do occur, the development of polar properties along a whole 
chain of molecules, merely as a result of stretching, may well be of importance in 
certain biological phenomena. 

Thanks are due to the Managers of the Royal Institution for the facilities given 
for canying out this investigation. 
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Explanation of Plate 4 

Multiple exposures of a ‘single’ crystal oscillated about the a axis. 

In the neighbourhood of 0° C the 0, 12, 6 reflexion is doubled, showing a measurable 
departure from 90° of the angle between the 6 and c axes. 

Reflexions (a) and ( 6 ) refer to the two positions of 0 , 12 , 6 obtained with crystal oscillations 
98° apart. 


Bi-variate partial fractions and their applications to 
flutter and stability problems 

By R. a. Frazee, B.A., D.Sc. 

Aerodynamics Division^ National Physical Laboratory 

{Communicated by 0 , Temple, F.R.S.—Received 27 March 1945) 

A simple expansion method, based on partial fractions of a special type, is described for the 
construction of br-variate polynomials of interpolation. A distinctive feature is the choice of 
a system of straight lines, no three of which are concurrent, in order to define the points for 
interpolation. The expansion formula, which contains considerably fewer terms than others 
in general use, can be extended to more variables. 

The applications considered relate to the expansion and solution of determinantal equa¬ 
tions of a type frequently encountered in investigations on the flutter and stability of aero¬ 
planes. Reference is made to the possible use of a d.c. network analyser, based on an electrical 
interpretation of the expansion formulae, as an aid to rapid solution. 


1 . Introduction. The expansion of a Lagrangian stability determinant J (A), tjie 
elements of which are general quadratic functions of A, is a computational problem 
of considerable difficulty, particularly when the order n of the determinant is large. 
Possibly the simplest and most direct method is to regard the expanded foim of 
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^ (A) as a polynomial of degree In in A, and to apply Lagrange’s interpolation formula; 
this gives 

^(A) / n (A-A,) = S ^i/(A-A,), (M) 

in which 4< = ^ 

and the 1 real values are chosen at convenience. 

In investigations concerning the influence of variable parameters on the stability 
it is sometimes necessary to expand the determinant with those parameters and A 
kept general. It is possible to effect the expansion by the usual methods of multi¬ 
variate interpolation.* However, as is weU known, the formulae are cumbersome 
and often unsatisfactory for computation on account of the large number of terms. 
The alternative method to be described is simple, and offers economy in the number 
of terms. 

The applications considered relate to stability determinants of the restricted type 

MKy) = \ aijX^ + hijX+Cij+eijy j, (1-2) 

in which the elements are quadratic in A and linear in a single additional parameter 
y, and the b^p c^p denote known real constants. Such determinants are 
familiar in the theory of aero-elastic oscillations, or flutter, of aeroplanes (§6). 
The expansion corresponding to ( 1 * 1 ), derived by straightforward double inter¬ 
polation, would here be 

/ 2n+l n+l 2»+l n+l 

n (A-Ai) n {y-yi) = S S Ai^l{X-Xd{y~yi), (1-3) 

i=l tsal ^=*1 

where the coefficients can be found by the evaluation of the (27^-hl)(^+l) 
determinants This formula would be satisfactory if the expanded deter¬ 

minant were a complete polynomial of degrees 29^ in A and niny, and so contained 
( 2 n+l) ( 7 m-1 ) terms. * However, it is readily verified that at most (9^ + 1 )^ distinct 
tenns are actually present, so that 7 i( 7 i+1 ) of the must be redundant. This leads 
to uonecessary computational labour and loss of accuracy in the use of the formula. 
When the method given in §7 is apphed, an expansion containing just (w--f-l)^ 
terms is obtained. 


SEcnoisr I. The basic expansion 

2 . Specification of the bi-variate framework, A complete bi-variate polynomial 
P{Xy y) of degree n contains 1) (n -f 2)/2 terms.f To obtain an expansion formula 

* Cf Pearson ( 1930 ), Scarborough. ( 1930 , §§33-36), Steffensen ( 1037 , § 19), Whittaker & 
Robinson ( 1937 , § 181). 

f la the present paper, except when otherwise stated, the degree should be understood to 
relate to the variables jointly and not to variables individually. Thus a bi-variate polynomial 
degree n if and at least one term is present such that r-fs = w. The 

polynomial is complete if all terms corresponding to are included. 
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involving this number of terms, a framework oin +2 straight lines in the plane 
of {z, y) is adopted. These lines are subject to the restrictions that 

(i) no two'are parallel, - 

(ii) no three are concurrent. 

Apart from these restrictions the lines may be chosen at convenience. 

The equation of the typical line is written 


= 0 , 

and the intersection of the lines and Lj is denoted by {z^j, Thus 

The assumed expansion then is 




= S 


{ 2 - 1 ) 


( 2 - 2 ) 


( 2 - 3 ) 


where the summation covers the «.+ 2 possible values of i and j, with the combina¬ 
tions i =3 excepted. This identity is justified since it contains {»+1)(«.-!-2)/2 
disposable constants Aij, and the expressions on the left and the right both have 
maximum degree » when the fractions are cleared. 

To evaluate Aij the identity is multiplied throughout by the product LjLj, and 
the values z = Xjj, y = are substituted. This yields 

Aij^P{Zij,yij)la%+^\ ( 2 - 4 ) 


where 


n+2 


n L,,{Zij,yij) with A+i+j. 


( 2 - 5 ) 




A useful alternative method of expansion is to omit the line Zr„+a, and to replace 
( 2 - 3 ) by 


P{^>y) 


= s 


Hi 




+ i: 


T T T -^TT'^T- 
X/jX/a... X/n+i i-l'X'i 

The coefficients A^j are here given by ( 2 * 4 ) with replaced by To deter¬ 
mine Di, the identity is multiplied by L^, the value PiZ is substituted for y, and x 
is made infinitely great. This leads to 

A = (2-7) 

where Pq{x, y) denotes the terms of P{x, y) which have degree w, and 


n {Pi—Pk) with (2-8) 

3 , An UlustraUve ffttmewcyrh. It is convenient^ whenever possible, to adopt a 
standardized framework for all problems in a given jfteld of application. The basic 
constants x^p y^p <r^p can then be tabulated once and for all. 


30-2 
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An illustrative framework of nine lines, intended more especially for appHoations 
to flutter, is specified in table 1. It satisfies two restrictions in addition to those 
mentioned in § 2—^namely, 

(iii) all intersections have a positive abscissa > 0), 

(iv) no line traverses the second quadrant defined by a; < 0, ?/ > 0. 

These restrictions meet special requirements in flutter calculations which are 
referred to in § 7 . The first seven lines are shown in figure 1. 



Fiotre 1 , First seven lines of illustrative framework. 


The geometrical basis of the framework, which is composed of lines touching a 
parabola, is as follows. All members of the singly infinite family of lines 

2^-i-OT = 0 * 25 r(a?— 0 -lr) 


(3-1) 
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corresponding to values of the parameter 0 satisfy the restrictions (i)~(iv). The 
lines for the framework were selected from this family, and all correspond to 
integral—^though not necessarily consecutive—^values of r. The choice was a some¬ 
what deUcate problem, since the difSlculties in avoiding both poor separation and 
excessive spread of the intersections (x^p increased with the number of the lines. 
A chart was prepared showing all the lines of the family (3*1) corresponding to an 
unbroken sequence of integral values for r, and inspection of the interseictions then 
suggested which lines should be omitted. The framework is thus largely based on 
judgement, and can only be regarded as tentative. It has been used successfully 
with five lines for fiutter prediction (§ 10 , 12 , 13 ), but its effectiveness for similar 
calculations when n is large has not yet been tested. Further experience may well 
show that the lines could be selected systematically to provide a more favourable 
and regular pattern for the intersections. 

In table 1 the constants are given to an accuracy of eight significant figures. When 
the method is used to expand determinants such as (1*2) high accuracy in the 
calculation of the expansion coefficients and is essential, even when the num¬ 
bers a^p bip c^p are known to low accuracy only. This unfortunate feature is 
generally present in flutter calculations. 

4 . Change of linear scale. In certain apphcations {§ 14 ) changes in the linear 
scale of the framework may be necessary. This can be effected as follows. 

Let the change be defined by * 

X = ax\ y = by\ ( 4 * 1 ) 

where a, b are given constants. Then the typical line of the modified framework is 

L[^by'-apiX^+qp 

and the intersection of L[ and LJ is given by 

= %/a, y'ij = Valb. 

The new framework satisfies restrictions (i) and (ii) of § 2. 

The expansion corresponding to (2*6), referred to the new framework, is 

P{x\y^) ^ 

T t T f T f ^ 'T f ’jr! "• ^ T f ^ 

MJn+1 

in which 

bp'i = api, 

and have the values calculated for the unmodified framework. 

The expansion (2*6) can be used to evaluate P{x[p y\fj and so to express in 
terms of the known sets of coefficients A^j and Dp To obtain DJ^the value y = p\x^ 
with rr00, is substituted in (2*6): this 3?ields 

PMi) = n 

k=-lPi—Pk 
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6 , Extension to more variables. The expansion formula can be extended to three 
or more variables. For example, the most general polynomial P{x, y, z) of degree n 
m three variables x, y, z contains (n+ l)(«+ 2 )(«.+ 3 )/ 3 ! coefficients. The appro- 
priate tri-variate expansion is 






where etc., form a framework of n-^ 3 planes, no two of which are parallel 

and no four of which intersect in a common point. If is the point of 

intersection of the planes Lp the typical expansion coefiicient is a 
multiple of 


Section II. Applications to pltjtter and stability problems 

6 . The classical flutter deUrmirumt. Flutter prediction is concerned with the calcu¬ 
lation of the ranges of air speed F leading to unstable oscillations, or flutter, of aero- 
elastic systems such as aeroplane wings or tails. The situation of these ranges can be 
ioferred from a knowledge of the critical air speeds for which simple harmonic 
osciUations occur. Usually the prediction of the lower critical speeds only is sufficient 
for practical purposes. 

The classical mathematical theory* is based on the simplifying assumptions that 
the aerodynamic damping forces and aerodynamic stiffnesses are proportional to 
F and F^, respectively. In this case the Lagrangian equations for small disturbed 
motions of a flutter system with n generalized co-ordinates q are expressible by 
matrices as 

{aD^-{-bD-^c-\-ey)q = 0, ' ( 6 - 1 ) 

Here a, h, c, e denote square matrices of order n with real constant elements (the 
dynamical coefficients); D denotes differentiation with respect to non-dimensional 
time T = Vtjl, where t is the true time and i is a representative length in the system; 
and y is a scalar ‘speed parameter’, defined in terms of a datum elastic stiffness e^ 
and the air density /> by y = e^lpVH^. 

The matrices a and e, representing respectively the total inertias (structural and 
aerodynamic) and the elastic stiffnesses, are symmetrical; but b and c, which corre¬ 
spond to the aerodynamic dampings and stiShesses, are (in general) unsymmetrical, 
since the system is not conservative. The matrix a can be expressed as 

a^ya^d, • ( 6 * 2 ) 

where a and d denote respectively the purely structural and the purely aerodynamic 
inertias, and y^Sjp is defined as the ratio of a representative structural density S 
to the air density p, 

* See, for mstaaace, Bairstow ( 1939 , pp. 796-804); also Frazer, Duncan & Collar { 1938 , 
§ 9*5). 
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A typical constituent of the motion is written 

q = Ice^^, ( 6 ' 3 ) 

where k denotes a ‘modal column’ of complex numbers which give the phases and 
amplitudes. By (6*1) 

(aA* +bX-\-e+ey)k = 0 . ( 6 * 4 ) 

The possible values of A are accordingly the roots of the determinantal equation 
zl(A,?/)s I aA^ + 6A+c+ey I = 0 . ( 6 ’ 5 ) 

When simple harmonic oscillations occur (6-6) possesses at least one pair of purely 
imaginary roots, say A = ± i(o. Hence the possible critical speeds V and frequencies 
pI 27 t are given by the two conditions 

A{±i(t),y) = 0 , (6-6) 

where a) is the ‘frequency parameter’ defined by 

<y=ip/F. ( 6 - 7 ) 

For a true critical speed both y and must be real and positive. 

The principal computational difficulties are: 

(а) the expansion of 4 (A, y) with A and y kept general, 

(б) the solution of the two critical equations (6-6). 

These problems are discussed in §§ 7 - 14 . 


7 . Expansion of the flutter determinant. The expanded form of d(A, y) will be 
expressible as 

A (A, y) = c. A®"+Cl A®"“^+... + C2n_i A+ c^n, 
where the coefficients depend on y. This can be written alternatively as 

-4 (A, y) = /(», y) + g{x, y) ^x, 

in which 


( 7 - 1 ) 

( 7 - 2 ) 

( 7 - 3 ) 


and f{x,y )= ^ = CoS^+Cga:” '^->r + 

= eia:»-i + C3a:»-»+... + C2„_8a;+C2„_i. <7-4) 

Z AiJX 

It is readily seen that Cq and are independent of y, and are linear in y, and 
Cg are quadratic in y, and so on. Hence f{x, y) has degree nin.x and y, while g{Xf y) 
has degree — 1 .* Appropriate expansions are accordingly 


w+i 

illk--.ln+l)f{^>y) = 'L-Aijklj+ S 

'i—l 

(I!i?2 ••• Ift+i)~ S 
i’¥j 


( 7 - 5 ) 

( 7 - 6 ) 


* When particular sets of efastic stif&iess coefi&eients are zero the degree of d(A, y) with 
respect to y may fall short of n. In such cases the espansions may require modification. 
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where = (y—piX+q^y^, (7*7) 

. =/(*,,, 

Sij = 9 '(%, yij)lo'il'^^\ ■ ( 7 - 8 ) 

Di = \a+&Pi 

Coefficients are absent from (7*6) since g{x,y) has only degree n—1. The total 
number of expansion coefficients is 

^(«+l)(»+2) + i%(»+l) = 

and this also equals the number of determinants | o + ejp^ | to be 

evaluated. Complex numbers are avoided if restriction (iii) of § 3 (% > 0) is observed. 
Critical conditions (§ 6) require that 

f{x,.y) = 0, g{x,y) = 0, (7-9) 

with x{ = —<u®) real and negative and y real and positive. Hence the possible critical 
pairs of values of x and y are given by the real intersection of the two curves 
f{x,y) = 0 and g(x,y) = 0 which lie in the second quadrant of the {x,y) plane 
(a;<0, y>0). 

If, as will be assumed, restriction (iv) of § 3 is also observed, the multipliers 1^, etc., 
in (7*5) and (7-6) are always finite for » < 0 and y>0. Equations (7*9) can then be 
replaced by 

n+1 

i«i (7.10) 

8. Expansions for modal columns. From (6*4) it is seen, that the elements 
Ji, ^ 2 ? “-j modal column Ic{^x,y) can, without loss of generality, be chosen 

equal to the cofactors of the elements in any row of A {aJx, y). These cofactors can be 
expanded by partial fractions. 

A convenient device in computation is to assume the elements of the chosen row 
of A{^x^y) to be replaced by arbitrary constants /Ci,/C 2 , Then if A{^jx,y) 

denotes the determinant so obtained 

^ The polynomials/(a;,y), g(x^y) defined by (7-3) and (7*4) and corresponding to 
A have, respectively, degrees n~-\ and n^2,^ Appropriate expansions, involving 
+1 lines and lines, are 

{h.l2**'^n+l)f{^9y) (8*1) 

1^3 

... Z^) g (a;, 2Z) ~ S 


( 8 - 2 ) 
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in which s 2 =/(%, 

Ss=l 

•B«= S K,£ij{s) = • 

S«1 


When » (= — w*) and y are critical, the real and imaginary parts of kg{io),y) can be 
taken as 

real component (8*3) 

i4»i 

imaginary component = 

i=#J 

The numerical coejB&oients in (8*1) and (8*2) can be calculated conveniently at the 
same time as those in (7*5) and (7*6) by the known, methods for the evaluation of 
determinants and cofactors based on pivotal condensations,* 


9. Natural oscillations in stilVair or in vacuo. When the air speed V is reduced to 
zero the critical values of x and y both become infinite, but their ratio is finite and 
given by 


z^-yjx^ ejpl^p^ 


(9*1) 


where p/27r denotes the natural jfrequency. The limiting form of the stability deter¬ 


minant is 


A-^x'^la — ezL 


so that / == A and gr = 0. The expansion (7*6) is then absent, while (7*5) reduces to 


71+1 

(WiWj ... Wft+i) I a - ea I = (- 1)" s (®'2) 

in which w^ = (z+P{)~S 

\ a+epi\ldf+^. . 

The formula (1*1) offers greater generality, but (9*2) is advantageous when both the 
flutter and the natural oscillations of a system have to be investigated, since the 
same coefficients are used in (7*5) and (9*2). However, this advantage only holds 
when the natural oscillations relate to still air and a accordingly denotes the total 
inertia matrix (6*2). If the oscillations in vacuo are required the same form of expan¬ 
sion can be used, with a replaced by the structural inertia matrix a and z defined in 
terms of the structural density Shjz — eJSl^p^, The coefficients must then be 
recalculated. 

Corresponding expansions for the modal columns can be constructed by the 
method of § 8. l[fAQ{z) denotes the determinant obtained when any row oi\a — ez\ 
is replaced by arbitrary constants a convenient expansion, involving 

n lines only, is ^ ^ 

Ag{z) = (-1)” S A (®'®) 

* See, for example, Whittaker & Robioson (1937, pp. 71-77) and Aitken (1937)- 
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in which 


S=1 


W A 

The sth modal coefficient kg —here necessarily real—can then be taken as S 

i—l 


10. Inverse solutions of critical equations. Of the purely computational or graphical 
methods for the solution of the equations (7*9) those usually classed as ^inverse’ or 
"semi-inverse’ are generally the simplest. However, these can only be applied when 
one or more of the dynamical coefficients themselves are allowed systematic varia¬ 
tion, and corresponding parameters are thus present in the matrices a, &, c or e. If 
these "design parameters ’ can be left general in the expansion coefficients, they can 
be treated as .unknowns in (7*9) and their critical values corresponding to assigned 
values of x and y can usually be calculated without difficulty. 

The folly inverse method can be illustrated, without reference to numerical 
details, by some recent calculations on the influence of wing engine mass on wing 
flutter. Four degrees of freedom were assigned for the wing (two flexural and two 
torsional), and the appropriate numerical matrices a, 6, c, e were based either on 
aerodynamic theory or on data measured for a model wing. The total inertia matrix 
a had the form 




^13j 



^23? 

^31 

®32> 

%3j 

^419 

®42J 

C^43> 


a- 


'34 

^44J 


and thus contained three parameters m, q, which represented the variable mass, 
mass moment, and moment of inertia of the engine and its mounting about a specific 
transverse reference axis. These mass changes were restricted to occur in a given 
wing section. 

For the expansions in §§ 7 and 8 use was made of the first five lines of the frame¬ 
work in table 1. The numerical determinants to be evaluated were of the type 


/Ci+.maJij+Oii, 

'^2 + 5’% +*13. /f8 + *13. 

/f4 + *14 


3*4^+ *22) ®23) 

*24 

*31 > 

CO 

*34 

*41. 

^425 ‘^43» 

*44 


in which the poefficients associated with double suffices had known values. The 
reductions, with m, p, q, and the left general, were effected by pivotal conden¬ 
sations arranged in tabular form. The two equations (7*10) finally obtained had the 
forms 

im-p^)fo+^fi+pA+ifz+h - 0 , ( 10 - 1 ) 

('^I-P^)9o+^9x+pg2'^m+94. = 0, (10*2; 

where the/^ and denote expressions similar to those on the right of (7-5) and (7*6) 
and with known numerical coefficients. In the most general treatment of (10*1) 
and (10*2) m, p, q were interpreted as unknowns and values of x and y were assigned. 
The results were presented as curves q = eqnst. drawn in the plane of (m,p). 
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When only one design parameter is present the computational difficulties are 
greater. To exemplify this type of calculation the mass changes in the wing may be 
particularized, and assumed to be localized at a fixed distance h forward of the 
transverse axis. Then p = -mh and q = so that the equations simplify to 
the forms 

^/5+/6 = 0, mg^-irg^ = 0. (10-3) 



Figure 2. Influence of concentrated mass w on critical speeds v and 
frequencies / for model wing. 


A semi-inverse method of solution was adopted. The curve ^ 

plotted in the {x^y) plane, and the values of m corresponding to points of this 
curve were then calculated directly by (10*3). Figure 2 shows curves of critical speed 
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and frequency* * * § predicted by this method for a model -wing, and also provides some 
comparisons with results of flutter tests on the same wing in a wind tunnel. The 
modes of oscillation calculated by (8-1) and (8-2) for the two branches AB and BG 
in figure 2 were markedly different, and accorded well with those observed experi¬ 
mentally. 

11. Direct solution by trial and error. When design parameters are absent the 
critical equations must be solved directly. A pedestrian method is to compute the 
expressions on the left of (7-10) for trial values a: < 0 and y>0, and to plot the results 
against x for constant values of y, or vice versa. The curves Obtained are used to 
locate the intersections of / = 0 and g = 0 approximately, and the results can if 
necessary be improved by the Newton-Raphson method.|' 

The calculations are apt to be very laborious unless double entry tables, giving the 
values of 2^ and l^ Ij for the practical ranges of x and y, are available. With systems of 
large order an expeditious, method might be the use of punched-card computing 
equipment with the tables permanently recorded on cards. ■ 


12. Direct solution by line diminaUon. In this treatment trial values of x are 
assigned, and the products 1^1^ are removed ftom (7-10) by means of the identity^ 

hlj = ^ij{li—lj)> 


where = 

The equations then reduce to 


1 

(»-%)■ 


»-fl n+1 

i-l t=l 


( 12 - 2 ) 


in which the ‘line elimina tion coefficients ’ a^, depend on x only, and are given by 


71+1 

“i=A + S j’^i, 


(12-3) 


71+1 


j=¥i. 


71+1 


i-l 


Also S A = 0, since g(x, y) is only of degree n-lmx,y. 


• (12-4) 


Tables § are available giving the values of the multipliers to ten significant 
figures for to ^ 8. The range of x covered is from - 0-100 to - 4*076 in steps of - 0*025, 
which is adequate for normal flutter problems. 

The next step in the solution is the construction of the y-eliminant of equations 
(12*2) for each trial value of x. This can be done by successive eliminations of 


* In this paarbicular application the air speed Y and the firequency / were related to a? and y 
by F = 264/-^ and/= 15*6 

t See, for example, Scarborough ( 1930 , pp. 187-190). 

X The multipliers hi^ here introduced have no connexion with the modal columns Jk in § 8 . 

§ Photc^tat copies of these tables, issued as Report 8109, can be obtained on application 
to the Secretary of the Aeronautical R^earch Committee. 
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hi hi hi without explicit reduction of the equations to polynomials of y. To make 

the process clear, it will be sufficient to suppose n = 4:. Then the equations, written 
at length, are 


OCi h ”1" ^2^2 “1“ ^zh “i“ 0^4?^ + CCq h — 

fizh"^Pzh^rfihh “ 

with = 0 . Elimination of h gives 

724 + 73^3 + 7^4 + 75^5 = 0, 


(El) 

(E,) 

(Ea) 


whereya = yff 3 L<^ 2 '*“^iy^ 2 >^^dsoon. OnmultiplicationbyZianduseof(12-1),equation 
(Eg) becomes 

4"“ ^12724““ ^1s734“”^14744'“ ^15754 = 0, 

or, say, <Ji 4 + ^24 + ^ 34 +^ 44+^64 = 0 > (E 4 ) 

where S8 = 0 . Elimination of h between (Eg) and (E 4 ) then yields 

^24 + ^34 + ^44 + ^54 = 0, (Eg) 

where evidently = 0 since both Efi == 0 and Z8 = 0 . 

The original two equations E^ and Eg, homogeneous and Hnear in five unknowns 
h^ have now been replaced by two similar equations Eg and Eg involving only four 
unknowns. The coefficients in these equations again depend on x only. A continua¬ 
tion of this process leads finally to three equations. 

^44 + ^54 = 9, (Eg) 

Ag h + A 4 4 + A 5 4 = (Eio) 

/^44 + /^64~^» (Ell) 


where (E^^) is derived by multiplication of (Eg) bj 4 and removal of the products,* 
and /^ 4+/^6 = 0. Equation (E^) gives Mh^h) “ requires/t 4 = 0.**^ Hence 

the last leading coefficient vanishes when x has a critical value and equations (E^^) 
and (Eg) thus become compatible. The corresponding value of 3 / is then given 
uniquely by (Eg), 

More generaUy, 3^-1 equations (E^), (Eg), (E 3 ^.i)wiU be obtained in aU; and 
the last three will take the forms ^ ^ ^4 = 0 , 

A^_i4-i+A n4+An+l^-hl ~ 

i^n4+/^n+l4+l = 

It is readily shown that the sum of the coefficients in every equation (E^) is zero 
except when 5 = 1 or is a multiple of three. When x has a critical value = 0; the 
corresponding value of y obtained from (Bg^_g) then is 

,, x{PnS-pn+l) " (gn-S^ - (12^^) 

y- ' 


(Egn-s) 

(Eg^^^a) 

(Egw-l) 


where jffs 

* The trivial solution y = oo (^4 = Zg = 0) corresponds to natural oscillations in still air (§ 0), 
and is here excluded- 
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With this method care is necessary to exclude roots of = 0 which do not corre¬ 
spond to genuine critical values of x. This is illustrated by table 2, which shows the 
process of elimination for % = 4 in tabular form. From the last column it is seen that 

Table 2. CEOss-MOLTiPLiOATioiir* scheme for line elimination 

(§12, CASE W = 4) 


row coefficients 


1 



^2 

^3 

a* 


^6 

2 

A 


A 

A 

A 


fis 

3 


5 

72 

73 

74 


75 

4 


= ~ s 

Sj ^2 = — ^1272 

^3 = ~^iz7z 

II 

"■^1474 

^6 ~ ■”^1576 









5 



^2 

^3 

^4 


^6 

6 



5 

^z 




7 



% = - S 

Vz = ^23 Ss 

74 = 

^24 ^4 

76 = "“^26^5 




J=3 





8 




^3 

^4 


^6 

9 




5 

^4 


^6 

10 




^3 ~ S 

A4 = 

— ^34 /f4 

A 5 = — Ajss /Cs 





5=5 



11 



checksf 


/«4 


N 



sum of 

cross-multiplied 

rows 


factors present 

row 

coefficients sums 

cross-multiplied 


in rows 

1 


Zbt 

— 

— 



— 

2 


0 

— 

— 




3 


^7 

76 

2 and 1 



— 

4 


0 

— 

— 



— 

5 


0 

— 

4 and 2 



_ 

6 



C 6 

5 and 3 



A 

7 


0 

■ —- 

— 



A 

8 

« 

0 

— 

7 and 6 



A-^i 

9 


Uk 


8 and 6 



AV* ■ 

10 


0 

— 

— 




11 


0 

— 

10 and 8 





* The cross-multiplications are typified by 

(72^ 73* 74» 75) = A(^2> ^3» ^5) 

t Checks of accuracy are provided by comparisons of opposite ^entries in these two columns. 

ith6 leading coefficients in the ^zero sum’ rows 2, 4, 5, etc., recur as factors in rows 
produced later, J and that in particular contains the factor filSle^Vz- Roots of 
/*4 = 0 resulting from the vanishing of one of these earlier coefficients are not critical, 


X This is proved in the Appendix. 
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and should be rejected. When such coefficients are subject to changes of sign in the 
range of x taken, it is preferable to extract the corresponding factor or factors from 
ft,^ before a test dia^am is drawn. For example, if rj^ and are the only leading 
coefficients which show changes of sign, is convenient as a test function. 

Figure 2 includes some critical speeds and frequencies predicted by this method 
for the wing with a concentrated mass loading m = 0-134 (§ 10). In the eliminations, 
it was found that 8^, remained one-signed throughout the range a; = —0-1 to 
— 1-1, but I/a changed sign between x = — 0-2 and -0-22. Accordingly was 

adopted as the test function. In the test diagram figure 3 the cube root is 

plotted as the ordinate, in order to obtain a convenient scale; the corresponding 
test graph then always outs the a;-axis at right angles—a property which assists in 
the aoctirate determination of the critical values. 

A possible alternative to the line elimination method is to assign values of y in 
(7'6) and {7'6). If the fractions are cleared and the resulting expressions ioxf{z,y) 
and g{z, y) are rearranged as polynomials of x (i.e. (7-3) and (7-4)), the usual tests for 
stability can be applied. This treatment is not recommended when n, is large, since 
the tables needed for the construction of the polynomials are troublesome to 
prepare. 

13. Electrical solution of critical equations. The most expeditious method, if 
great accuracy is not required, would undoubtedly be an electrical or electro¬ 
mechanical solution. of the equations /(», y) = 0 g(x, y) = 0. Once approximate 
solutions are available improved ones can be calculated by the Newton-Raphson 
method. 

To explore the practical possibilities an experimental d.c. network analyser, with 
the range »< 6, is now being developed by Mr J. B. Bratt, B^A., B.So., of the 
Aerodynamics Division, N.P.L. The expansion coefficients in equations (7-10) can 
be set up directly, and the intersections (a;<0, y<0) are determined by the 
adjustment of two shafts carrying linear rotary rheostats to give null readings 
simultaneously on two galvanometers. The same network can be adapted for the 
determination of natural frequencies on the basis of equations (9-2). 

14. Other applications. The method of § 7 could perhaps be adapted usefully to ■ 
yield the expansion and solution of determinantal equatiors of the tjrpe which 
arise in investigations on aeroplane stability. With such problems the parameter y 
is absent (e = 0), but the actual roots A of the determinantal equation may be 
required. The calculation of the latent roots of a real square matrix u of older n is 
sufficiently illustrative. Here the characteristic equation to be expanded and 
solved is 

J(A)s|A/-wl = 0, (5-1) 

where I denotes the unit matrix. If 

?i = 4^+y, X' = ->Jx-i-y (5-2) 
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Figobe 3 . Test graphs for line elimination method {§ 12). 


Bi-variate partial fractions 483 

are assumed roots, then A{±^x-i-y) = 0. These two equations can be replaced by 

2f{x,y) = A{^x+y)+A{-^x~hy) = 0, 

2g{x,y)^x = AQx + y)--A{--^x^y) = 0, 

where the polynomials/, g are, respectively, of degrees n and n-l. Thus (7*5) and 
(7-6) are applicable, with defined by (7-8) and == The real inter¬ 

sections/ — 0, g = 0 would yield both the real and the complex roots of zl(A) = 0, 
complex roots corresponding to a; < 0. 

A network analyser designed for flutter prediction (§13) could be adapted for 
the electrical solution of determinantal (or explicit algebraic) equations Zl(A) = 0. 
It would indicate directly the roots A, A' corresponding to a; < 0 and y > 0, namely 
Ike roots with positive real,parts. The remaining roots, corresponding to inter¬ 
sections {x^y) in other quadrants, could be found by appropriate scale changes 
ct = ±l,6 = ±lin the framework and use of the formulae in § 4. This inconvenience 
might perhaps be avoided by modifications to the design of the network. 

Appendix 

Factors of rows generated by the line elimination process (§ 12) 

For simplicity the elimination scheme given in table 2 forn = 4 is assumed, bfit 
the proofs apply more generally, 

(i) Proof that is a factor of rows 6-11. By definition of the cross-multiplications 

The part not explicitly containing is proportional to 

^27?* ““ 72^r = Pt) ”” ^2 ^ 2 ) 

~ Al(^2^r“"^2A)* 

It readily follows that is a factor of rows 6, 7, 8. Hence also /?f is a factor of rows 
9 and 10, and /?f is a factor of row 11. 

(ii) Proof that is a factor of rows 8-11. The expression (1) can be written 

C- = ■“ 72 A*) + A727f(^12 "" ^Ir)- (^) 

Now 6^ = V 2 ^ 8 -^ 2 Vs = V 2 {^i^s-M)-Vsi^x^ 2 -^ 1 ^ 2 )^ 

and the part not explicitly containing is proportional to 

By (2) the part of this last expression not explicitly containing is proportional to 

^s{^23(^12 ^13) 73 + ^24(^12 ^14) 74 + ^25(^12 “ ^15) 75} + ^2s(^12 "" ^ Is ) ^27s* (^) 

But it is readily shown that the multipliers have the property 
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The expression (3) is therefore proportional to 

^s(^373’f^l4T4 + ^ 15 ' y 6 ) + ^S^2')'s “ (<^1 + ^ 2 ) ~ ^l^s- 

Hence is a factor of rows 8, 9,10, ’and is thus a factor of row 11. 

The preceding method of proof can be repeated to show that Cg is a factor of 
rows 9, !<?, 11, and that % is a factor of row 11. 
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